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SYMBOLS, PREFIXES 
AND ABBREVIATIONS 


See inside back cover for Constants and Conversions 


A ampere H,H magnetic field, A m™! 
A angstrom = 10°'!° m HPBW ehalf-power beam width 
A vector potential, Wb m=’ Hz hertz = 1 cycle per second 
A, a area, m” h, effective height 
A, collecting aperture Beit current, A 
A, effective aperture J joule 
A, maximum effective aperture A es) current density, A m~? 
A., effective aperture, receiving Jy jansky, 10-2 W m~? Hz™! 
Ag effective aperture, transmitting K kelvin 
A, geometric aperture K, K sheet-current density, A m7! 
felt physical aperture K,k a constant 
A. scattering aperture k kilo = 10° (prefix) 
AR axial ratio kg kilogram 
AU astronomical unit L inductance, H 
a atto = 10 '8 (prefix) qi, inductance/unit length, H m7! 
a unit vector l liter 
B, B magnetic flux density, hea b length (scalar), m 
Pe Wb m.- ] length (vector), m 
B susceptance, U L@P left circularly polarized 
B susceptance/unit length, 0 m~! | yd ws Be left elliptically polarized 
BWEN _beam width, first nulls In natural logarithm (base e) — 
C coulomb log common logarithm (base 10) 
€ capacitance, F © M mega = 10° (prefix) 
C capacitance/unit length, F m7! M, M _ magnetization, A m7! 
Cie a constant, c = velocity of light M polarization state of wave 
cc cubic centimeter M, polarization state of antenna 
a degree Celsius m meter 
D, D electric flux density, C m~ m milli = 107 > (prefix) 
D directivity | min minute 
d distance, m N newton 
deg degree, angle N,n number (integer) 
dB decibel = 10 log (P,/P,) Np neper 
dBi decibels over isotropic n nano = 107° (prefix) 
dl element of length (scalar), m ni unit vector normal to a surface 
dl element of length (vector), m | ae ss polarization of dielectric, C m=? 
ds element of surface (scalar), m? P peta = 10'° (prefix) 
ds element of surface (vector), m? Pp polarization state = P(y, 6) 
dv element of volume (scalar), m? I power, W 
E, E electric field intensity, V m=! | normalized power pattern, 
E exa = 10'® (prefix) dimensionless 
emf electromotive force, V p pico = 107 !? (prefix) 
e electric charge, C Q, q charge, C 
F farad R resistance, Q 
F, F force, N R, radiation resistance 
f femto = 10° 1° (prefix) RCP right-circular polarization 
is frequency, Hz REP right-elliptical polarization 
G giga = 10° (prefix) n revolution 
G conductance, OU r radius, m; also coordinate 
G conductance/unit length, © m7! direction 
G gain r unit vector in r direction 
g gram rad radian 
H henry rad? square radian = steradian = sr 
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Poynting vector, W m” 


flux density, W m~? Hz! 

distance, m; also surface area, m? 

second (of time) 

steradian = square radian = rad? 

tesla = Wb m ” 

tera = 10'? (prefix) 

time, s 

radiation intensity, W sr— 

volt 

voltage (also emf), V 

emf (electromotive force), V 

velocity, ms" 

watt 

weber 

energy density, J m~ 

reactance, Q 

reactance/unit length, Q m~ 

unit vector in x direction 

coordinate direction 

admittance, OU 

admittance/unit length, O m~ 

unit vector in y direction 

coordinate direction 

impedance, Q 

impedance/unit length, Q m~ 

intrinsic impedance, conductor, Q 
per square 

intrinsic impedance, dielectric, Q 
per square 

load impedance, 2 

transverse impedance, rectangular 
waveguide, 2 

transverse impedance, cylindrical 
waveguide, Q 

intrinsic impedance, space, Q per 
square 

characteristic impedance, 
transmission line, Q 

unit vector in z direction 

coordinate direction, also red 
shift 

(alpha) angle, deg or rad 

attenuation constant, nep m~ 

(beta) angle, deg or rad; also 
phase constant = 27/A 

(gamma) angle, deg or rad 
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(delta) angle, deg or rad 

(epsilon) permittivity (dielectric 
constant), F m7! 

aperture efficiency 

beam efficiency 

stray factor 

relative permittivity 

permittivity of vacuum, F m~ 

(eta) 

(theta) angle, deg or rad 

(theta) unit vector in @ direction 

(kappa) constant 

(lambda) wavelength, m 

free-space wavelength 

(mu) permeability, H m~ 

relative permeability 

permeability of vacuum, H m7 

(nu) 

(xi) 

(pi) = 3.1416 

(rho) electric charge density, 
C m_ ?: also mass density, 
kgm? 

reflection coefficient, 
dimensionless 

surface charge density, C m™ 

linear charge density, C m~' 

(sigma) conductivity, 6 m7! 

radar cross section 

(tau) tilt angle, polarization 
ellipse, deg or rad 

transmission coefficient 

(phi) angle, deg or rad 

(phi) unit vector in @ direction 

(chi) susceptibility, dimensionless 

(psi) angle, deg or rad 

magnetic flux, Wb 

(capital omega) ohm 

(capital omega) solid angle, sr or 
deg? 

beam area 

main beam area 

minor lobe area 

(upsidedown capital omega) mho 
(O = 1/Q =S, siemens) 

(omega) angular frequency 
(= 2nf), rad s~! 
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PREFACE 


Although there has been an explosion in antenna technology in the years’ since 
Antennas was published, the basic principles and theory remain unchanged. My 
aim in this new edition is to blend a central core of basics from the first edition 
with a representative selection of important new developments and advances 
resulting in a much enlarged, updated bbdok. It is appropriate that it is appearing 
just 100 years from the date on which the first antennas were invented by Hein- 
rich Hertz to whom, along with Guglielmo Marconi, this new edition is dedi- 
cated. 

As with the first edition, physical concepts are emphasized which aid in the 
visualization and understanding of the radiation phenomenon: More worked 
examples are given to illustrate the steps and thought processes required in going 
from a fundamental equation to a useful answer. The new edition stresses practi- 
cal approaches to real-world situations and much information of value is made 
available in the form of many simple drawings, graphs and equations. 

As with the first edition my purpose is to give a unified treatment of 
antennas from the electromagnetic theory point of view while paying attention to 
important applications. Following a brief history of antennas in the first chapter 
to set the stage, the next three chapters deal with basic concepts and the theory of 
point sources. These are followed by chapters on the linear, loop, helical, bicon- 
ical and cylindrical antennas. 

Then come chapters on antenna arrays, reflectors, slot, horn, complemen- 
tary and lens antennas. The last four chapters discuss broadband and frequency- 
independent antennas, antennas for special applications including electrically 
small and physically small antennas, temperature, remote sensing, radar, scat- 
tering and measurements. The Appendix has many useful tables and references. 

The book has over 1000 drawings and illustrations, many of which are 
unique, providing physical insights into the process of radiation from antennas. 

The book is an outgrowth of lectures for antenna courses I have given at 
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Ohio State University and at Ohio University. The material is suitable for use at 
late undergraduate or early graduate level and is more than adequate for a one- 
semester course. The problem sets at the end of each chapter illustrate and extend 
the material covered in the text. In many cases they include important results on 
topics listed in the index. There are over 500 problems and worked examples. 

Antennas has been written to serve not only as a textbook but also as a 
reference book for the practicing engineer and scientist. As an aid to those 
seeking additional information on a particular subject, the book is well docu- 
mented with references both in footnotes and at the ends of chapters. 

A few years ago it was customary to devote many pages of a textbook to 
computer programs, some with hundreds of steps. Now with many conveniently 
packaged programs and codes readily available this is no longer necessary. 
Extensive listings of such programs and codes, particularly those using moment 
methods, are given in Chapter 9 and in the Appendix. Nevertheless, some rela- 
tively short programs are included with the problem sets and in the Appendix. 

From my IEEE Antennas and Propagation Society Centennial address 
(1984) I quote, 


With mankind’s activities expanding into space, the need for antennas will grow to 
an unprecedented degree. Antennas will provide the vital links to and from every- 
thing out there. The future of antennas reaches to the stars. 


Robert G. Kouyoumjian, Benedikt A. Munk and Edward H. Newman of 
the Ohio State University have contributed sections on scattering, frequency- 
sensitive surfaces and moment method respectively. I have edited these contribu- 
tions to make symbols and terminology consistent with the rest of the book and 
any errors are my responsibility. 

In addition, I gratefully acknowledge the assistance, comments and data 
from many others on the topics listed: 


Walter D. Burnside, Ohio State University, compact ranges 

Robert S. Dixon, Ohio State University, phased-arrays 

Von R. Eshleman, Stanford University, gravity lenses 

Paul E. Mayes, University of Illinois, frequency-independent antennas 
Robert E. Munson, Ball Aerospace, microstrip antennas 

Leon Peters, Jr., Ohio State University, dipole antennas 

David M. Pozar, University of Massachusetts, moment method 

Jack H. Richmond, Ohio State University, moment method 

Helmut E. Schrank, Westinghouse, low-sidelobe antennas 

Chen-To Tai, University of Michigan, dipole antennas 


Throughout the preparation of this edition, I have had the expert editorial 
assistance of Dr. Erich Pacht. 

Illustration and manuscript preparation have been handled by Robert 
Davis, Kristine Hall and William Taylor. McGraw-Hill editors were Sanjeev 
Rao, Alar Elken and John Morriss. 
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Although great care has been exercised, some errors or omissions in the 
text, tables, lists or figures will inevitably occur. Anyone finding them will do me 
a great service by writing to me so that they can be corrected in subsequent 
printings. 

I also appreciate the very helpful comments of Ronald N. Bracewell, Stan- 
ford University, who reviewed the manuscript for McGraw-Hill. 

Finally, I thank my wife, Alice, for her patience, encouragement and dedica- 
tion through all the years of work it has taken. 


John D. Kraus 
Ohio State University 
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attract particles of fluff and straw. The Greek word for amber is elektron and 
from this we get our words electricity, electron and electronics. Thales also noted 
the attractive power between pieces of a natural magnetic rock called loadstone, 
found at a place called Magnesia, from which is derived the words magnet and 
magnetism. Thales was a pioneer in both electricity and magnetism but his inter- 
est, like that of others of his time, was philosophical rather than practical, and it 
was 22 centuries before these phenomena were investigated in a serious experi- 
mental way. 

It remained for William Gilbert of England in about A.D. 1600 to perform 
the first systematic experiments of electric and magnetic phenomena, describing 
his experiments in his celebrated book, De Magnete. Gilbert invented the electro- 
scope for measuring electrostatic effects. He was also the first to recognize that 
the earth itself is a huge magnet, thus providing new insights into the principles 
of the compass and dip needle. 

In experiments with electricity made about 1750 that led to his invention of 
the lightning rod, Benjamin Franklin, the American scientist-statesman, estab- 
lished the law of conservation of charge and determined that there are both posi- 
tive and negative charges. Later, Charles Augustin de Coulomb of France 
measured electric and magnetic forces with a delicate torsion balance he invent- 
ed. During this period Karl Friedrich Gauss, a German mathematician and 
astronomer, formulated his famous divergence theorem relating a volume and its 
surface. | 

By 1800 Alessandro Volta of Italy had invented the voltaic cell and, con- 
necting several in series, the electric battery. With batteries, electric currents 
could be produced, and in 1819 the Danish professor of physics Hans Christian 
Oersted found that a current-carrying wire caused a nearby compass needle to 
deflect, thus discovering that electricity could produce magnetism. Before Oersted, 
electricity and magnetism were considered as entirely independent phenomena. 

The following year, André Marie Ampére, a French physicist, extended 
Oersted’s observations. He invented the solenoidal coil for producing magnetic 
fields and theorized correctly that the atoms in a magnet are magnetized by tiny 
electric currents circulating in them. About this time Georg Simon Ohm of 
Germany published his now-famous law relating current, voltage and resistance. 
However, it initially met with ridicule and a decade passed before scientists began 
to recognize its truth and importance. 

Then in 1831, Michael Faraday of London demonstrated that a changing 
magnetic field could produce an electric current. Whereas Oersted found that 
electricity could produce magnetism, Faraday discovered that magnetism could 
produce electricity. At about the same time, Joseph Henry of Albany, New York, 
observed the effect independently. Henry also invented the electric telegraph and 
relay. 

Faraday’s extensive experimental investigations enabled James Clerk 
Maxwell, a professor at Cambridge University, England, to establish in a pro- 
found and elegant manner the interdependence of electricity and magnetism. In 
his classic treatise of 1873, he published the first unified theory of electricity and 
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magnetism and founded the science of electromagnetics. He postulated that light 
was electromagnetic in nature and that electromagnetic radiation of other wave- 
lengths should be possible. 

Maxwell unified electromagnetics in the same way that Isaac Newton 
unified mechanics two centuries earlier with his famous Law of Universal Gravi- 
tation governing the motion of all bodies both terrestrial and celestial. 

Although Maxwell’s equations are of great importance and, with boundary, 
continuity and other auxiliary relations, form the basic tenets of modern electro- 
magnetics, many scientists of Maxwell’s time were skeptical of his theories. It was 
more than a decade before his theories were vindicated by Heinrich Rudolph 
Hertz. 

Early in the 1880s the Berlin Academy of Science had offered a prize for 
research on the relation between electromagnetic forces and dielectric polariz- 
ation. Heinrich Hertz considered whether the problem could be solved with oscil- 
lations using Leyden jars or open induction coils. Although he did not pursue 
this problem, his interest in oscillations had been kindled and in 1886 as pro- 
fessor at the Technical Institute in Karlsruhe he assembled apparatus we would 
now describe as a complete radio system with an end-loaded dipole as transmit- 
ting antenna and a resonant square loop antenna as receiver.’ When sparks were 
produced at a gap at the center of the dipole, sparking also occurred at a gap in 
the nearby loop. During the next 2 years, Hertz extended his experiments and 
demonstrated reflection, refraction and polarization, showing that except for their 
much greater length, radio waves were one with light. Hertz turned the tide 
against Maxwell around. 

Hertz’s initial experiments were conducted at wavelengths of about 8 meters 
while his later work was at shorter wavelengths, around 30 centimeters. Figure 
1-1 shows Hertz’s earliest 8-meter system and Fig. 1-2 a display of his apparatus, 
including the cylindrical parabolic reflector he used at 30 centimeters. 

Although Hertz was the father of radio, his invention remained a labora- 
tory curiosity for nearly a decade until 20-year-old Guglielmo Marconi, on a 
summer vacation in the Alps, chanced upon a magazine which described Hertz’s 
experiments. Young Guglielmo wondered if these Hertzian waves could be used 
to send messages. He became obsessed with the idea, cut short his vacation and 
rushed home to test it. 

In spacious rooms on an upper floor of the Marconi mansion in Bologna, 
Marconi repeated Hertz’s experiments. His first success late one night so elated 
him he could not wait until morning to break the news, so he woke his mother 
and demonstrated his radio system to her. 

Marconi quickly went on to add tuning, big antenna and ground systems 
for longer wavelengths and was able to signal over large distances. In mid- 
December 1901, he startled the world by announcing that he had received radio 


1 His dipole was called a Hertzian dipole and the radio waves Hertzian waves. 
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Figure 1-1 Heinrich Hertz’s complete radio system of 1886 with end-loaded dipole transmitting 
antenna (CC’) and resonant loop receiving antenna (abcd) for 2 ~ 8 m. With induction coil (A) turned 
on, sparks at gap B induced sparks at M in the loop receiving antenna. (From Heinrich Hertz’s book 
Electric Waves, Macmillan, 1893 ; redrawn with dimensions added.) 


Figure 1-2 Hertz’s sphere-loaded 4/2 dipole and spark gap (resting on floor in foreground) and 
cylindrical parabolic reflector for 30 centimeters (standing at left). Dipole with spark gap is on the 
parabola focal axis. (Photograph by Edward C. Jordan.) 
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signals at St. John’s, Newfoundland, which had been sent across the Atlantic 
from a station he had built at Poldhu in Cornwall, England. The scientific estab- 
lishment did not believe his claim because in its view radio waves, like light, 
should travel in straight lines and could not bend around the earth from England 
to Newfoundland. However, the Cable Company believed Marconi and served 
him with a writ to cease and desist because it had a monopoly on transatlantic 
communication. The Cable Company’s stock had plummeted following 
Marconi’s announcement and it threatened to sue him for any loss of revenue if 
he persisted. However, persist he did, and a legal battle developed that continued 
for 27 years until finally the cable and wireless groups merged. 

One month after Marconi’s announcement, the American Institute of Elec- 
trical Engineers (AIEE) held a banquet at New York’s Waldorf-Astoria to cele- 
brate the event. Charles Protius Steinmetz, President of the AIEE, was there, as 
was Alexander Graham Bell, but many prominent scientists boycotted the 
banquet. Their theories had been challenged and they wanted no part of it. 

Not long after the banquet, Marconi provided irrefutable evidence that 
radio waves could bend around the earth. He recorded Morse signals, inked 
automatically on tape, as received from England across almost all of the Atlantic 
while steaming aboard the SS Philadelphia from Cherbourg to New York. The 
ship’s captain, the first officer and many passengers were witnesses. 

A year later, in 1903, Marconi began a regular transatlantic message service 
between Poldhu, England, and stations he built near Glace Bay, Nova Scotia, 
and South Wellfleet on Cape Cod. 

In 1901, the Poldhu station had a fan aerial supported by two 60-meter 
guyed wooden poles and as receiving antenna for his first transatlantic signals at 
St. John’s, Marconi pulled up a 200-meter wire with a kite, working it against an 
array of wires on the ground. A later antenna at Poldhu, typical of antennas at 
other Marconi stations, consisted of a conical wire cage. This was held up by four 
massive self-supporting 70-meter wooden towers (Fig. 1-3). With inputs of 50 
kilowatts, antenna wires crackled and glowed with corona at night. Local 
residents were sure that such fireworks in the sky would alter the weather. 

Rarely has an invention captured the public imagination like Marconi’s 
wireless did at the turn of the century. We now call it radio but then it was 
wireless: Marconi’s wireless. After its value at sea had been dramatized by the SS 
Republic and SS Titanic disasters, Marconi was regarded with a universal awe 
and admiration seldom matched. Before wireless, complete isolation enshrouded 
a ship at sea. Disaster could strike without anyone on the shore or nearby ships 
being aware that anything had happened. Marconi changed all that. Marconi 
became the Wizard of Wireless. 

Although Hertz had used 30-centimeter wavelengths and Jagadis Chandra 
Bose and others even shorter wavelengths involving horns and hollow wave- 
guides, the distance these waves could be detected was limited by the technology 
of the period so these centimeter waves found little use until much later. Radio 
developed at long wavelengths with very long waves favored for long distances. A 
popular “rule-of-thumb” of the period was that the range which could be 
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Figure 1-3 Square-cone antenna at Marconi’s Poldhu, England, station in 1905. The 70-meter 
wooden towers support a network of wires which converge to a point just above the transmitting and 
receiving buildings between the towers. 


achieved with adequate power was equal to 500 times the wavelength. Thus, for a 
range of 5000 kilometers, one required a wavelength of 10000 meters. 

At typical wavelengths of 2000 to 20000 meters, the antennas were a small 
fraction of a wavelength in height and their radiation resistances only an ohm or 
less. Losses in heat and corona reduced efficiencies but with the brute power of 
many kilowatts, significant amounts were radiated. Although many authorities 
favored very long wavelengths, Marconi may have appreciated the importance of 
radiation resistance and was in the vanguard of those advocating shorter wave- 
lengths, such as 600 meters. At this wavelength an antenna could have 100 times 
its radiation resistance at 6000 meters. 

In 1912 the Wireless Institute and the Society of Radio Engineers merged to 
form the Institute of Radio Engineers.’ In the first issue of the Institute’s Pro- 
ceedings, which appeared in January 1913, it is interesting that the first article 
was on antennas and in particular on radiation resistance. Another Proceedings 
article noted the youthfulness of commercial wireless operators. Most were in 
their late teens with practically none over the age of 25. Wireless was definitely a 
young man’s profession. 

The era before World War I was one of long waves, of spark, arc and 
alternators for transmission; and of coherers, Fleming valves and De Forest 


‘ In 1963, the Institute of Radio Engineers and the American Institute of Electrical Engineers merged 
to form the Institute of Electrical and Electronic Engineers (IEEE). 
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audions for reception. Following the war, vacuum tubes became available for 
transmission; continuous waves replaced spark and radio broadcasting began in 
the 200 to 600-meter range. 

Wavelengths less than 200 meters were considered of little value and were 
relegated to the amateurs. In 1921, the American Radio Relay League sent Paul 
Godley to Europe to try and receive a Greenwich, Connecticut, amateur station 
operating on 200 meters. Major Edwin H. Armstrong, inventor of the super- 
heterodyne receiver and later of FM, constructed the transmitter with the help of 
several other amateurs. Godley set up his receiving station near the Firth of 
Clyde in Scotland. He had two receivers, one a 10-tube superheterodyne, and a 
Beverage antenna. On December 12, 1921, just 20 years to the day after Marconi 
received his first transatlantic signals on a very long wavelength, Godley received 
messages from the Connecticut station and went on to log over 30 other U.S. 
amateurs. It was a breakthrough, and in the years that followed, wavelengths 
from 200 meters down began to be used for long-distance communication. 

Atmospherics were the bane of the long waves, especially in the summer. 
They were less on the short waves but still enough of a problem in 1930 for the 
Bell Telephone Laboratories to have Karl G. Jansky study whether they came 
from certain predominant directions. Antennas for telephone service with Europe 
might then be designed with nulls in these directions. 

Jansky constructed a rotating 8-element Bruce curtain with a reflector oper- 
ating at 14 meters (Fig. 1-4). Although he obtained the desired data on atmo- 
spherics from thunderstorms, he noted that in the absence of all such static there 
was always present a very faint hisslike noise or static which moved completely 
around the compass in 24 hours. After many months of observations, Jansky 


Figure 1-4 Karl Guthe Jansky and his rotating Bruce curtain antenna with which he discovered 


radio emission from our galaxy. (Courtesy Bell Telephone Laboratories; Jansky inset courtesy Mary 
Jansky Striffler.) 
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concluded that it was coming from beyond the earth and beyond the sun. It was 
a cosmic static coming from our galaxy with the maximum from the galactic 
center. Jansky’s serendipitous discovery of extraterrestrial radio waves opened a 
new window on the universe. Jansky became the father of radio astronomy. 

Jansky recognized that this cosmic noise from our galaxy set a limit to the 
sensitivity that could be achieved with a short-wave receiving system. At 14 
meters this sky noise has an equivalent temperature of 20000 kelvins. At centi- 
meter wavelengths it is less, but never less than 3 kelvins. This is the residual sky 
background level of the primordial fireball that created the universe as measured 
four decades later by radio astronomers Arno Penzias and Robert Wilson of the 
Bell Telephone Laboratories at a site not far from the one used by Jansky. 

For many years, or until after World War II, only one person, Grote Reber, 
followed up Jansky’s discovery in a significant way. Reber constructed a 9-meter 
parabolic reflector antenna (Fig. 1-5) operating at a wavelength of about 2 meters 
which is the prototype of the modern parabolic dish antenna. With it he made 
the first radio maps of the sky. Reber also recognized that his antenna-receiver 
constituted a radiometer, i.e., a temperature-measuring device in which his recei- 
ver response was related to the temperature of distant regions of space coupled to 
his antenna via its radiation resistance. 

With the advent of radar during World War II, centimeter waves, which 
had been abandoned at the turn of the century, finally came into their own and 
the entire radio spectrum opened up to wide usage. Hundreds of stationary com- 
munication satellites operating at centimeter wavelengths now ring the earth as 
though mounted on towers 36000 kilometers high. Our probes are exploring the 
solar system to Uranus and beyond, responding to our commands and sending 
back pictures and data at centimeter wavelengths even though it takes more than 
an hour for the radio waves to travel the distance one way. Our radio telescopes 
operating at millimeter to kilometer wavelengths receive signals from objects so 
distant that the waves have been traveling for more than 10 billion years. 

With mankind’s activities expanding into space, the need for antennas will 
grow to an unprecedented degree. Antennas will provide the vital links to and 
from everything out there. The future of antennas reaches to the stars. 


1-3 ELECTROMAGNETIC SPECTRUM. Continuous wave energy radi- 
ated by antennas oscillates at radio frequencies. The associated free-space waves 
range in length from thousands of meters at the long-wave extreme to fractions of 
a millimeter at the short-wave extreme. The relation of radio waves to the entire 
electromagnetic spectrum is presented in Fig. 1-6. Short radio waves and long 
infrared waves overlap into a twilight zone that may be regarded as belonging to 
both. 

The wavelength 4 of a wave is related to the frequency f and velocity v of 
the wave by 


(1) 
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Figure 1-5 Grote Reber and his parabolic reflector antenna with which he made the first radio maps 
of the sky. This antenna, which he built in 1938, is the prototype of the modern dish antenna. (Reber 
inset courtesy Arthur C. Clarke.) 
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Figure 1-6 The electromagnetic spectrum with wavelength on a logarithmic scale from the shortest 
gamma rays to the longest radio waves. The atmospheric-ionospheric opacity is shown at the top 
with the optical and radio windows in evidence. 


Thus, the wavelength depends on the velocity v which depends on the medium. In 
this sense, frequency is a more fundamental quantity since it is independent of the 
medium. When the medium is free space (vacuum) 


v=c=3x108 ms ! (2) 


Figure 1-7 shows the relation of wavelength to frequency for v =c (free 
space). Many of the uses of the spectrum are indicated along the right-hand edge 
of the figure. A more detailed frequency use listing is given in Table 1-1. 


Table 1-1 Radio-frequency band designations 


Frequency Wavelength Band designation 

30-300 Hz 10-1 Mm ELF (extremely low frequency) 
300-3000 Hz 1 Mm-—100 km 

3-30 kHz 100-10 km VLF (very low frequency) 
30-300 kHz 10-1 km LF (low frequency) 

300-3000 kHz 1 km—100 m MF (medium frequency) 

3-30 MHz 100-10 m HF (high frequency) 

30-300 MHz 10-1 m VHF (very high frequency) 
300-3000 MHz 1 m—-10 cm UHF (ultra high frequency) 
3-30 GHz 10-1 cm SHF (super high frequency) 
30-300 GHz 1 cm-1 mm EHF (extremely high frequency) 
300-3000 GHz 1 mm—100 ym 

Frequency Wavelength IEEE Radar Band designation 
1-2 GHz 30-15 cm L 

2-4 GHz 15-7.5 cm S 

4-8 GHz 7.5—3.75 cm C 

8-12 GHz 3.75—2.50 cm xX 

12-18 GHz 2.50—-1.67 cm Ku 

18-27 GHz 1.67—1.11 cm K 

27-40 GHz 1.11 cm-7.5 mm Ka 


40-300 GHz 7.5-1.0 mm mm 
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Figure 1-7 Wavelength versus frequency for v = c. 


Example of wavelength for a given frequency. For a frequency of 300 MHz the cor- 
responding wavelength is given by 


f 300 xM0°HZ 2, ©) 


In a lossless nonmagnetic dielectric medium with relative permittivity ¢, = 2, the 
same wave has a velocity 


peed Aa ee ar (4) 
ve 2 
v 2.12 x 108 
d Ae fa iced Ss AU yl eae (A 5 
a fF 300 x 10° 3 af 9 


DIMENSIONS AND UNITS. Lord Kelvin is reported to have said: 


When you can measure what you are speaking about and express it in numbers you 
know something about it; but when you cannot measure it, when you cannot 
express it in numbers your knowledge is of a meagre and unsatisfactory kind; it may 
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be the beginning of knowledge but you have scarcely progressed in your thoughts to 
the stage of science whatever the matter may be. 


To this it might be added that before we can measure something, we must define 
its dimensions and provide some standard, or reference unit, in terms of which 
the quantity can be expressed numerically. 

A dimension defines some physical characteristic. For example, length, mass, 
time, velocity and force are dimensions. The dimensions of length, mass, time, 
electric current, temperature and luminous intensity are considered as the funda- 
mental dimensions since other dimensions can be defined in terms of these six. 
This choice is arbitrary but convenient. Let the letters L, M, T, I, FJ and # 
represent the dimensions of length, mass, time, electric current, temperature and 
luminous intensity. Other dimensions are then secondary dimensions. For 
example, area is a secondary dimension which can be expressed in terms of the 
fundamental dimension of length squared (7). As other examples, the fundamen- 
tal dimensions of velocity are L/T and of force are ML/T?. 

A unit is a standard or reference by which a dimension can be expressed 
numerically. Thus, the meter is a unit in terms of which the dimension of length 
can be expressed and the kilogram is a unit in terms of which the dimension of 
mass can be expressed. For example, the length (dimension) of a steel rod might 
be 2 meters and its mass (dimension) 5 kilograms. 


1-5 FUNDAMENTAL AND SECONDARY UNITS. The units for the 
fundamental dimensions are called the fundamental or base units. In this book the 
International System of Units, abbreviated SI, is used.’ In this system the meter, 
kilogram, second, ampere, kelvin and candela are the base units for the six funda- 
mental dimensions of length, mass, time, electric current, temperature and lumin- 
ous intensity. The definitions for these fundamental units are: 


Meter (m). Length equal to 1650 763.73 wavelengths in vacuum corresponding to 
the 2p, 9—Sd, transition of krypton-86. 


Kilogram (kg). Equal to mass of international prototype kilogram, a platinum- 
iridium mass preserved at Sévres, France. This standard kilogram is the only artifact 
among the SI base units. 


Second (s). Equal to time duration of 9 192 631770 periods of radiation correspond- 
ing to the transition between two hyperfine levels of the ground state of cesium-133. 
The second was formerly defined as 1/86 400 part of a mean solar day. The earth’s 
rotation rate is gradually slowing down, but the atomic (cesium-133) transition is 


* The International System of Units is the modernized version of the metric system. The abbreviation 
SI is from the French name Systeme Internationale d’Unites. For the complete official description of 
the system see U.S. Natl. Bur. Stand. Spec. Pub. 330, 1971. 
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much more constant and is now the standard. The two standards differ by about 1 
second per year. 


Ampere (A). Electric current which if flowing in two infinitely long parallel wires in 
vacuum separated by 1 meter produces a force of 200 nanonewtons per meter of 
length (200 nN m7! = 2 x 10°’ Nm‘). 


Kelvin (K). Temperature equal to 1/273.16 of the triple point of water (or triple 
point of water equals 273.16 kelvins).’ 


Candela (cd). Luminous intensity equal to that of 1/600 000 square meter of a perfect 
radiator at the temperature of freezing platinum. 


The units for other dimensions are called secondary or derived units and are 
based on these fundamental units. 

The material in this book deals principally with the four fundamental 
dimensions length, mass, time and electric current (dimensional symbols L, M, T 
and J). The four fundamental units for these dimensions are the basis of what was 
formerly called the meter-kilogram-second-ampere (mksa) system, now a sub- 
system of the SI. The book also includes discussions of temperature but no refer- 
ences to luminous intensity. 

The complete SI involves not only units but also other recommendations, 
one of which is that multiples and submultiples of the SI units be stated in steps 
of 10° or 1073. Thus, the kilometer (1 km = 10° m) and the millimeter (1 
mm = 107? m) are preferred units of length, but the centimeter (= 10~? m) is not. 
For example, the proper SI designation for the width of motion-picture film is 
35 mm, not 3.5 cm. 

In this book rationalized SI units are used. The rationalized system has the 
advantage that the factor 4x does not appear in Maxwell’s equations (App. A), 
although it does appear in certain other relations. A complete table of units in 
this system is given in the Appendix of Electromagnetics, 3rd ed., by J. D. Kraus 
(McGraw-Hill, 1984). 


1-6 HOW TO READ THE SYMBOLS AND NOTATION. In this 
book quantities, or dimensions, which are scalars, like charge Q, mass M or resis- 
tance R, are always in italics. Quantities which may be vectors or scalars are 
boldface as vectors and italics as scalars, e.g., electric field E (vector) or E (scalar). 
Unit vectors are always boldface with a hat (circumflex) over the letter, e.g., x 
or f.? 


1 Note that the symbol for degrees is not used with kelvins. Thus, the boiling temperature of water 
(100°C) is 373 kelvins (373 K), not 373°K. However, the degree sign is retained with degrees Celsius. 


2 In longhand notation a vector may be indicated by a bar over the letter and hat (*) over the unit 
vector. 
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Units are in roman type, ie., not italic; for example, H for henry, s for 
second, or A for ampere.’ The abbreviation for a unit is capitalized if the unit is 
derived from a proper name; otherwise it is lowercase (small letter). Thus, we 
have C for coulomb but m for meter. Note that when the unit is written out, it is 
always lowercase even though derived from a proper name. Prefixes for units are 
also roman, like n in nC for nanocoulomb or M in MW for megawatt. 


Example 1. D=x'200 pei «2 


means that the electric flux density D is a vector in the positive x direction with a 
magnitude of 200 picocoulombs per square meter (=2 x 10~'° coulomb per square 
meter). 


Example 2. V = 10 


means that the voltage V equals 10 volts. Distinguish carefully between V (italics) 
for voltage, V (roman) for volts, v (lowercase, boldface) for velocity and v (lowercase, 
italics) for volume. 


Example 3. S=4Wm-? Hz"! 


means that the flux density S (a scalar) equals 4 watts per square meter per hertz. 
This can also be written S = 4 W/m?/Hz or 4 W/(m? Hz), but the form W m~? 
Hz‘ is more direct and less ambiguous. 


Note that for conciseness, prefixes are used where appropriate instead of 
exponents. Thus, a velocity would be expressed in prefix form as v = 215 Mms7! 
(215 megameters per second) not in the exponential form 2.15 x 10® m s~1. 
However, in solving a problem the exponential would be used although the final 
answer might be put in the prefix form (215 Mm s_). 

The modernized metric (SI) units and the conventions used herein combine 
to give a concise, exact and unambiguous notation, and if one is attentive to the 
details, it will be seen to possess both elegance and beauty. 


1-7 EQUATION NUMBERING. Important equations and those referred 
to in the text are numbered consecutively beginning with each section. When 
reference is made to an equation in a different section, its number is preceded by 
the chapter and section number. Thus, (14-15-3) refers to Chap. 14, Sec. 15, 
Eq. (3). A reference to this same equation within Sec. 15 of Chap. 14 would read 
simply (3). Note that chapter and section numbers are printed at the top of each 
page. 


"In longhand notation no distinction is usually made between quantities (italics) and units (roman). 
However, it can be done by placing a bar under the letter to indicate italics or writing the letter with a 
distinct slant. 
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1-8 DIMENSIONAL ANALYSIS. It is a necessary condition for correct- 
ness that every equation be balanced dimensionally. For example, consider the 
hypothetical formula 


M 
= ==2DA 
Te 
where M = mass 
L = length 
D = density (mass per unit volume) 
A = area 


The dimensional symbols for the left side are M/L, the same as those used. The 
dimensional symbols for the right side are 


Therefore, both sides of this equation have the dimensions of mass per length, 
and the equation is balanced dimensionally. This is not a guarantee that the 
equation is correct; ie., it is not a sufficient condition for correctness. It is, 
however, a necessary condition for correctness, and it is frequently helpful to 
analyze equations in this way to determine whether or not they are dimensionally 
balanced. 

Such dimensional analysis is also useful for determining what the dimensions 
of a quantity are. For example, to find the dimensions of force, we make use of 
Newton’s second law that 


Force = mass x acceleration 


Since acceleration has the dimensions of length per time squared, the dimensions 
of force are 


Mass x length 
Time? 


or in dimensional symbols 


Force = 7? 
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CHAPTER 


BASIC 
ANTENNA 
CONCEPTS 


2-1 INTRODUCTION. The purpose of this chapter is to provide intro- 
ductory insights into antennas and their characteristics. Following a section on 
definitions, the basic parameters of radiation resistance, temperature, pattern, 
directivity, gain, beam area and aperture are introduced. From the aperture 
concept it is only a few steps to the important Friis transmission formula. This is 
followed by a discussion of sources of radiation, field zones around an antenna 
and the effect of shape on impedance. The sources of radiation are illustrated for 
both transient (pulse) and continuous waves. The chapter concludes with a dis- 
cussion of polarization and cross-field. 


2-2 DEFINITIONS. A radio antenna’ may be defined as the structure 
associated with the region of transition between a guided wave and a free-space 
wave, or vice versa. 

In connection with this definition it is also useful to consider what is meant 
by the terms transmission line and resonator. 

A transmission line is a device for transmitting or guiding radio-frequency 
energy from one point to another. Usually it is desirable to transmit the energy 


1 In its zoological sense, an antenna is the feeler, or organ of touch, of an insect. According to usage 
in the United States the plural of “insect antenna” is “antennae,” but the plural of “radio antenna > 
is “ antennas.” 


1) 
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with a minimum of attenuation, heat and radiation losses being as small as pos- 
sible. This means that while the energy is being conveyed from one point to 
another it is confined to the transmission line or is bound closely to it. Thus, the 
wave transmitted along the line is 1-dimensional in that it does not spread out 
into space but follows along the line. From this general point of view one may 
extend the term transmission line (or transmission system) to include not only 
coaxial and 2-wire transmission lines but also hollow pipes, or waveguides. 

A generator connected to an infinite, lossless transmission line produces a 
uniform traveling wave along the line. If the line is short-circuited, the outgoing 
traveling wave is reflected, producing a standing wave on the line due to the 
interference between the outgoing and reflected waves. A standing wave has 
associated with it local concentrations of energy. If the reflected wave is equal to 
the outgoing wave, we have a pure standing wave. The energy concentrations in 
such a wave oscillate from entirely electric to entirely magnetic and back twice 
per cycle. Such energy behavior is characteristic of a resonant circuit, or reson- 
ator. Although the term resonator, in its most general sense, may be applied to 
any device with standing waves, the term is usually reserved for devices with 
stored energy concentrations that are large compared with the net flow of energy 
per cycle." Where there is only an outer conductor, as in a short-circuited section 
of waveguide, the device is called a cavity resonator. 

Thus, antennas radiate (or receive) energy, transmission lines guide energy, 
while resonators store energy. 

A guided wave traveling along a transmission line which opens out, as in 
Fig. 2-1, will radiate as a free-space wave. The guided wave is a plane wave while 
the free-space wave is a spherically expanding wave. Along the uniform part of 
the line, energy is guided as a plane wave with little loss, provided the spacing 
between the wires is a small fraction of a wavelength. At the right, as the trans- 
mission line separation approaches a wavelength or more, the wave tends to be 
radiated so that the opened-out line acts like an antenna which launches a free- 
space wave. The currents on the transmission line flow out on the transmission 
line and end there, but the fields associated with them keep on going. To be more 
explicit, the region of transition between the guided wave and the free-space wave 
may be defined as an antenna. 

We have described the antenna as a transmitting device. As a receiving 
device the definition is turned around, and an antenna is the region of transition 
between a free-space wave and a guided wave. Thus, an antenna is a transition 
device, or transducer, between a guided wave and a free-space wave, or vice versa.” 

While transmission lines (or waveguides) are usually made so as to mini- 


‘ The ratio of the energy stored to that lost per cycle is proportional to the Q, or sharpness of 
resonance of the resonator (see Sec. 6-12). 


? We note that antenna parameters, such as impedance or gain, require that the antenna terminals be 
specified. 
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Figure 2-1 The antenna is a region of transition between a wave guided by a transmission line and a 
free-space wave. The transmission line conductor separation is a small fraction of a wavelength while 
the separation at the open end of the transition region or antenna may be many wavelengths. More 
generally, an antenna interfaces between electrons on conductors and photons in space. The eye is 
another such device. 


mize radiation, antennas are designed to radiate (or receive) energy as effectively 
as possible. 

The antenna, like the eye, is a transformation device converting electromag- 
netic photons into circuit currents; but, unlike the eye, the antenna can also 
convert energy from a circuit into photons radiated into space.* In simplest terms 
an antenna converts photons to currents or vice versa. 

Consider a transmission line connected to a dipole” antenna as in Fig. 2-2. 
The dipole acts as an antenna because it launches a free-space wave. However, it 
may also be regarded as a section of an open-ended transmission line. In addi- 
tion, it exhibits many of the characteristics of a resonator, since energy reflected 
from the ends of the dipole gives rise to a standing wave and energy storage near 
the antenna. Thus, a single device, in this case the dipole, exhibits simultaneously 
properties characteristic of an antenna, a transmission line and a resonator. 


2-3 BASIC ANTENNA PARAMETERS. Referring to Fig. 2-2, the 
antenna appears from the transmission line as a 2-terminal circuit element having 
an impedance Z with a resistive component called the radiation resistance R,, 


1 A photon is the quantum unit of electromagnetic energy equal to hf, where h = Planck’s constant 
(=6.63 x 10> 3* J s) and f = frequency (Hz). 


2 A positive electric charge q separated a distance from an equal but negative charge constitutes an 
electric dipole. If the separation is I, then ql is the dipole moment. A linear conductor which, at a given 
instant, has a positive charge at one end and an equal but negative charge at the other end may act as 
a dipole antenna. (A loop may be considered to be a magnetic dipole antenna of moment IA, where 
I = loop current and A = loop area.) 
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Figure 2-2 The antenna launches a free-space wave but appears as a circuit impedance to the trans- 
mission line. 


while from space, the antenna is characterized by its radiation pattern or patterns 
involving field quantities. ! 

The radiation resistance R, is not associated with any resistance in the 
antenna proper but is a resistance coupled from the antenna and its environment 
to the antenna terminals. Radiation resistance is discussed in Secs. 2-13 and 2-14 
and further in Chap. 5. | 

Associated with the radiation resistance is also an antenna temperature T,. 
For a lossless antenna this temperature has nothing to do with the physical tem- 
perature of the antenna proper but is related to the temperature of distant 
regions of space (and nearer surroundings) coupled to the antenna via its radi- 
ation resistance. Actually, the antenna temperature is not so much an inherent 
property of the antenna as it is a parameter that depends on the temperature of 
the regions the antenna is “looking at.” In this sense, a receiving antenna may be 
regarded as a remote-sensing, temperature-measuring device (see Chap. £7); 

Both the radiation resistance R, and the antenna temperature T, are single- 
valued scalar quantities. The radiation patterns, on the other hand, involve the 
variation of field or power (proportional to the field squared) as a function of the 
two spherical coordinates 6 and @. 


2-4 PATTERNS. Figure 2-3a shows a field pattern where r is proportional to 
the field intensity at a certain distance from the antenna in the direction 0, go. The 
pattern has its main-lobe maximum in the z direction (9 = 0) with minor lobes 
(side and back) in other directions. Between the lobes are nulls in the directions 
of zero or minimum radiation. 


* Fields and radiation. An electromagnetic wave consists of electric and magnetic fields propagating 
through space, a field being a region where electric or magnetic forces act. The electric and magnetic 
fields in a free-space wave traveling outward at a large distance from an antenna convey energy called 
radiation. 
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Figure 2-3 (a) Antenna field pattern with coordinate system. (b) Antenna power pattern in polar 
coordinates (linear scale). (c) Antenna pattern in rectangular coordinates and decibel (logarithmic) 


scale. Patterns (b) and (c) are the same. 


To completely specify the radiation pattern with respect to field intensity 
and polarization requires three patterns: 


1. The 8 component of the electric field as a function of the angles 6 and @ or 
E,(9, ¢)(V m~*) 

2. The ¢ component of the electric field as a function of the angles 6 and @ or 
E4(9, ¢) (V m~*) 


22 2 BASIC ANTENNA CONCEPTS 


3. The phases of these fields as a function of the angles 6 and ¢ or 6,(0, ¢) and 
64(8, ) (rad or deg) 


Dividing a field component by its maximum value, we obtain a normalized 
field pattern which is a dimensionless number with a maximum value of unity. 
Thus, the normalized field pattern for the 9 component of the electric field is 
given by 

E9, ?) 
E98, D) ae 


At distances that are large compared to the size of the antenna and large com- 
pared to the wavelength, the shape of the field pattern is independent of distance. 
Usually the patterns of interest are for this far-field condition (see Chap. 18). 

Patterns may also be expressed in terms of the power per unit area [or 
Poynting vector S(@, @)] at a certain distance from the antenna.’ Normalizing 
this power with respect to its maximum value yields a normalized power pattern 
as a function of angle which is a dimensionless number with a maximum value of 
unity. Thus, the normalized power pattern is given by 


S(O, 0) 
S(O, ®)max 
where S(O, ¢) = Poynting vector = [EG(0, ¢) + E5(0, ¢)]/Zy, Wm? 

S(@, b) max = Maximum value of S(@, ¢), Wm? 
Zo = intrinsic impedance of space = 376.7 Q 


E@, >), = (dimensionless) (1) 


P,(9, ) = 


(dimensionless) (2) 


Any of these field or power patterns can be presented in 3-dimensional spherical 
coordinates, as the field pattern in Fig. 2-3a, or by plane cuts through the main- 
lobe axis. Two such cuts at right angles, called the principal plane patterns (as in 
the xz and yz planes in Fig. 2-3a), may suffice for a single field component, and if 
the pattern is symmetrical around the z axis, one cut is sufficient. Figure 2-3b is 
such a pattern, the 3-dimensional pattern being a figure-of-revolution of it 
around the main-lobe axis (similar to the pattern in Fig. 2-3a). To show the 
minor lobes in more detail, the same pattern is presented in Fig. 2-3c in rectangu- 
lar coordinates on a decibel scale, as given by 


dB = 10 logio P,(4, ) (3) 


Although the radiation characteristics of an antenna involve 3-dimensional 
patterns, many important radiation characteristics can be expressed in terms of 
simple single-valued scalar quantities. These include: 


Beam widths, beam area, main-lobe beam area and beam efficiency ; 
Directivity and gain; 
Effective aperture, scattering aperture, aperture efficiency and effective height. 


* Although the Poynting vector, as the name implies, is a vector (with magnitude and direction), we 
use here its magnitude, its direction in the far field being radially outward. 
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Figure 2-4 (a) Arc length ré of circle of radius r subtends an angle 0. (b) The area A of a sphere of 
radius r subtends a solid angle Q. 


2-5 BEAM AREA (OR BEAM SOLID ANGLE). The arc of a circle as 
seen from the center of the circle subtends an angle. Thus, referring to Fig. 2-4a, 
the arc length 6r subtends the angle @. The total angle in the circle is 27 rad (or 
360°) and the total arc length is 2zr (=circumference). 

An area A of the surface of a sphere as seen from the center of the sphere 
subtends a solid angle Q (Fig. 2-4b). The total solid angle subtended by the sphere 
is 4 steradians (or square radians), abbreviated sr. 

Let us discuss solid angle in more detail with the aid of Fig. 2-5. Here the 
incremental area dA of the surface of a sphere is given by 


dA =(r sin 0 dd)(r d@) =r? sin 6 dO db = r* dQ (1) 
where dQ = solid angle subtended by the area dA 


The area of the strip of width r d@ extending around the sphere at a con- 
stant angle @ is given by (2zr sin @) (r d@). Integrating this for 6 values from 0 to x 
yields the area of the sphere. Thus, 


Area of sphere = 2zr | sin 6 dO = 2nr7[—cos 0]% = 4ar? (2) 


0) 


where 4 x = solid angle subtended by a sphere, sr 
Thus, 


1 steradian = 1 sr = (solid angle of sphere)/(47) 
5 180\? x 
=i Cader ae (deg) = 3282.8064 square degrees (3) 
Therefore, 


An steradians = 3282.8064 x 4x = 41 252.96 = 41 253 square degrees 


= solid angle in a sphere (4) 
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Polar angle 


rsin@ dd 


Area dA=r’ sin 6 dé d¢ 
=r’ dQ, where 
dQ = solid angle 


; = sin 6 dé do 
This strip has area 


—2ar silver ao 


Azimuth angle 


Figure 2-5 Spherical coordinates in relation to the area dA of solid angle dQ = sin 0 dO dd. 


Now the beam area (or beam solid angle) Q, for an antenna is given by the 
integral of the normalized power pattern over a sphere (47 sr) or 


= | y | 'P,(0, $) dQ (1) 5) 


where dQ = sin 0 d0 dh 


Referring to Fig. 2-6, the beam area Q, of an actual pattern is equivalent to 
the same solid angle subtended by the spherical cap of the cone-shaped 
(triangular cross-section) pattern. 


Equivalent solid 
va angle Q, 


Actual pattern of 
beam area Q, 


Half-power 
beam width Duip 


Figure 2-6 Cross section of symmetrical power pattern 
of antenna showing equivalent solid angle for a cone- 
shaped (triangular) pattern. 
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This solid angle can often be described approximately in terms of the angles 
subtended by the half-power points of the main lobe in the two principal planes as 
given by 


Q, = Oup up (sr) (6) 


where Op and yp are the half-power beam widths (HPBW) in the two principal 
planes, minor lobes being neglected. 


2-6 RADIATION INTENSITY. The power radiated from an antenna per 
unit solid angle is called the radiation intensity U (watts per steradian or per 
square degree). The normalized power pattern of the previous section can also be 
expressed in terms of this parameter as the ratio of the radiation intensity U(0, ¢), 
as a function of angle, to its maximum value. Thus, 

P,0, )= a = SOO) (1) 

U(9, P)max  S(9, ®)max 

Whereas the Poynting vector S depends on the distance from the antenna 
(varying inversely as the square of the distance), the radiation intensity U is inde- 
pendent of the distance, assuming in both cases that we are in the far field of the 
antenna (see Sec. 2-35). 


2-7 BEAM EFFICIENCY. The (total) beam area Q, (or beam solid angle) 
consists of the main beam area (or solid angle) Qy plus the minor-lobe area (or 
solid angle) Q,,.' Thus, 


Q4 = Qy + Q,, (1) 


The ratio of the main beam area to the (total) beam area is called the (main) beam 
efficiency &y. Thus, 


Ou 
Q, 


Eu = beam efficiency (2) 


The ratio of the minor-lobe area (Q,,,) to the (total) beam area is called the stray 
factor. Thus, 


evi =~ = Stray factor (3) 
A 


It follows that 


Eu t+ Em = 1 (4) 


’ If the main beam is not bounded by a deep null its extent becomes an arbitrary act of judgment. 
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2-8 DIRECTIVITY. The directivity D of an antenna is given by the ratio of 
the maximum radiation intensity (power per unit solid angle) U(@, @),,., to the 
average radiation intensity U,, (averaged over a sphere). Or, at a certain distance 
from the antenna the directivity may be expressed as the ratio of the maximum to 
the average Poynting vector. Thus, 


UO, Pm _ S(, P)max 


D= 
U S 


(dimensionless) (1) 


av av 


Both radiation intensity and Poynting vector values should be measured in the 
far field of the antenna (see Sec. 2-35). 
Now the average Poynting vector over a sphere is given by 


1 2 Te 
S(O; Pav = 7 \ | S(0, 6) dQ (Wm~’) (2) 
Thus, the directivity 
1 
i ap Po (3) 
S(@, 9) 
aren rey 
or D= = (4) 


The smaller the beam solid angle, the greater the directivity. 


2-9 EXAMPLES OF DIRECTIVITY. If an antenna could be isotropic 


(radiate the same in all directions) 


POR) = (for all 0 and ¢) ch) 
then O47 (2) 
and Desi (3) 


This is the smallest directivity an antenna can have. Thus, Q, must always be 
equal to or less than 4z, while the directivity D must always be equal to or 
greater than unity. 

Neglecting the effect of minor lobes, we have from (2-8-3) and (2-5-6) the 
simple approximation! 


An 41 000 
OLvban HP PHP 


D~ (4) 


' 4n sr = 41253 square degrees. Since (4) is an approximation 41 253 is rounded off to 41 000. 
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where O4p = half-power beam width in 6 plane, rad 
yp = half-power beam width in @ plane, rad 

np = half-power beam width in 6 plane, deg 

Pup = half-power beam width in ¢ plane, deg 


Equation (4) is an approximation and should be used in this context. To avoid 
inappropriate usage, see the discussion following Eq. (17) of Sec. 3-13. 
If an antenna has a main lobe with both half-power beam widths 
(HPBWSs) = 20°, its directivity from (2-8-4) and (2-5-6) is approximately 
_ An(sr) _ 41000 (deg”) 41000 (deg?) 
MeO sch eee Oe Oca l> ¥ +200 


~ 103 ~ 20 dBi (dB above isotropic) (5) 


which means that the antenna radiates a power in the direction of the main-lobe 
maximum which is about 100 times as much as would be radiated by a nondirec- 
tional (isotropic) antenna for the same power input. 


2-10 DIRECTIVITY AND GAIN. The gain of an antenna (referred to a 
lossless isotropic source) depends on both its directivity and its efficiency.’ If the 
efficiency is not 100 percent, the gain is less than the directivity. Thus, the gain 


G=kD (dimensionless) (1) 
where k = efficiency factor of antenna (0 < k < 1), dimensionless 


This efficiency has to do only with ohmic losses in the antenna. In transmitting, 
these losses involve power fed to the antenna which is not radiated but heats the 
antenna structure. 


2-11 DIRECTIVITY AND RESOLUTION. The resolution of an 
antenna may be defined as equal to half the beam width between first nulls 
(BWFN/2).2 For example, an antenna whose pattern BWFN = 2° has a 
resolution of 1° and, accordingly, should be able to distinguish between transmit- 
ters on two adjacent satellites in the Clarke geostationary orbit separated by 1°. 
Thus, when the antenna beam maximum is aligned with one satellite, the first 
null coincides with the other satellite. 


1 When gain is used as a single-valued quantity (like directivity) its maximum nose-on main-beam 
value is implied in the same way that the power rating of an engine implies its maximum value. 
Multiplying the gain G by the normalized power pattern P,(6, @) gives the gain as a function of angle. 


Often called the Rayleigh resolution. See Sec. 11-23 and also J. D. Kraus, Radio Astronomy, 2nd ed., 
Cygnus-Quasar, 1986, pp. 6-19. 
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Half the beam width between first nulls is approximately equal to the half- 
power beam width (HPBW) or 
BWFN 
Z 


so from (2-5-6) the product of the BWFN/2 in the two principal planes of the 
antenna pattern is a measure of the antenna beam area.’ Thus, 


BWEN \ (/BWFN | 
ee ; 


~ HPBW (1) 


It then follows that the number N of radio transmitters or point sources of radi- 
ation distributed uniformly over the sky which an antenna can resolve is given 
approximately by 


4 
ae (3) 
A 
where 0, = beam area, sr 
However, from (2-8-4), 
An 
D=— 4 
oy, (4) 


and we may conclude that ideally the number of point sources an antenna can 
resolve is numerically equal to the directivity of the antenna or 


D=N (5) 


Equation (4) states that the directivity is equal to the number of beam areas into 
which the antenna pattern can subdivide the sky and (5) gives the added signifi- 
cance that the directivity is equal to the number of point sources in the sky that the 
antenna can resolve under the assumed ideal conditions of a uniform source dis- 
tribution.” 


2-12 APERTURE CONCEPT. The concept of aperture is most simply 
introduced by considering a receiving antenna. Suppose that the receiving 
antenna is an electromagnetic horn immersed in the field of a uniform plane wave 
as suggested in Fig. 2-7. Let the Poynting vector, or power density, of the plane 
wave be S watts per square meter and the area of the mouth of the horn be A 


* Usually BWFN/2 is slightly greater than HPBW and from (3-13-18) we may conclude that (2) is 
actually a better approximation to Q, than Q, = Oy dyp as given by (2-5-6). 


* A strictly regular distribution of points on a sphere is only possible for 4, 6, 8, 12 and 20 points 
corresponding to the vertices of a tetrahedron, cube, octahedron, isoahedron and dodecahedron. 
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Direction of propagation 
of plane wave 
q 


Figure 2-7 Plane wave incident on electromagnetic horn of mouth aperture A. 


square meters. If the horn extracts all the power from the wave over its entire 
area A, then the total power P absorbed from the wave is 


P=SA (W) (1) 


Thus, the electromagnetic horn may be regarded as an aperture, the total power 
it extracts from a passing wave being proportional to the aperture or area of its 
mouth. 

It will be convenient to distinguish between several types of apertures, 
namely, effective aperture, scattering aperture, loss aperture, collecting aperture 
and physical aperture. These different types of apertures are defined and discussed 
in the following sections. 

In the following discussion it is assumed, unless otherwise stated, that the 
antenna has the same polarization as the incident wave and is oriented for 
maximum response. 


2-13 EFFECTIVE APERTURE. Consider a dipole receiving antenna (4/2 
or less) situated in the field of a passing electromagnetic wave as suggested in 
Fig. 2-8a. The antenna collects power from the wave and delivers it to the termi- 
nating or load impedance Z, connected to its terminals. The Poynting vector, or 
power density of the wave, is S watts per square meter. Referring to the equiva- 
lent circuit of Fig. 2-8b, the antenna may be replaced by an equivalent or Théve- 
nin generator having an equivalent voltage V and internal or equivalent antenna 
impedance Z,. The voltage V is induced by the passing wave and produces a 
current J through the terminating impedance Z, given by 


V 


| errr eerane 1 
Zrt+Zy4 ) 


where I and V are rms or effective values. 
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Dipole 
antenna 


re 


Incident 
wave 
direction 
Figure 2-8 Schematic diagram of 
Terminating dipole antenna terminated in 
impedance impedance Z, with plane wave 
incident on antenna (a) and equiv- 
(a) (b) alent circuit (b). 


In general, the terminating and antenna impedances are complex; thus 
Zr=R,+jXz7 (2) 


The antenna resistance may be divided into two parts, a radiation resistance R 
and a nonradiative or loss resistance R,,, that is, 


r 


R,=R,+R, (4) 
Let the power delivered by the antenna to the terminating impedance be P. Then 
Poe (5) 
From (1), (2) and (3), the current magnitude 


I nap oval deyagh uid t cI ie eink al ane ae (6) 


./(R, + Ry + R,) +(X,+ X,) 


Substituting (6) into (5) gives 
P= d Wali VaR AEN EE, (7) 
(R, + Ry + Ry)? + (X4 + Xz) 


The ratio of the power P in the terminating impedance to the power density of 
the incident wave is an area A. Thus, 


=A (8) 


where P = power in termination, W 
S = power density of incident wave, W m ? 
A = area, m” 


If S is in watts per square wavelength (W 4~”) then A is in square wavelengths 
(A), which is often a convenient unit of measurement for areas. 
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Substituting (7) into (8) we have 
V?R 
A= ooo] (9) 
SUR, + Ry + Rp)’ + (X4 + X7)] 
Unless otherwise specified, it is assumed that V is the induced voltage when the 
antenna is oriented for maximum response and the incident wave has the same 
polarization as the antenna. The value of A as indicated by (9) takes into account 


any antenna losses as given by R,; and any mismatch between the antenna and its 
terminating impedance. 


Let us consider now the situation where the terminating impedance is the 
complex conjugate of the antenna impedance (terminal or load impedance 
matched to antenna) so that maximum power is transferred. Thus, 
and R,=R,+ R, (11) 
Introducing (10) and (11) in (9) yields the effective aperture A, of the antenna. 
Thus, 

V2 


A, = 4S(R, + R;) (m? Or A”) (12) 


If the antenna is lossless (R; = 0) we obtain the maximum effective aperture A,,, Of 
the antenna. Thus, 


2) 


Y ae 
i Peas hk. 


(m? or 4’) (13) 


The aperture A,,, given by (13) represents the area over which power is 
extracted from the incident wave and delivered to the load. 

Sometimes the terminating impedance is not located physically at the 
antenna terminals as suggested in Fig. 2-8. Rather, it is in a receiver which is 
connected to the antenna by a length of transmission line. In this case Z, is the 
equivalent impedance which appears across the antenna terminals. If the trans- 
mission line is lossless, the power delivered to the receiver is the same as that 
delivered to the equivalent terminating impedance Z,. If the transmission line 
has attenuation, the power delivered to the receiver is less than that delivered to 
the equivalent terminating impedance by the amount lost in the line. 


2-14 SCATTERING APERTURE. In the preceding section we discussed 
the effective area from which power is absorbed. Referring to Fig. 2-8b, the 
voltage induced in the antenna produces a current through both the antenna 
impedance Z, and the terminal or load impedance Z,. The power P absorbed 
by the terminal impedance is, as we have seen, the square of this current times the 
real part of the load impedance. Thus, as given in (2-13-5), P = I7R,. Let us now 
inquire into the power appearing in the antenna impedance Z,. The real part of 
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this impedance R, has two parts, the radiation resistance R, and the loss resist- 
ance R,; (R, = R, + R,). Therefore, some of the power that is received will be 
dissipated as heat in the antenna, as given by 


P’=[R, (1) 


The remainder is “dissipated” in the radiation resistance, in other words, is 
reradiated from the antenna. This reradiated power is 


P” =[R, (2) 


This reradiated or scattered power is analogous to the power that is dissipated in 
a generator in order that power be delivered to a load. Under conditions of 
maximum power transfer, as much power is dissipated in the generator as is 
delivered to the load. 

This reradiated power may be related to a scattering aperture or scattering 
cross section. This aperture A, may be defined as the ratio of the reradiated 
power to the power density of the incident wave. Thus, 


” 


A, = scattering aperture = > (3) 
V?R 
where P’ = (7?R, = ——_—____1_____ (4) 


* (R, + Rp + Ry)? + (X44+ Xz)’ 


When R; = 0, and R; = R, and X; = —X,, for maximum power transfer,! then 
V2 
AL 5 
“wide ©) 


or the scattering aperture equals the maximum effective aperture, that is, 
eben be (6) 


Thus, under conditions for which maximum power is delivered to the terminal 
impedance, an equal power is reradiated from the receiving antenna.” 

Now suppose that the load resistance is zero and X; = —X, (antenna 
resonant). This zero-load-resistance condition may be referred to as a resonant 
short-circuit (RSC) condition. Then for RSC the reradiated power is 

V2 


Pp’ = f 
a (7 


1 Antenna matched. 


* Referring to Fig. 2-8a, note that if the direction of the incident wave changes, the scattered power 
could increase while V decreases. However, Z,, remains the same. 
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Figure 2-9 1/2 dipole antenna receiving (and 
reradiating) power from 4/2 dipole transmitting 


Transmitter 


antenna. 
and the scattering aperture becomes 
V2 
Ye OO mae 
hah ca (8) 
or A, = 4A.» (9) 


Thus, for the RSC condition, the scattering aperture of the antenna is 4 times as 
great as its maximum effective aperture. 

Figure 2-9 shows two 4/2 dipoles, one transmitting and the other receiving. 
Let the receiving antenna be lossless (R,; = 0). Consider now three conditions of 
the receiving antenna: 


1. Antenna matched 
2. Resonant short circuit 
3. Antenna open-circuited (Z; = oo) 


For condition 1 (antenna matched), A, = A,,,, but for condition 2 (resonant short 
circuit), A, = 4A,,, and 4 times as much power is scattered or reradiated as under 
condition 1. 

Under condition 2 (resonant short circuit), the “receiving” antenna acts like 
a scatterer and, if close to the transmitting antenna, may absorb and reradiate 
sufficient power to significantly alter the transmitting antenna radiation pattern. 
Under these conditions one may refer to the “receiving” antenna as a parasitic 
element. Depending on the phase of the current in the parasitic element, it may 
act either as a director or a reflector (see Sec. 11-9a). To control its phase, it may 
be operated off-resonance (X; # — X,), although this also reduces its scattering 
aperture. 

For condition 3 (antenna open-circuited), J = 0, A, = Oand A, = 0.’ 


' This is an idealization. Although the scattering may be small it is not zero. See Table 17-2 for 
scattering from short wires. 
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Relative aperture 


Figure 2-10 Variation of effective 
aperture A,, scattering aperture A, 
and collecting aperture A, as a 

: function of the relative terminal 
Ort 2 3 4 56 6 7 8 9 10 © resistance R,/R.” of camel 
antenna. It is assumed that R, = 
XA =X =.0: 


3 . F Rr 
Relative terminal resistance, — 


r 


To summarize: 


Condition 1, antenna matched: A, = Agm 
Condition 2, resonant short circuit: A, = 44,,, 
Condition 3, antenna open-circuited: A, =A, =0 


The ratio A,/A,,, as a function of the relative terminal resistance R,/R, is 
shown in Fig. 2-10. For R;/R, = 0, A,/A._ = 4, while as R,/R, approaches infin- 
ity (open circuit), A,/A,,, approaches zero. 

The ratio of the scattering aperture to the effective aperture may be called 
the scattering ratio B, that is, 


A 
Scattering ratio = ai ==) (dimensionless) (10) 


The scattering ratio may assume values between zero and infinity (0 < B < oo). 

For conditions of maximum power transfer and zero antenna losses, the 
scattering ratio is unity. If the terminal resistance is increased, both the scattering 
aperture and the effective aperture decrease, but the scattering aperture decreases 
more rapidly so that the scattering ratio becomes smaller. By increasing the ter- 
minal resistance, the ratio of the scattered power to power in the load can be 
made as small as we please, although by so doing the power in the load is also 
reduced. 

The reradiated or scattered field of an absorbing antenna may be con- 
sidered as interfering with the incident field so that a shadow may be cast behind 
the antenna as illustrated in Fig. 2-11-1. 

Although the above discussion of scattering aperture is applicable to a 
single dipole (4/2 or shorter), it does not apply in general. (See Sec. 2-18. See also 
Sec. 17-5.) 
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2-15 LOSS APERTURE. If R, is not zero [k # 1 in (2-10-1)], some power 
is dissipated as heat in the antenna. This may be related to a loss aperture A, 
which is given by 
Bits IER? z VAR: 

SETS (RR PER RT) eX er XD) | 


(1) 


2-16 COLLECTING APERTURE. Three types of apertures have now 
been discussed: effective, scattering and loss. These three apertures are related to 
three ways in which power collected by the antenna may be divided: into power 
in the terminal resistance (effective aperture); into heat in the antenna (loss 
aperture); or into reradiated power (scattering aperture). By conservation of 
energy the total power collected is the sum of these three powers. Thus, adding 
these three apertures together yields what may be called the collecting aperture as 
given by 


Cie V?(R, + R; + Ry) 
© S[(R, + Ri + Rr)? + (X4 + X70) 
The variation of A, with R,/R, for the case of A; = 0is shown in Fig. 2-10. 


= A,+ A, +A, (1) 


2-17 PHYSICAL APERTURE AND APERTURE EFFICIENCY. It 
is often convenient to speak of a fifth type of aperture called the physical aperture 
A,. This aperture is a measure of the physical size of the antenna. The manner in 
which it is defined is entirely arbitrary. For example, it may be defined as the 
physical cross section (in square meters or square wavelengths) perpendicular to 
the direction of propagation of the incident wave with the antenna oriented for 
maximum response. This is a practical definition in the case of many antennas. 
For example, the physical aperture of an electromagnetic horn is the area of its 
mouth, while the physical aperture of a linear cylindrical dipole is the cross- 
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sectional area of the dipole. However, in the case of a short stub antenna 
mounted on an airplane, the physical aperture’ could be taken as the cross- 
sectional area of the stub or, since currents associated with the antenna may flow 
over the entire surface of the airplane, the physical aperture could be taken as the 
cross-sectional area of the airplane. Thus, the physical aperture has a simple, 
definite meaning only for some antennas. On the other hand, the effective aper- 
ture has a definite, simply defined value for all antennas. 
The ratio of the effective aperture to the physical aperture is the aperture 
efficiency €,,, that 1s, 
A 


Ean = — (dimensionless) (1) 
Ay 

Although aperture efficiency may assume values between zero and infinity, it 

cannot exceed unity for large (in terms of wavelength) broadside apertures. 


2-18 SCATTERING BY LARGE APERTURES. In Sec. 2-14 it was 
shown that the scattering aperture of a single dipole was equal to the (maximum) 
effective aperture for the condition of a (conjugate) match and 4 times as much 
for a resonant short circuit. For a large broadside aperture A (dimensions > A) 
matched to a uniform wave, all power incident on the aperture can be absorbed 
over the area A, while an equal power is forward-scattered. Thus, the total col- 
lecting aperture is 2A. If the large aperture is a nonabsorbing perfectly conducting 
flat sheet the power incident on the area A is backscattered while an equal power 
is forward-scattered, yielding a scattering (and collecting) aperture 2A. In this 
case the scattering aperture may be appropriately called a total scattering cross 
section (a,), as done in Sec. 17-5. The absorbing and scattering conditions for a 
large aperture are now discussed in more detail. 

The intrinsic impedance Z, of free (empty) space is 377 Q(=./pUo/éo).’ It is a 
pure resistance Ry (Z,. = Ro + jO). This intrinsic resistance takes on more physical 
significance when we consider the properties of a resistive sheet with a resistance 
of 377 Q per square.” Sheets of this kind (carbon-impregnated paper or cloth) are 
often called space paper, space cloth or Salisbury sheets or screens.* A square 
piece of the sheet measures 377 Q between perfectly conducting bars clamped 
along opposite edges as in Fig. 2-11-2. For this measurement the size of the sheet 
makes no difference provided only that it is square. Although the term ohms per 
square is appropriate, the quantity is dimensionally that of resistance (ohms), not 
ohms per square meter. 


1 More precisely, \/[o/&) = Ly C = 376.7304 Q, where po = 4x x 10°’ H m“* (by definition) and 
c = velocity of light. 


2 J. D. Kraus, Electromagnetics, 3rd ed., McGraw-Hill, 1984, p. 459. 
3 See also further discussion in Sec. 18-3c. 
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Consider now what happens when a plane wave is incident normally on an 
infinite sheet of space cloth (Fig. 2-11-3a). Taking the electric field intensity of the 
incident wave E; = 1 V m“’, the field intensity of the transmitted wave contin- 
uing to the right of the sheet is 


E, = tE; => = > Vm (1) 


where Ry = intrinsic resistance of space = 377 Q 
Z, = load impedance = space cloth in parallel with space behind it 
= R,/2 
t = transmission coefficient = 4 


Sheet 
of space cloth 
1 
we 
ie age he 
E;=1 E,=3 | E=3 (a) 
———B» ~~ fe 
—— a —— > 
Incident Reflected | Transmitted 
wave wave | wave 
| 
Vj=1 Ves Vises Figure 2-11-3. (a) A plane wave 
2 = ae ae traveling to the right incident nor- 
Characteristic mally on an infinite sheet of space 
resistance Infinite lossless (b) cloth is partially reflected, partially 
Ro transmission line absorbed and partially transmit- 


ted. (b) Analogous transmission- 
Load resistance line arrangement. 
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The electric field intensity of the reflected wave traveling to the left of the 
sheet is 
—Z R,/2) — R 1 
By 2 pE Vee Eg ea arrae (2) 
Zi+Z_ (Ro/2) + Ro 3 


where p = reflection coefficient = —4 


It is apparent that a sheet of space cloth by itself is insufficient to terminate 
an incident wave without reflection. This may also be seen by considering the 
analogous lossless transmission line arrangement shown in Fig. 2-11-3b, where 
the load resistance R, is in parallel with the line to the right with characteristic 
resistance Ro. 

For both space wave and transmission line, $ [=(4)*)] of the incident 
power is reflected or scattered back, § [=(4)*] of the incident power is transmit- 
ted or forward-scattered and the remaining $ absorbed in the space cloth or load. 
If the area of the space cloth equals A, then the effective aperture A, = $A and 
the scattering aperture A, = 3A. 

In order to completely absorb the incident wave without reflection or trans- 
mission, let an infinite perfectly conducting sheet or reflector be placed parallel to 
the space cloth and 4/4 behind it, as portrayed in Fig. 2-11-4a. Now the imped- 
ance presented to the incident wave at the sheet of space cloth is 377 Q, being the 
impedance of the sheet in parallel with an infinite impedance. As a consequence, 
this arrangement results in the total absorption of the wave by the space cloth.’ 
There is, however, a standing wave and energy circulation between the cloth and 
the conducting sheet and a shadow behind the reflector. 

The analogous transmission-line arrangement is illustrated in Fig. 2-11-4b, 
the 2/4 section (stub) presenting an infinite impedance across the load Ry. 

In the case of the plane wave, the perfectly conducting sheet or reflector 
effectively isolates the region of space behind it from the effects of the wave. In an 
analogous manner the shorting bar on the transmission line reduces the waves 
beyond it to a small value. 

When the space cloth is backed by the reflector the wave is matched. In a 
similar way, the line is matched by the load R, with 1/4 stub.” 

A transmission line may also be terminated by placing a resistance across 
the line which is equal to the characteristic resistance of the line, as in Fig. 
2-11-36, and disconnecting the line beyond it. Although this provides a practical 
method of terminating a transmission line, there is no analogous counterpart in 
the case of a space wave because it is not possible to “disconnect” the space to 
the right of the termination. A region of space may only be isolated or shielded, 
as by a perfectly conducting sheet.° 


* J. D. Kraus, Electromagnetics, 3rd ed., McGraw-Hill, 1984, pp. 461-462. 
* The stub length can differ from 4/4 provided the load presents a conjugate match. 
° The spacing of the transmission line is assumed to be small (<A) and radiation negligible. 
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Figure 2-11-4 (a) A plane wave traveling to the right incident normally on an infinite sheet of space 
cloth backed by an infinite perfectly conducting reflecting sheet, as shown, is completely absorbed 
without reflection. (b) Analogous transmission-line arrangement in which a wave traveling to the right 
is completely absorbed in the load without reflection. 


If the space cloth reflector area A is large (dimensions > 4) but not infinite 
in extent the power incident on A is absorbed (as in the infinite case) but there is 
now scattering of an equal power so that the total collecting aperture A, is twice 
A or 


A, =A, +A, =2A 


where A, = effective aperture = A, m? 
A, = scattering aperture = A, m? 


Ss 


Thus, as much power is scattered as is absorbed (maximum power transfer 
condition) (A, = A,). 

If only the flat perfectly conducting reflector of area A is present (no space 
cloth), the wave incident on the reflector is backscattered instead of absorbed and 
the wave is totally scattered (half back, half forward) so that the collecting aper- 
ture is all scattering aperture and equal to 2A (A, = 2A =<a,, see Table 17-1, last 
row, column 3). In both cases (with and without space cloth) the incident wave 
front is disturbed and the energy flow redirected over an area twice the area A. 
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Absorption is also possible by methods other than the single space cloth 
technique as, for example, using thick (multiple space cloth) or other absorbing 
structures as discussed in Sec. 18-3c. These structures, as well as a single space 
cloth, constitute a distributed load. The above conclusions regarding large, but 
not infinite, apertures also apply to a large uniform broadside array of area A 
connected to a lumped load or a uniformly illuminated parabolic reflector of area A 
with power brought to a focus and delivered to a lumped load. In all cases 
(distributed load, broadside array and parabolic reflector), the effective aperture 
A, = A (= physical aperture A,) and the scattering aperture A, also equal A 
(= A,). The aperture efficiency in these cases is given by 


which is the maximum possible value (100 percent efficiency) for large broadside 
antennas. In theory, the 100 percent limit might be exceeded slightly by using 
supergain techniques. However, as shown by Rhodes,’ the practical obstacles are 
enormous. In practice, less than 100 percent efficiency may be necessary in order 
to reduce the sidelobe level by using tapered (nonuniform) aperture distributions. 
Accordingly, large aperture antennas are commonly operated at 50 to 70 percent 
aperture efficiency. 

The single dipole and the large-area antenna may be considered to rep- 
resent two extremes as regards scattering, with other antenna types intermediate. 
Table 2-1 summarizes the scattering parameters for large space cloth or array 
apertures, for transmission lines and for a single dipole (4/2 or shorter). 


2-19 EFFECTIVE HEIGHT. The effective height h (meters) of an antenna 
is another parameter related to the aperture. Multiplying the effective height by 
the incident field E (volts per meter) of the same polarization gives the voltage V 
induced. Thus, 


V=hE (1) 
Accordingly, the effective height may be defined as the ratio of the induced 
voltage to the incident field or 
ele 
is 


h (m) (2) 

Consider, for example, a vertical dipole of length | = 4/2 immersed in an 
incident field F, as in Fig. 2-12a. If the current distribution of the dipole were 
uniform its effective height would be |. The actual current distribution, however, 
is nearly sinusoidal with an average value 2/n = 0.64 (of the maximum) so that its 


' D. R. Rhodes, “On an Optimum Line Source for Maximum Directivity,” IEEE Trans. Ants. Prop., 
AP-19, 485-492, 1971. 


Table 2-1 Scattering parameters} 
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Transmission Dipole 

Condition Space cloth (or array) line (Fig. 2-8) 
Matched Space cloth (or array) Load Ry with A, = Aum 
(Fig. 2-11-4) with reflector, area A A/4 stub 

A,=A,=A No power reflected 

A, =2A All power into load 
Short Reflector only, area A All power reflected A, = 4Agm 
circuit A, = 2A =a, No power in (resonant) 

A,=0 termination 

A= 2A 
Load only Space cloth only, area infinite Load R, only No dipole 
(Fig. 2-11-3) 11% power backscattered 11% power reflected 

44% power forward-scattered 44% power transmitted 

44% absorbed 44% power in load 
Open circuit No cloth or reflector No power reflected A, = Of 

A, =0 All power transmitted A,=0 


A,=0 


+ Aperture values assume orientation for maximum response, polarization-matched and load conjugate- 
matched. Uniform aperture response or distribution is assumed for the large areas A (dimensions > 4). 
The transmission line is assumed to be lossless, the spacing small (<A) and radiation effects negligible. 

¢ Scattering small but not zero. 


effective height h=0.64/. It is assumed that the antenna is oriented for 
maximum response. 

If the same dipole is used at a longer wavelength so that it is only 0.1/ long, 
the current tapers almost linearly from the central feed point to zero at the ends 
in a triangular distribution, as in Fig. 2-12b. The average current is 4 of the 


maximum so that the effective height is 0.5 J. 


0 0.64 1.0 

a = i=0.1X 
g 
Incident Sinusoidal 
field current Triangular 
distribution ™ current 
, distribution 
(a) Average (b) 
current 


Figure 2-12 (a) Dipole of length | = 2/2 with sinusoidal current distribution. (b) Dipole of length 
| = 0.1 with triangular current distribution. 
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Thus, another way of defining effective height is to consider the transmit- 
ting case and equate the effective height to the physical height (or length /) multi- 
plied by the (normalized) average current or 

sway fea 
Hp rf ye (z) a7 


e 
0 vO 


2 h, — (m) 3) 


where h, = effective height, m 
h, = physical height, m 
I,y = average current, A 


It is apparent that effective height is a useful parameter for transmitting 
tower-type antennas.’ It also has an application for small antennas. The param- 
eter effective aperture has more general application to all types of antennas. The 
two have a simple relation, as will be shown. 

For an antenna of radiation resistance R, matched to its load, the power 
delivered to the load is equal to 


1G eaheks 
= WwW 4 
re Raman (W) (4) 
In terms of the effective aperture the same power is given by 
E*A 
P =SA, = - (Ww) (5) 
Zo 


where Z, = intrinsic impedance of space (= 377 Q) 


Equating (4) and (5) we obtain 


R,A 
[= ae d A 


(m7) (6) 


Thus, effective height and effective aperture are related via radiation resistance 
and the intrinsic impedance of space. 


2-20 MAXIMUM EFFECTIVE APERTURE OF A SHORT 
DIPOLE. In this section the maximum effective aperture of a short dipole with 
uniform current is calculated. Let the dipole have a length | which is short com- 
pared with the wavelength (/ « 4). Let it be coincident with the y axis at the 


* Effective height can also be expressed more generally as a vector quantity. Thus (for linear 
polarization) we can write 


V =h,- E=h,E cos 0 


where h, = effective height and polarization angle of antenna, m 
E = field intensity and polarization angle of incident wave, V m~! 
6 = angle between polarization angles of antenna and wave, deg 


In a still more general expression (for any polarization state), @ is the angle between polarization 
states on the Poincaré sphere (see Sec. 2-36). 
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—_—_> y 
of incident jj Short 
ones dipole 
Figure 2-13 Short dipole with uniform current 
x induced by incident wave. 


origin as shown in Fig. 2-13, with a plane wave traveling in the negative x direc- 
tion incident on the dipole. The wave is assumed to be linearly polarized with E 
in the y direction. The current on the dipole is assumed constant and in the same 
phase ever its entire length, and the terminating resistance R; is assumed equal 
to the dipole radiation resistance R,. The antenna loss resistance R,; is assumed 
equal to zero. 

The maximum effective aperture of an antenna is obtained from (2-13-13) as 


V2 


A, = 
ec AYE () 


where the effective value of the induced voltage V is here given by the product of 
the effective electric field intensity at the dipole and its length, that is, 


V=El (2) 


The radiation resistance R, of a short dipole of length / with uniform current will 
be shown later (in Sec. 5-3) to be’ 


80071? (I_y\? Ah 
- =v) — 790{ =) | - Q 3 


where / = wavelength 
I,, = average current 
I, = terminal current 


The power density, or Poynting vector, of the incident wave at the dipole is 
related to the field intensity by 
E2 


S=> (4) 


where Z = intrinsic impedance of the medium 


1 This relation for the radiation resistance of a short dipole was worked out by Max Abraham in 
1904 and R. Rudenberg in 1908. It is very clearly set forth in Jonathan Zenneck’s textbook editions of 
1905 and 1908 and its English translation, Wireless Technology, McGraw-Hill, 1915. 
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In the present case, the medium is free space so that Z = 1202 Q. Now substitut- 
ing (2), (3) and (4) into (1), we obtain for the maximum effective aperture of a 
short dipole (for J,, = I) 


WOnksieAe eas 


DV grert alae er 
ST 3901 ome 


fic N0 1 Oe (5) 
Equation (5) indicates that the maximum effective aperture of a short dipole is 
somewhat more than 75 of the square wavelength and is independent of the 
length of the dipole provided only that it is small (1 < 4). The maximum effective 
aperture neglects the effect of any losses, which probably would be considerable 
for an actual short dipole antenna. If we assume that the terminating impedance 
is matched to the antenna impedance but that the antenna has a loss resistance 
equal to its radiation resistance, the effective aperture from (2-13-12) is 4 the 
maximum effective aperture obtained in (5). 


2-21 MAXIMUM EFFECTIVE APERTURE OF A LINEAR 4/2 
ANTENNA. As a further illustration, the maximum effective aperture of a 
linear 4/2 antenna will be calculated. It is assumed that the current has a sinu- 
soidal distribution and is in phase along the entire length of the antenna. It is 
further assumed that R, = 0. Referring to Fig. 2-14a, the current J at any point y 
is then 


2 
Oe be ee (1) 


A plane wave incident on the antenna is traveling in the negative x direction. The 
wave is linearly polarized with E in the y direction. The equivalent circuit is 
shown in Fig. 2-14b. The antenna has been replaced by an equivalent or Théve- 
nin generator. The infinitesimal voltage dV of this generator due to the voltage 


d/2 
Io dV 1 
I 
dl 
My 
B 4 R 
Rr dy uf 


Incident 
wave 


(a) (d) 


Figure 2-14 Linear 4/2 antenna in field of electromagnetic wave (a) and equivalent circuit (b). 
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Figure 2-15 (a) Maximum effective aperture of linear 4/2 antenna is approximately represented by 
rectangle 4+ by +A on a side. (b) Maximum effective aperture of linear 4/2 antenna represented by 
elliptical area of 0.13/7. 


induced by the incident wave in an infinitesimal element of length dy of the 
antenna is 


2 
dV =E dy 08 =a (2) 
It is assumed that the infinitesimal induced voltage is proportional to the current 
at the infinitesimal element as given by the current distribution (1). 
The total induced voltage V is given by integrating (2) over the length of the 
antenna. This may be written as 


A/4 2; 
y=2| E cos —~ dy (3) 
0 A 
Performing the integration in (3) we have 
EA 
Se (4) 
T 


The value of the radiation resistance R, of the linear 4/2 antenna will be taken as 
73 Q.! The terminating resistance R; is assumed equal to R,. The power density 
at the antenna is as given by (2-20-4). Substituting (4), (2-20-4) and R, = 73 into 
(2-13-13), we obtain, for the maximum effective aperture of a linear 4/2 antenna, 
1202E7A? SOS 5 
aol TEEIE nee Tn enna anton 2 
Comparing (5) with (2-20-5), the maximum effective aperture of the linear 1/2 
antenna is about 10 percent greater than that of the short dipole. 
The maximum effective aperture of the 4/2 antenna is approximately the 
same as an area 4 by 4A on a side, as illustrated in Fig. 2-15a. This area is A’. 
An elliptically shaped aperture of 0.1347 is shown in Fig. 2-15b. The physical 


1 The derivation of this value is given in Sec. 5-6. 


46 2 BASIC ANTENNA CONCEPTS 


significance of these apertures is that power from the incident plane wave is 
absorbed over an area of this size by the antenna and is delivered to the termina- 
ting resistance. 

A typical thin 4/2 antenna may have a conductor diameter of 794, so that 
its physical aperture is only 34547. For such an antenna the maximum effective 
aperture of 0.13/7 is about 100 times larger. 


2-22 EFFECTIVE APERTURE AND DIRECTIVITY. There is an 
important relation between effective aperture and directivity of all antennas as 
will now be shown. 

Consider the electric field E, at a large distance in a direction broadside to a 
radiating aperture as in Fig. 2-16. If the field intensity in the aperture is constant 
and equal to E, (volts per meter), the radiated power is given by 


SNERE 


Bp 
Z 


A (1) 


where A = antenna aperture, fie 
Z = intrinsic impedance of the medium, 0 


The power radiated may also be expressed in terms of the field intensity E, (volts 
per meter) at a distance r by 


2 
PERE 


Z 


P OQ, (2) 


where Q., = beam solid angle of antenna, sr 
It may be shown (Sec. 11-21) that the field intensities E, and E, are related by 
|E,|A 


|E,|=— (3) 
where 2 = wavelength, m 
Substituting (3) in (2) and equating (1) and (2) yields 

i? = AQ, (4) 


where 4 = wavelength, m 
A = antenna aperture, m? 
Q), = beam solid angle, sr 


Figure 2-16 Radiation from aper- 
ture A with uniform field E,. 
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In (4) the aperture A is the physical aperture A, if the field is uniform over the 
aperture, as assumed, but in general A is the maximum effective aperture A,,, 


(losses equal zero). Thus, 
o 


We note that A,,, is determined entirely by the antenna pattern of beam area Q,. 
According to this important relation, the product of the maximum effective aper- 
ture of the antenna and the antenna beam solid angle is equal to the wavelength 
squared. Equation (5) applies to all antennas. From (5) and (2-8-4) we have that 
4n 
i 72 AL. (6) 
When, for simplicity, A, is substituted for A,,, in (5) or (6), zero losses are 
assumed. 
Three expressions have now been given for the directivity D of an antenna. 
They are 


_ UO, P max _ S(O, Pex 


D i 
U., ie ew 
4 
D=— (8) 
A 
An 
D == Aem (9) 
From (2-10-1), the gain G = kD, where k = A,/Agm, SO 
An 
G= a A, (10) 


2-23 BEAM SOLID ANGLE AS A FRACTION OF A SPHERE. A 
short dipole with directivity D = } has a beam solid angle 


4n 2 
Ogre 4 1 
AE 1 3 7m (1) 
Putting Q,,, = 42 = solid angle of a sphere, the dipole beam solid angle 
QQ, Sl a (2) 


Thus, the dipole radiation pattern may be said to fill 4 of a sphere. The larger the 
directivity of an antenna, the smaller is the fraction of a sphere filled by its radi- 
ation pattern. At the other extreme, a nondirectional (isotropic) antenna with 
D = 1 completely fills a sphere. This concept, emphasized by Harold A. Wheeler 
(1964), provides an interesting way of looking at directivity and beam area. 
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2-24 TABLE OF EFFECTIVE APERTURE, DIRECTIVITY, 
EFFECTIVE HEIGHT AND OTHER PARAMETERS FOR 
DIPOLES AND LOOPS 


Effective 
Maximum height, 
Radiation effective maximum Sphere Directivity 
resistances aperture value, filing: ee 
Antenna R,, 2 Awe)? h, m factor D D(GBi) 
me 0.079 1 1 0 
Isotropic aoe ee 
Ris \ 4 3 Wi 5 
i 8 “ — = 0.119 - 3 ; 1.76 
Short dipole,t length / { Uo ) i 3 5 
Short dipole,t / = 4/10 7.9 0.119 A/10 3 s 1.76 
(ay = Io) 
Short dipole,t / = 4/10 1.98 0.119 4/20 4 3 1.76 
Cay a 31) 
30 Yak! 
Linear, 4/2 dipole 73 —=013 -=— 0.61 164 2.15 
; : 731 1 tanaet 5 
(sinusoidal current 
distribution) 
ANA 3 A 
Small loopt (single turn), 31 200-5 —=0.119 2a— 4 3 1.76 
A 81 A 
any shape 
3 2nd 
Small square loopt (single 3.12 = 0 ioe a 4 2 1.76 
82 100 


turn), side length = | 
Area A = I? = (4/10)? 


§ See Chaps. 5 and 6. 
+ Length / < 4/10. 
t Area A < 47/100, see Sec. 6-8. For n-turn loop, multiply R, by n? and h by n. 


Although the radiation resistance, effective aperture, effective height and 
directivity are the same for both receiving and transmitting, the current distribu- 
tion is, in general, not the same. Thus, a plane wave incident on a receiving 
antenna excites a different current distribution than a localized voltage applied to 
a pair of terminals for transmitting. 


2-25 FRIIS TRANSMISSION FORMULA. The usefulness of the aper- 
ture concept will now be illustrated by using it to derive the important Friis 
transmission formula published in 1946 by Harald T. Friis of the Bell Telephone 
Laboratories.! 

Referring to Fig. 2-17, this formula gives the power received over a radio 
communication circuit. Let the transmitter T feed a power P, to a transmitting 


‘ H. T. Friis, “A Note on a Simple Transmission Formula,” Proc. IRE, 34, 254-256, 1946. 
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Transmitter Receiver 


Figure 2-17 Communication circuit with waves from transmitting antenna arriving at the receiving 
antenna by a direct path of length r. 


antenna of effective aperture A,,. At a distance r a receiving antenna of effective 
aperture A,, intercepts some of the power radiated by the transmitting antenna 
and delivers it to the receiver R. Assuming for the moment that the transmitting 
antenna is isotropic, the power per unit area at the receiving antenna is 


"  Anr? 


(W) (1) 


If the antenna has gain G,, the power per unit area at the receiving antenna will 
be increased in proportion as given by 


beats ded 


Ss, eae) (2) 


Now the power collected by the receiving antenna of effective aperture A,, is 


P.=S.A yt pO, Aer 


r Clee 2 


(W) (3) 


4ur 
From (2-22-10) the gain of the transmitting antenna can be expressed as 


4nA, 
G, = Re (4) 


Substituting this in (3) yields the Friis transmission formula 


(5) 


where P, = received power (antenna matched), W 
P, = power into transmitting antenna, W 
A,, = effective aperture of transmitting antenna, m? 
A,, = effective aperture of receiving antenna, m” 
r = distance between antennas, m 
A = wavelength, m 


It is assumed that each antenna is in the far field of the other. 
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Figure 2-18 Schematic diagram of basic antenna parameters, illustrating the duality of an antenna: 
a circuit device (with a resistance and temperature) on the one hand and a space device (with radi- 
ation patterns, beam angles, directivity, gain and aperture) on the other. 


2-26 DUALITY OF ANTENNAS. The duality of an antenna, as a circuit 
device on the one hand and a space device on the other, is illustrated schemati- 
cally in Fig. 2-18. 


2-27 SOURCES OF RADIATION: RADIATION RESULTS FROM 
ACCELERATED CHARGES. A stationary electric charge does not radiate 
(Fig. 2-19a) and neither does an electric charge moving at uniform velocity along 
a straight wire (Fig. 2-19b). However, if the charge is accelerated, i.e., its velocity 
changes with time, it radiates. Thus, as in Fig. 2-19c, a charge reversing direction 
on refiection from the end of a wire radiates. The shorter the pulse for a given 
charge, the greater the acceleration and the greater the power radiated, or, as in 
Fig. 2-19d, a charge moving at uniform velocity along a curved or bent wire is 
accelerated and radiates. 

Consider a pulse of electric charge moving along a straight conductor in the 
x direction, as in Fig. 2-20. This moving charge constitutes a momentary electric 
current J as given by 


dx 


a) (1 


I= 4, 


where g, = charge per unit length, C m~’ 


1 . . . . . ° . . . 
This can be seen from relativistic considerations, since, for an observer in a reference frame moving 
with the charge, it will appear stationary. 
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3) (a) Static electric charge 
does not radiate. 


ey ee Electric charge moving with 
aeaile : 
(6) uniform velocity along a 
2? ae aaa straight wire does not 
radiate. 
XY Nw However, when charge reaches 
a = (c) end of wire and reverses 
ae direction it undergoes 
A XN acceleration and radiates. 
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the pulse of charge, the 
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eine Yi 
5S 4) Electric charge moving at uniform 
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1A <A along a wire undergoes periodic 
acceleration and radiates. 


Figure 2-19 A static electric charge or a charge moving with uniform velocity in a straight line does 
not radiate. An accelerated charge, however, does radiate. 


Multiplying by the length / of the pulse as measured along the conductor 
gives 


dx 
H=q,l—=q (Am) (2) 
dt 
where g, ! = q = total charge of pulse, C 
v = velocity, m s~' 
Taking the time derivative 
dl dex 
et ep pee ea Ams! 3 
where i = acceleration of charge, ms" ” 
Current 
I 
o_o 
+t+++ x 
——— + 
qd. = charge per unit : : : 
L anath Figure 2-20 Charge pulse of uniform charge 


density q, (per unit length) moving with velocity v 
] constitutes an electric current I. 
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More concisely, 

Il=qv (Ams?) (4) 
where | = time-changing current, As! 
! = length of current element, m 
qi— electric charge..© 
b = acceleration, ms ” 


This is the basic continuity relation between current and charge for electromagnetic 
radiation. Since accelerated’ charge (qi) produces radiation, it follows from this 
equation that time-changing current (I) produces radiation. (Fig. 2-19e). For tran- 
sients and pulses we usually focus on charge. For steady-state harmonic variation 
we usually focus on current. Whereas a pulse radiates a broad spectrum (wide 
bandwidth) of radiation (the shorter the pulse, the broader the spectrum), a 
smooth sinusoidal variation of charge or current results in a narrow bandwidth 
of radiation (theoretically zero at the frequency of the sinusoid if it continues 
indefinitely). 

It may be shown? that an accelerated charge radiates a power P as given 
by” 


PA pap N92 
pqri 
ied" Za nae ie 
where = permeability of medium, H m7! 

q = charge, C 
tb = acceleration, m s 


Z = impedance of medium 


=e 


2-28 PULSED OPENED-OUT TWIN-LINE ANTENNAS. The 
antenna of Fig. 2-1, shown again in Fig. 2-21a, has two conductors each resem- 
bling an Alpine-type horn used by Swiss mountaineers. The uniform 
transmission-line section at the left opens out until the conductor separation is a 
wavelength or more with radiation from the curved region forming a beam to the 
right. The conductor spacing-diameter ratio is constant, making the characteristic 
impedance constant over a wide bandwidth. Since radiation occurs from nar- 
rower regions at shorter wavelengths, the radiation pattern tends to be relatively 


' Or decelerated. 
? L. Landau and E. Lifshitz, The Classical ory of Fields, Addison-Wesley, 1951. 
> Equivalent expressions are 
Gata ” yg? 
6nec> —s-_ Oc 


(W) (6) 


where € = permittivity (F m~*) and c = velocity of light (m s~'). 
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(e) Figure 2-21 Pulsed twin-line antenna. No 


radiation occurs along the uniform section. 
However, radiation occurs along the curved 
portion and is maximum to the right, as sug- 
gested by the reinforcement of the electric 
fields. 


constant.’ These properties make the twin horn a basic broadband antenna. 

Let us analyze the process of radiation from this antenna by considering 
what happens when it is excited by a single short pulse which starts electric 
charges moving to the right along the uniform transmission-line section at light 
speed. There is no radiation as the charges travel along the uniform section at the 


’ However, the phase center moves to the right with decrease in frequency. 
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left but on reaching the curved region the charges undergo acceleration and radi- 
ation occurs (Fig. 2-21b). The configuration of the resulting electric field a short 
time later is suggested in Fig. 2-21c. Additional radiation occurs as the charges 
travel further, as shown in Fig. 2-21d. Still later, after the charges reach the end of 
the conductors, the fields are as suggested in Fig. 2-21e. It is assumed that due to 
prior radiation, negligible radiation occurs on reflection of the charges from the 
open end.’ 

We note that the fields are additive and reinforce in the forward direction 
(to the right) between the conductors while they tend to cancel elsewhere. This 
tendency is apparent in Fig. 2-21c. 


2-29 FIELDS FROM OSCILLATING DIPOLE. Although a charge 
moving with uniform velocity along a straight conductor does not radiate, a 
charge moving back and forth in simple harmonic motion along the conductor is 
subject to acceleration (and deceleration) and radiates. 

To illustrate radiation from a dipole antenna, let us consider that the dipole 
of Fig. 2-22 has two equal charges of opposite sign oscillating up and down in 
harmonic motion with instantaneous separation / (maximum separation |) while 
focusing attention on the electric field. For clarity only a single electric field line 
is shown. 

At time t=O the charges are at maximum separation and undergo 
maximum acceleration i as they reverse direction (Fig. 2-22a). At this instant the 
current I is zero. At an $-period later, the charges are moving toward each other 
(Fig. 2-22b) and at a 4-period they pass at the midpoint (Fig. 2-22c). As this 
happens, the field lines detach and new ones of opposite sign are formed. At this 
time the equivalent current J is.a maximum and the charge acceleration is zero. 
As time progresses to a 4-period, the fields continue to move out as in Fig. 2-22d 
and e. 

An oscillating dipole with more field lines 1s shown in Fig. 2-23 at 4 instants 
of time. 


2-30 RADIATION FROM PULSED CENTER-FED DIPOLE 
ANTENNAS. Five stages of radiation from a dipole antenna are shown in 
Fig. 2-24 resulting from a single short voltage pulse applied by a generator at the 
center of the dipole (positive charge to left, negative charge to right). The pulse 
length is short compared to the time of propagation along the dipole. 

At the first stage [(a) top] the pulse has been applied and the charges are 
moving outward. The electric field lines between the charges expand like a soap 
bubble with velocity v = c in free space. The charges are assumed to move with 


‘ With radiation from the curved section, the energy of the pulse decreases as energy is lost to radi- 
ation according to (2-27-5). Thus, stated another way, it is assumed that due to prior radiation losses, 
negligible charge reaches the open end, being absorbed in radiation resistance. Energy lost in radi- 
ation resistance is energy radiated. 
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(1) direction. 


velocity v = c along the dipole. At the next stage [(a) middle] the charges reach 
the ends of the dipole, are reflected (bounce back) and move inward toward the 
generator [(a) bottom]. If the generator is an impedance match, the pulses are 
absorbed at the generator but the field lines join, initiating a new pulse from the 
center of the dipole with the pulse fields somewhat later, as shown in (5). 
Maximum radiation is broadside to the dipole and zero on axis as with a 
harmonically excited dipole. Broadside to the dipole (0 = 90°) there is a sym- 
metrical pulse triplet, but, at an angle such as 30° from broadside (8 = 60°), the 
middle pulse of the triplet splits into two pulses so that the triplet becomes a 
quadruplet as shown in (b). Thus, the pulse pattern is a function of angle. The 
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Figure 2-23 Electric field configuration for a 4/2 antenna at four instants of time: (a) t = 0, (b) 
t = T/8, (c) t= T/4 and (d) t= 3T, where T = period. Note outward movement of the constant- 
phase points P, P’ and P” as time advances. These points move with a velocity v = c remote from the 
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Figure 2-24 (a) Three stages of radiation from a center-fed dipole antenna following the application 
of a single short voltage pulse at the terminals showing expanding electric field lines of the pulse. Two 
later stages at (b) and (c) show the pulse trains of electric field (E,) broadside and 30° from broadside 
to the dipole. The fields below the dipole [not shown in (b) and (c)] are mirror images of the fields 


above. 
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time T between pulses 1 and 3 is the time required for the charges to travel out 
and back from the generator. This is the same as the travel time over the length L 
of the dipole, or 


Ties 


oo fo 


(1) 


Thus, the dipole length determines the pulse spacing T while the pulse length t 
determines the much shorter wavelength of the pulse radiation. 

If the generator is not an impedance match, then the charges will continue 
to bounce back and forth on the dipole, resulting in a longer pulse train as 
suggested in (c) for the case of a poor match (some pulse energy is absorbed in 
the generator but more is reflected). The first 5 pulses broadside (7 at 30° from 
broadside) of an indefinitely long (gradually damping) pulse train are indicated. 

It is evident from Fig. 2-24 that radiation occurs from the points where 
charge is accelerated, i.e., at the center or feed point and at the ends of the dipole 
but not along the dipole itself.’ 


1 G. Franceschetti and C. H. Papas, “ Pulsed Antennas,” Sensor and Simulation Note 203, Cal. Tech., 
1973. 
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2-31 ANTENNA FIELD ZONES. The fields around an antenna may be 
divided into two principal regions, one near the antenna called the near field or 
Fresnel zone and one at a large distance called the far field or Fraunhofer zone. 
Referring to Fig. 2-25, the boundary between the two may be arbitrarily taken to 
be at a radius 


R=—  (m) (1) 


where L = maximum dimension of the antenna, m 
A = wavelength, m 


In the far or Fraunhofer region, the measurable field components are trans- 
verse to the radial direction from the antenna and all power flow is directed 
radially outward. In the far field the shape of the field pattern is independent of 
the distance. In the near or Fresnel region, the longitudinal component of the 
electric field may be significant and power flow is not entirely radial. In the near 
field, the shape of the field pattern depends, in general, on the distance. 

Enclosing the antenna in an imaginary boundary sphere as in Fig. 2-26a, it 
is as though the region near the poles of the sphere acts as a reflector. On the 
other hand, the waves expanding perpendicular to the dipole in the equatorial 
region of the sphere result in power leakage through the sphere as if partially 
transparent in this region. 

This results in reciprocating (oscillating) energy flow near the antenna 
accompanied by outward flow in the equatorial region. The outflow accounts for 
the power radiated from the antenna, while the reciprocating energy represents 
reactive power that is trapped near the antenna like in a resonator. This over- 
simplified discussion accounts in a qualitative way for the field pattern of the 1/2 


Boundary sphere ne 
of antenna region Infinity 
Far field 
or 
Fraunhofer 


region 


Near field 
or 
Fresnel region 


Antenna 
region 


Fresnel-Fraunhofer 
boundary sphere 


Figure 2-25 Antenna region, Fresnel region and Fraunhofer region. 
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Figure 2-26. Energy flow near a dipole antenna (a) and radiation field pattern (b). The radius vector r 
is proportional to the field radiated in that direction. 


dipole antenna as shown in Fig. 2-26b. The energy picture is discussed in more 
detail in Sec. 5-2 and displayed in Fig. 5-7. 

For a //2 dipole antenna, the energy is stored at one instant of time in the 
electric field, mainly near the ends of the antenna or maximum charge regions, 
while a 4-period later the energy is stored in the magnetic field mainly near the 
center of the antenna or maximum current region. 

Note that although the term power flow is sometimes used, it is actually 
energy which flows, power being the time rate of energy flow. A similar loose 
usage occurs when we say we pay a power bill, when, in fact, we are actually 
paying for electric energy. 


2-32 SHAPE-IMPEDANCE CONSIDERATIONS. It is possible in 
many cases to deduce the qualitative behavior of an antenna from its shape. This 
may be illustrated with the aid of Fig. 2-27. Starting with the opened-out two- 
conductor transmission line of Fig. 2-27a, we find that, if extended far enough, a 
nearly constant impedance will be provided at the input (left) end for d«A 
and D > A. | 
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Figure 2-27 Evolution of a thin cylindrical antenna (d) 
from an opened-out twin line (a). Curving the conductors 
as in (e) results in the spiral antenna. 


In Fig. 2-27b, the curved conductors are straightened into regular cones and 
in Fig. 2-27c the cones are aligned colinearly forming a biconical antenna. In 
Fig. 2-27d the cones degenerate into straight wires. In going from Fig. 2-27a to d, 
the bandwidth of relatively constant impedance tends to decrease. Another differ- 
ence is that the antennas of Fig. 2-27a and b are unidirectional with beams to the 
right, while the antennas of Fig. 2-27c and d are omnidirectional in the horizon- 
tal plane (perpendicular to the wire or cone axes). 

A different modification is shown in Fig. 2-27e. Here the two conductors 
are curved more sharply and in opposite directions, resulting in a spiral antenna 
with maximum radiation broadside (perpendicular to the page) and with polariz- 
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ation which rotates clockwise. This antenna, like the one in Fig. 2-27a, exhibits 
very broadband characteristics (see Chap. 15). 

The dipole antennas of Fig. 2-27 are balanced, ie., they are fed by two- 
conductor (balanced) transmission lines. Figure 2-28 illustrates a similar evolu- 
tion of monopole antennas, ie. antennas fed from coaxial (unbalanced) 
transmission lines. 

By gradually tapering the inner and outer conductors of a coaxial transmis- 
sion line, a very wide band antenna with an appearance reminiscent of a volcanic 
crater and puff of smoke is obtained, as suggested in the cutaway view of 
Fig. 2-28a. 

In Fig. 2-28b the volcano form is modified into a double dish and in 
Fig. 2-28c into two wide-angle cones. All of these antennas are omnidirectional in 
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a plane perpendicular to their axes and all have a wide bandwidth. For example, 
an actual biconical antenna, as in Fig. 2-28c, with a full cone angle of 120° has an 
omnidirectional pattern and nearly constant 50-Q input impedance (power reflec- 
tion less than 1 percent or VSWR < 1.2) over a 6 to 1 bandwidth with cone 
diameter D = / at the lowest frequency.’ 

Increasing the lower cone angle to 180° or into a flat ground plane while 
reducing the upper cone angle results in the antenna of Fig. 2-28d. Collapsing the 
upper cone into a thin stub we arrive at the extreme modification of Fig. 2-28e. If 
the antenna of Fig. 2-28a is regarded as the most basic form, the stub type of 
Fig. 2-28e is the most degenerate form, with a relatively narrow bandwidth. 

As we depart further from the basic type, the discontinuity in the transmis- 
sion line becomes more abrupt at what eventually becomes the junction of the 
ground plane and the coaxial line. This discontinuity results in some energy being 
reflected back into the line. The reflection at the end of the antenna also increases 
for thinner antennas. At some frequency the two reflections may compensate, but 
the bandwidth of compensation is narrow. 

Antennas with large and abrupt discontinuities have large reflections and 
act as reflectionless transducers only over narrow frequency bands where the 
reflections cancel. Antennas with discontinuities that are small and gradual have 
small reflections and are, in general, relatively reflectionless transducers over wide 
frequency bands. 


2-33 ANTENNAS AND TRANSMISSION LINES COMPARED. A 
uniform transmission line has a constant characteristic impedance determined by 
the geometry of its cross section. Thus, the space between the conductors of the 
coaxial line of Fig. 2-29a can be mapped into 54 curvilinear squares with each 
square having the characteristic resistance of space (=376.7 ~ 377 Q).* Therefore, 
this line has a characteristic resistance of ° 


Vly, 9 een) 3 (00 9. (1) 
If the line is cut and terminated in a load of 68.5 Q there would be, ideally, 


no reflection (line matched). Put another way, if the line is cut and terminated in 
a load of 5 resistors of 377 Q, one for each full square, and two 377 Q resistors in 


*D. A. McNamara, D. E. Baker and L. Botha, “Some Design Considerations for Biconical 
Antennas,” [EEE Ants. Prop. Int. Symp. Digest, 173, 1984. 


* J. D. Kraus, Electromagnetics, 3rd ed., McGraw-Hill, 1984, sec. 3-19. 
> The analytical (boundary-value) solution (medium air or vacuum) is 


b 
Zo = 138 log — (Q) = 68.52 
a 


where b = inner diameter of the outer conductor = 62.7 mm 
a = outer diameter of the inner conductor = 20.0 mm 
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Figure 2-29 Coaxial transmission line with field map (a), 
and terminated with an array of 377 resistors, one for each 
curvilinear square (b). The total resistance of the array is 
68.5 Q. 


series for the 4 square, as in Fig. 2-29b, the line would be matched. A sheet of 


space cloth (resistance 377 Q per square) connected across the end of the line 
would also behave as a matched load. 


Now consider an infinite biconical antenna, as in Fig. 2-30a. With a simple 
graphical field map drawn on a spherical surface, as in Fig. 2-30b, the character- 
istic impedance of the biconical antenna can be obtained and also shown to be a 
constant, i.e., independent of the distance from the terminals. 

Let spherical space be divided into 15° sectors in azimuth (¢). Now con- 
sidering a half-cone angle @ = 30°, the map will require about 5 squares in series 
from equator to cone and 24 squares in parallel. The map below the equator (not 
shown) is a mirror image of the one above. Thus, the characteristic resistance of 
this infinite biconical antenna is 


N Dae 
= — 377 ~ — 377 = 1572 2 
Zo Noo! 7A 3 3) (2) 


Pp 


where N, = number of squares in series (from cone to cone) 
N, = number of squares in parallel 


Schelkunoff’s formula (8-2-20) gives a characteristic resistance of 158.0 Q for 
a half-cone angle of 30°. 

From spherical geometry it follows that the characteristic impedance of an 
infinite biconical antenna is a (radiation) resistance of constant value since the 
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Figure 2-30 Infinite biconical antenna of half-cone angle 30° (a) with field cells (squares) (b). 


ratio of the curvilinear squares in series to the number in parallel is constant, the 
solid angle subtended by each square being independent of radius. 

Figure 2-31 illustrates some of the similarities and differences of antennas 
and transmission lines. In Fig. 2-31a an infinite biconical antenna with 6, = 30° 
and characteristic resistance 160 Q is compared with an infinite uniform two- 
conductor transmission line (characteristic resistance 300 Q). Waves traveling out 
on both are entirely of the Transverse ElectroMagnetic (TEM) type and the 
VSWR = | for both. 

In Fig. 2-31b both antenna and line have load resistors equal to their char- 
acteristic resistance connected as shown.' Beyond the load resistors the 
VSWR = 1, but between the feed points and the loads the VSWR = 2. 

In Fig. 2-31c the cones and the line are truncated at the load. On the line 
the VSWR =1 (line matched) but the biconical antenna is not matched 
(VSWR #1 on the cones). If d <4 there are no significant waves (radiation 
negligible) beyond the load at the end of the transmission line, but the biconical 
antenna is an opened-out radiating system, and higher-order mode waves exist 
beyond the load in the outer region. 


* Instead of connecting a single 160-Q resistance between the cones as in Fig. 2-31b, a grid of distrib- 
uted resistors would provide a better arrangement. For example, a 10 x 24 grid of 240 resistors could 
be employed, one for each curvilinear square of Fig. 2-30b with the resistor for each square equal to 
377 Q for a total resistance of 157 Q. The spherical surface could also be covered with a continuous 
sheet of space cloth (377 Q per square). 
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Figure 2-31 Biconical antenna and transmission line compared for several conditions. 


In Fig. 2-31d the load resistors are removed, resulting in an infinite VSWR 
on the transmission line but a finite VSWR on the cones of the antenna, because 
the radiation field of the antenna acts like an equivalent load Z,. This load 
impedance transforms to an input (or terminal) impedance 


Z,+JjZpo tan pl 


Vb Th 
Ze Ae ane! 


(02) (3) 


as though the cones were a transmission line of length /. For the truncated cones 
there is reflection at the ends of the cones but no reflection of waves radiating in 
the equatorial plane. 
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In (3), Z; = input or terminal impedance, Q 
Z, = characteristic impedance of antenna = Ro, Q 
Z,, = load impedance, Q 
B = 2n//, rad m* 
| = line length, m 


For large cone angles (@ > 10°), the terminal impedance approaches the 
characteristic resistance of the antenna resulting in small VSWRs versus fre- 
quency on the cones. For small cone angles (6 < 1°), the terminal impedance 
departs significantly from the characteristic resistance resulting in large VSWRs 
versus frequency. For intermediate cone angles the situation is between these 
extremes. This is discussed in more detail in Sec. 8-4. 

Referring to Fig. 2-32, the space around an antenna can be divided into two 
regions: one next to the antenna, the “antenna region,” and one outside, the 
“outer region.” The boundary between the two regions is a sphere whose center 
is at the middle of the antenna and whose surface passes across the ends of the 
antenna. (See also Fig. 2-26a.) The relation of this “boundary sphere” to a sym- 
metrical, biconical antenna is shown in Fig. 2-32. 

The wave caused by a very brief voltage pulse applied to the terminals 
travels outward with the electric field, or E lines, forming concentric circles as 
shown in Fig. 2-32. The magnetic field, or H lines, are normal to the E lines and 
are concentric with the axis of the cones. The field has no radial component. It is 
strictly transverse (TEM). It is said that these fields belong to the principal, or 
zero-order, mode. 

After a time t = L/c, where L equals the length of one cone and c equals the 
velocity of light, the pulse field reaches the boundary sphere. At the end of the 
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Figure 2-33 Field configuration near dipole antenna. 


cones there is an abrupt discontinuity, while at the equator there is none. Hence, 
there is a large reflection at the end of the cones, and little energy is radiated in 
this direction. On the other hand, at the equator the energy continues into the 
outer region, and radiation is a maximum in this direction. 

The E lines of principal-mode fields must end on conductors and, hence, 
cannot exist in free space. The waves which can exist and propagate in free space 
are higher mode forms in which the E lines form closed loops. The principal- 
mode wave is called a zero-order wave, and higher-order waves are of order 1 
and greater. The configuration of the E lines of a first-order wave in the outer 
region is illustrated in Fig. 2-33. This wave has been radiated from a short dipole 
antenna. The wave started on the antenna as a principal-mode wave, has passed 
through the boundary sphere and has been transformed.’ The field has a radial 
component which is largest near the polar axis. At the equatorial plane the radial 
component is zero and the E lines at this plane travel through the boundary 
sphere without change. Since the radial components of the field attenuate more 
rapidly than the transverse components, the radial field becomes negligible in 
comparison with the transverse field at a large distance from the antenna. 
Although the field at a large distance from the antenna is of a higher-order type, 


1 Some first-order mode is also present inside the antenna boundary sphere as a reflected wave. This 
and higher-order modes may exist both inside and outside of the boundary sphere in such a way that 
there is continuity of the fields at the boundary sphere. 
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the measurable components are only of the transverse type. To suggest the fact 
that the radial field components are weak and become negligible at large dis- 
tances, the E lines in the polar region in Fig. 2-33 are dashed. 


2-34 WAVE POLARIZATION. An important property of an electromag- 
netic wave is its polarization, a quantity describing the orientation of the electric 
field E.? 

Consider a plane wave traveling out of the page (positive z direction), as in 
Fig. 2-34a, with the electric field at all times in the y direction. This wave is said 
to be linearly polarized (in the y direction). As a function of time and position the 
electric field of a linearly polarized wave (as in Fig. 2-34a) traveling in the posi- 
tive z direction (out of the page) is given by 


E, = E, sin (wt — Bz) (1) 


In general, the electric field of a wave traveling in the z direction may have 
both a y component and an x component, as suggested in Fig. 2-34b. In this 
more general situation the wave is said to be elliptically polarized. At a fixed 
value of z the electric vector E rotates as a function of time, the tip of the vector 
describing an ellipse called the polarization ellipse. The ratio of the major to 
minor axes of the polarization ellipse is called the axial ratio (AR). Thus, for the 
wave in Fig. 2-34b, AR = E,/E,. Two extreme cases of elliptical polarization cor- 
respond to circular polarization, as in Fig. 2-34c, and linear polarization, as in 
Fig. 2-34a. For circular polarization E, = E, and AR =1, while for linear 
polarization E, = 0 and AR = o. 

In the most general case of elliptical polarization the polarization ellipse 
may have any orientation, as suggested in Fig. 2-35. This elliptically polarized 
wave may be expressed in terms of two linearly polarized components, one in the 
x direction and one in the y direction. Thus, if the wave is travelling in the 
positive z direction (out of the page), the electric field components in the x and y 
directions are 


E,, = E, sin (@t — fz) (2) 
E, = E, sin (wt — Bz + 6) (3) 


where E, = amplitude of wave linearly polarized in x direction 
E, = amplitude of wave linearly polarized in y direction 
0 = time-phase angle by which E, leads E, 


Combining (2) and (3) gives the instantaneous total vector field E: 
E = XE, sin (wt — Bz) + yE, sin (wt — Bz + 6) (4) 


1 Thus, a linearly polarized wave with E vertical is called a vertically polarized wave, the accompany- 
ing magnetic field H being horizontal. 
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Atz=0, E, = E, sin wt and E, = E, sin (wt + 6). Expanding E, yields 
E, = E, (sin wt cos 6 + cos wt sin 0) (5) 


From the relation for E, we have sin wt = E,/E, and cos wt = ./1 — (E,/E,)’. 
Introducing these in (5) eliminates wt, and on rearranging we obtain 


he PORE Cos.0 | Ee 


eee isin) (6) 
Ej E,E, E} 
or aEx — bE, E, + cE; = 1 (7) 
a 1 2 cos 0 1 
MB igern eases ie a ey aaa EET’ NS Tien ea, ae 
E? sin? 6 E,E, sin’ 6 EA Sin? 0 


Equation (7) describes a (polarization) ellipse, as in Fig. 2-35. The line segment 
OA is the semimajor axis and the line segment OB is the semiminor axis. The tilt 
angle of the ellipse is t. The axial ratio is 


RR eee AR 00) (8) 


For E, = 0, the wave is linearly polarized in the y direction. For E, = 0, the 
wave is linearly polarized in the x direction. If 6 = 0 and E, = E,, the wave is 
also linearly polarized but in a plane at an angle of 45° with respect to the x axis 
(i=i4),). 

For E, =E, and 6 = +90°, the wave is circularly polarized. When 
6 = +90°, the wave is left-circularly polarized, and when 6 = —90°, the wave is 
right-circularly polarized. For the case 6 = +90° and for z = 0 and t = 0 we have 
from (2) and (3) that E = yE,, as in Fig. 2-36a. One-quarter cycle later (wt = 90°) 
E = XE,, as in Fig. 2-36b. Thus, at a fixed position (z = 0) the electric field vector 
rotates clockwise (viewing the wave approaching). According to the IEEE 
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Figure 2-35 Polarization ellipse at tilt angle t showing instantaneous components E, and E, and 
amplitudes (or peak values) E, and E,. 


definition, this corresponds to left-circular polarization. The opposite rotation 
direction (6 = —90°) corresponds to right-circular polarization. Polarization 
ellipses, as a function of the ratio E,/E, and phase angle 6 (wave approaching), 
are shown in Fig. 2-37. In special cases, the ellipses become straight lines (linear 
polarization) or circles (circular polarization). 

If the wave is viewed receding (from negative z axis in Fig. 2-36), the electric 
vector appears to rotate in the opposite direction. Hence, clockwise rotation of E 
with the wave approaching is the same as counterclockwise rotation with the 
wave receding. Thus, unless the wave direction is specified, there is a possibility of 
ambiguity as to whether the wave is left- or right-handed. This can be avoided by 
defining the polarization with the aid of helical antennas (see Chap. 7). Thus, a 
right-handed monofilar axial-mode helical antenna radiates (or receives) right- 
circular (IEEE) polarization.” A right-handed helix, like a right-handed screw, is 
right-handed regardless of the position from which it is viewed. There is no possi- 
bility here of ambiguity. 

The concept of polarization extends to antennas. Thus, an antenna which 
radiates a linearly polarized wave can be described as a linearly polarized 


* This IEEE definition is opposite to the classical optics definition. 


A left-handed monofilar axial-mode helical antenna radiates (or receives) left-circular (IEEE) 
polarization. 
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antenna, as, for example, a dipole antenna. Likewise, an antenna which radiates a 
circularly polarized wave can be called a circularly polarized antenna, as, for 
example, a monofilar axial-mode helical antenna (see Chap. 7). 
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In complex notation the Poynting vector is 


= +E x H* 


The average Poynting vector is the real part of (1), or 
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Figure 2-37 Polarization ellipses as a function of the ratio E,/E, and phase angle S with wave 
approaching. Clockwise rotation of the resultant E corresponds to left-handed polarization (IEEE 
definition) while counterclockwise corresponds to right-handed polarization. 
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Referring to Fig. 2-35, let the elliptically polarized wave have x and y com- 
ponents with a phase difference 6 as given by 


E, = E,ekot~ 62) (3) 
E, = E,elot-#e+8 (4) 

At z = 0 the total electric field (vector) is then 
E = %E, + yE, = XE,e!" + yE, elt? (5) 


where X = unit vector in x direction 


A 


y = unit vector in y direction 


Note that E has two components each involving both a space vector and a time- 
phase factor (phasor, with wt explicit). 
The H-field component associated with E, is 


ie = Ja hp (ahn AE (6) 


where ¢ is the phase lag of H, with respect to E,. The H-field component associ- 
ated with E, is 


He —H, ellot — Bz + d—¢) (7) 


x 


The total H field (vector) at z = 0 for a wave traveling in the positive z direction 
is then 


H = yH, — &H, = yH,e" > — £H, eltto-®) (8) 


The complex conjugate of H is equal to (8) except for the sign of the exponents; 
that is, , 


H* = yH ,e iet-9) LP; SH ec eneae) (9) 
Substituting (5) and (9) in (2) gives the average Poynting vector at z = 0 as 
S,, = $Re [(& x y)E, H* — (y x XE, AY] 

= $7 Re (E, H* + E, H*) (10) 
where Z is the unit vector in the z direction (direction of propagation of the wave). 
It follows that the average power of the wave per unit area is 
S = SH(E,H, Re els + E; H, Re els) 

40(E,H,+E,H,)cosé (Wm?) (11) 


It is to be noted that S,, is independent of 6. 

In a lossless medium, € = 0 (electric and magnetic fields in the time phase) 
and E,/H, = E,/H, = Zy (where Zo, the intrinsic impedance of the medium, is 
real), and (11) reduces to 

Sy = 7(E,H, + E, H;) 
i 
2 


= 19H? + H2)Z,=42H?Z, (Wm?) (12) 
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where H = ./H? + H3 is the amplitude of the total H field. We can also write 

Lad eet ey Ae die : 

Say = BS = 2 (W m~’) (13) 
where E = ./E? + E3 is the amplitude of the total E field. 


Example. An elliptically polarized wave travelling in the positive z direction in air 
has x and y components 


E, = 3 sin (wt — Bz) (V m~*) 
E, = 6 sin (wt — Bz + 75°) (V m“*) 


Find the average power per unit area conveyed by the wave. 


Solution. The average power per unit area is equal to the average Poynting vector, 
which from (13) has a magnitude 
IG Baer Es ees 
be eeZo on eae 


From the stated conditions, the amplitude E, = 3 V m ' and the amplitude E, = 6 
Wate AISO, 10f alt,77, —2310./ 42. Hence, 
L 3446 Lees 


Pasar orn ~ 60 mW m ” 
Ze 3167 2 (Oct 


2-36 WAVE POLARIZATION AND THE POINCARE SPHERE. In 
the Poincaré sphere! representation of wave polarization, the polarization state is 
described by a point on a sphere where the longitude and latitude of the point 
are related to parameters of the polarization ellipse (see Fig. 2-38) as follows: 


Longitude = 2t 
Latitude = 2¢ (1) 


where t = tilt angle, 0° < t < 180° 
e=cot (FAR), —45°<e< + 45° 


The axial ratio (AR) and angle « are negative for right-handed and positive for 
left-handed (IEEE) polarization. 

The polarization state described by a point on a sphere can also be 
expressed in terms of the angle subtended by the great circle drawn from a 


1H. Poincaré, Theorie Mathematique de la Luminiére, G. Carré, Paris, 1892. 
G. A. Deschamps, “Geometrical Representation of the Polarization of a Plane Electromagnetic 
Wave,” Proc. IRE, 39, 540, May 1951. 
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Polarization state 
M (e,r)or P(y, 8) 


Figure 2-38 Poincaré sphere showing 
relation of angles ¢, t, y and 0. 


Pe? 


reference point on the equator and the angle between the great circle and the 
equator (see Fig. 2-38) as follows: 


Great-circle angle = 2y 
-Equator-to-great-circle angle = 6 ee) 
where y = tan ‘ (E,/E,), 0° < y < 90° 
0 = phase difference between E, and E,, —180° <6 < + 180° 


The geometric relation of t, ¢ and y to the polarization ellipse is illustrated 
in Fig. 2-39. The spherical trigonometric interrelations of t, ¢, y and 6 are as 
follows: 


cos 2y = cos 2 cos 2T 


sin 2t (3) 
tan 2t = tan 2y cos 6 
sin 26 = sin 2y sin 6 


Knowing ¢ and t, one can determine y and 6 or vice versa. It is convenient to 
describe the polarization state by either of the two sets of angles (¢, t) or (y, 6) 
which describe a point on the Poincare sphere (Fig. 2-38). Let the polarization 
state as a function of ¢ and t be designated by M(e, t) or simply M and the 
polarization state as a function of y and 6 be designated by P(y, 5) or simply P, as 
in Fig. 2-38. Two special cases are of interest. 


Case 1. For 6 = 0 or 6 = +180°, E, and E, are exactly in phase or out of phase, so 
that any point on the equator represents a state of linear polarization. At the origin 
(¢ = t = 0) the polarization is linear and in the x direction (t = 0), as suggested in 
Fig. 2-40a. On the equator 90° to the right, the polarization is linear with a tilt angle 
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Polarization 
ellipse 


Figure 2-39 Polarization ellipse showing relation of angles ¢, y and t. 


t = 45°, while 180° from the origin the polarization is linear and in the y direction 
(t = 90°). See Fig. 2-40a and b. One octant of the Poincaré sphere is shown in 
Fig. 2-40a, the full sphere being shown in Fig. 2-40b in rectangular projection. 


Case 2. For 6 = +90° and E, = E, (2y = 90° and 2e = +90°) E, and E, have equal 
amplitudes but are in phase quadrature, which is the condition for circular polariza- 
tion. Thus, the poles represent a state of circular polarization, the upper pole rep- 
resenting left-circular polarization and the lower pole right-circular (IEEE) 
polarization, as suggested in Fig. 2-40a and b. 


Cases 1 and 2 represent limiting conditions. In the general case, any point 
on the upper hemisphere describes a left-elliptically polarized wave ranging from 
pure left circular at the pole to linear at the equator. Likewise, any point on the 
lower hemisphere describes a right-elliptically polarized wave ranging. from pure 
right circular at the pole to linear at the equator. Several elliptical states of 
polarization are shown by ellipses with appropriate tilt angles ct and axial ratios 
AR at points on the Poincaré sphere in Fig. 2-40a and b. 

As an application of the Poincaré sphere representation, it may be shown 
that the voltage response V of an antenna to a wave of arbitrary polarization is 
given by’ 


MM 
V =kcos a (4) 


1 G. Sinclair, “The Transmission and Reception of Elliptically Polarized Waves,” Proc. I RE, 38, 151, 
1950. 
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Left circular polarization, «= 45° 


Left elliptical polarization 
y= 45", e=22 1/2" 


Linear polarization 
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Figure 2-40 (a) One octant of Poincaré sphere with polarization states. (b) Rectangular projection of 
Poincaré sphere showing full range of polarization states. 


where MM, = angle subtended by great-circle line from polarization state M to 
M, 
M = polarization state of wave 
M, = polarization state of antenna 
k = constant 


The polarization state of the antenna is defined as the polarization state of the 
wave radiated by the antenna when it is transmitting. The factor k in (4) involves 
the field strength of the wave and the size of the antenna. An important result to 
note is that if MM, = 0°, the antenna is matched to the wave (polarization state 
of wave same as for antenna) and the response is maximized. However, if 
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MM,, = 180°, the response is zero. This can occur, for example, if the wave is 
linearly polarized in the y direction while the antenna is linearly polarized in the 
x direction; or if the wave is left-circularly polarized while the antenna is right- 
circularly polarized. More generally we may say that an antenna is blind to a wave 
of opposite (or antipodal) polarization state. 

A more complete discussion of polarization including unpolarized waves, 
partial polarization, Stokes parameters and the wave-to-antenna coupling factor is 
given by Kraus.’ 


2-37 CROSS-FIELD. For elliptical and circular polarization, the electric 
field vector E at a fixed point rotates with time in a plane perpendicular to the 
direction of wave propagation. There are situations, however, where E rotates in 
a plane parallel to the direction of wave propagation. This condition is called 
cross-field.* This situation can occur if there is a component of E in the direction 
of propagation. This condition never exists in the case of a single plane wave in 
free space since such a wave has no field component in the direction of propaga- 
tion. However, in the near field of an antenna there are field components in both 
the direction of propagation and normal to this direction so that cross-field is 
present. This is the case, for example, in the near field of a dipole antenna with 
field components E, and E, as suggested in Fig. 2-41a. 


Wave 


Cross field direction 


region 


Conducting £, 
medium 


(a) (b) (c) 


Figure 2-41 Three situations in which cross-field is present: (a) in the near field of a dipole antenna 
and (b) in the region exposed to radiation from two dipole antennas. At (c) cross-field is present near 
the surface of a conducting medium along which a plane wave is traveling. 


1 J. D. Kraus, Radio Astronomy, 2nd ed., Cygnus-Quasar, 1986, chap. 4; J. D. Kraus, Electromag- 
netics, 3rd ed., McGraw-Hill, 1984, sec. 11-5. 

2 A. Alford, J. D. Kraus and E. C. Barkofsky, Very High Frequency Techniques, McGraw-Hill, 1947, 
chap. 9, p. 200. 
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Figure 2-42 Circular cross-field above a perfectly conducting plane at a point where the incident and 
reflected linearly polarized waves are in time-phase quadrature. 


Cross-field may also be present where two waves of the same frequency and 
traveling in different directions cross. Thus, in the region exposed to radiation 
from two dipole antennas, as in Fig. 2-41b, there is cross-field. The region may be 
in the far fields of the antennas. Both antennas are linearly polarized in the plane 
of the page and both radiate at the same frequency (both connected to the same 
generator). In general, the tip of the E vector describes a locus that is an ellipse in 
a manner similar to that in elliptical polarization except that E is confined to the 
plane of the antennas (plane of the page). 

Another situation in which cross-field is present is near the surface of a 
conducting medium along which a plane wave is traveling (Fig. 2-41c). Unless the 
medium is perfectly conducting, the E field is tilted forward near the surface of 
the medium so that E has components both normal to the surface (E,) and paral- 
lel or tangential to the surface (E,). Since, in general, these components are not in 
time-phase, elliptical cross-field is present.’ 

Figure 2-42 illustrates the presence of cross-field at a point P above a 
perfect flat conductor with a linearly polarized plane wave incident at an angle of 
45°. At a distance 0.177 wavelength above the conductor the reflected and inci- 
dent waves cross at right angles and are in time-phase quadrature. This results in 
circular cross-field at P as suggested in the figure. 

With pure cross-field, the tip of E describes, in general, an ellipse (elliptical 
cross-field) which in special cases may become a straight line (linear cross-field) or 
a circle (circular cross-field). This may be demonstrated analytically in a manner 
similar to that used in Sec. 2-34 for wave polarization.” 

Finally, consider the situation at a point where two circularly polarized 
waves cross at right angles as shown in Fig. 2-43. If the waves are of equal ampli- 
tude and the same frequency, the loci of E at P are ellipses (with AR = a2) 
which project in the plane of the page as a line AA’ (ellipse seen edge-on) or as a 


1 J. D. Kraus, Electromagnetics, 3rd ed., McGraw-Hill, 1984, p. 585. 
* J. D. Kraus, Electromagnetics, 1st ed., McGraw-Hill, 1953, p. 385. 
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Direction of 
CP waves 


Loci of E at P are 
ellipses (AR=VJ2) which 
project as line AA’ or 
circle C in plane of 

page depending on phase 


Figure 2-43. Two orthogonal 
monofilar axial-mode helical 
antennas producing equal circu- 
larly polarized fields result in 
loci of E at P that are ellipses 
which project as line AA’ or as 
circle C in plane of page 
depending on phase. 


circle C (ellipse seen at a slant angle) depending on the time phase. These loci 
represent neither pure cross-field nor pure polarization but a combination or 
hybrid situation; however, provided the two waves are of the same frequency, the 
locus of the tip of E always lies in a plane and, in general, describes an ellipse. 


2-38 TABLE SUMMARIZING IMPORTANT RELATIONS OF 


CHAPTER 2. 


Wavelength-frequency 


Beam area 
Beam area (approx.) 


Beam efficiency 


Directivity 


Directivity 


Directivity 


Directivity (approx.) 


Directivity (better approx.) 


Ms 
f 
N \| P,(8, p) dQ 


(sr or deg’) 


(sr or deg’) 


Qu 
&y ===> (dimensionless) 
Q, 
U(8, S(6, 
p= UG, Prax S(O, P)max (dimensionless) 
Uy Sav 
4n : ; 
D.= —— (dimensionless) 
Q, 
4nA, : : 
D= rp (dimensionless) 
4 41000 
D~ cae se (dimensionless) 
up Pup Op Pup 
41000 
~ pila (dimensionless) 


- k, Sup Pup 


t See (3-13-18). 
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Gain 
Effective aperture and beam area 
Scattering aperture (antenna matched) 


Scattering aperture (antenna. 
short-circuited) 


Scattering aperture (antenna 
open-circuited, small antenna) 


Collecting aperture 


Aperture efficiency 


Effective height 


Friis transmission formula 
Current-charge continuity relation 


Radiation power 
Near-field—far-field boundary 


Average power per unit area of 
elliptically polarized wave in air 


PROBLEMS’ 
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A,=A,+A,+A, — (m? or J?) 


A 
ap =— (dimensionless) 
A; 
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gs =F; 2,2 (W) 
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2-1 Directivity. Show that the directivity D of an antenna may be written 


E(6, Dae E*(0, P) max r2 


Z 


Lf FC SEO 9) 2 a0 
An J Jan Wb, 


2-2 Directivity. Show that the directivity of an antenna may be expressed as 


mI) 


E(x, y) dxidy {| E*(x, y) dx dy 


pisesei@ Ap! iain ah Sods ese Ape ee eee te 


= 


i E(x, y)E*(x, y) dx dy 


where E(x, y) is the aperture field distribution. 


2-3 Effective aperture. What is the maximum effective aperture (approximately) for a 
beam antenna having half-power widths of 30° and 35° in perpendicular planes 
intersecting in the beam axis? Minor lobes are small and may be neglected. 


* Answers to starred (*) problems are given in App. D. 


*2-4 


+26 


2-7 


2-8 


*2-9 


2-10 


*2-11 


2-12 


PROBLEMS $3 


Effective aperture. What is the maximum effective aperture of a microwave 
antenna with a directivity of 900? 

Received power. What is the maximum power received at a distance of 0.5 km over 
a free-space 1-GHz circuit consisting of a transmitting antenna with a 25-dB gain 
and a receiving antenna with a 20-dB gain? The gain is with respect to a lossless 
isotropic source. The transmitting antenna input is 150 W. 

Spacecraft link over 100 Mm. Two spacecraft are separated by 100 Mm. Each has 
an antenna with D = 1000 operating at 2.5 GHz. If craft A’s receiver requires 
20 dB over 1 pW, what transmitter power is required on craft B to achieve this 
signal level? 


Spacecraft link over 3 Mm. Two spacecraft are separated by 3 Mm. Each has an 
antenna with D = 200 operating at 2 GHz. If craft A’s receiver requires 20 dB over 
1 pW, what transmitter power is required on craft B to achieve this signal level? 
Mars link. (a) Design a two-way radio link to operate over earth-Mars distances 
for data and picture transmission with a Mars probe at 2.5 GHz with a 5-MHz 
bandwidth. A power of 10°'!? W Hz ° is to be delivered to the earth receiver and 
10-!7 W Hz! to the Mars receiver. The Mars antenna must be no larger than 
3 m in diameter. Specify effective aperture of Mars and earth antennas and trans- 
mitter power (total over entire bandwidth) at each end. Take earth-Mars distance 
as 6 light-minutes. (b) Repeat (a) for an earth-Jupiter link. Take the earth-Jupiter 
distance as 40 light-minutes. 

Moon link. A radio link from the moon to the earth has a moon-based 5/-long 
right-handed monofilar axial-mode helical antenna and a 2-W transmitter oper- 
ating at 1.5 GHz. What should the polarization state and effective aperture be for 
the earth-based antenna in order to deliver 10° '* W to the receiver? Take the 
earth-moon distance as 1.27 light-seconds. 


Crossed dipoles for CP and other states. Two 4/2 dipoles are crossed at 90°. If the 
two dipoles are fed with equal currents, what is the polarization of the radiation 
perpendicular to the plane of the dipoles if the currents are (a) in phase, (b) phase 
quadrature (90° difference in phase) and (c) phase octature (45° difference in phase)? 
Two LP waves. A wave traveling normally out of the page (toward the reader) has 
two linearly polarized components 


E. = 2°cos wt 
E, = 3 cos (wt + 90°) 


(a) What is the axial ratio of the resultant wave? 
(b) What is the tilt angle t of the major axis of the polarization ellipse? 
(c) Does E rotate clockwise or counterclockwise? 


Two EP waves. A wave traveling normally outward from the page (toward the 
reader) is the resultant of two elliptically polarized waves, one with components of 
E given by 


E, = 2 cos wt 


TU 
E‘. = 6 cos (« +3) 
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*2-13 


2-14 


*2-15 


2-16 


2-17 


*2-18 


2-19 


*2-20 


2-21 


and the other with components given by 


EY = 1 cos wt 


[op BS 8. ree 
= 3 cos | wt — = 
‘ D: 


(a) What is the axial ratio of the resultant wave? 
(b) Does E rotate clockwise or counterclockwise? 


Two LP components. An elliptically polarized plane wave traveling normally out of 
the page (toward the reader) has linearly polarized components E, and E,. Given 
that E, = E, = 1.V m ’ and that E, leads E, by 72°, 

(a) Calculate and sketch the polarization ellipse. 

(b) What is the axial ratio? 

(c) What is the angle t between the major axis and the x axis? 


Two LP components. Answer the same questions as in Prob. 2-13 for the case 
where E, leads E, by 72° as before but E, = 2 Vm‘ and E,=1Vm_“'. 


Two CP waves. Two circularly polarized waves intersect at the origin. One (y wave) 
is traveling in the positive y direction with E rotating clockwise as observed from a 
point on the positive y axis. The other (x wave) is traveling in the positive x direc- 
tion with E rotating clockwise as observed from a point on the positive x axis. At 
the origin, E for the y wave is in the positive z direction at the same instant that E 
for the x wave is in the negative z direction. What is the locus of the resultant E 
vector at the origin? 


Tilt angle. Show that the tilt angle t can be expressed as 


t=4 tan! SE tai 

; FE, — E, 

Spaceship near moon. A spaceship at lunar distance from the earth transmits 
2-GHz waves. If a power of 10 W is radiated isotropically, find (a) the average 
Poynting vector at the earth, (b) the rms electric field E at the earth and (c) the time 
it takes for the radio waves to travel from the spaceship to the earth. (Take the 
earth-moon distance as 380 Mm.) (d) How many photons per unit area per second 
fall on the earth from the spaceship transmitter? 

CP waves. A wave traveling normally out of the page is the resultant of two circu- 
larly polarized components E,,.4, = 5” and Ej, = 2e- +? (V m~!). Find (a) 
the axial ratio AR, (b) the tilt angle t and (c) the hand of rotation (left or right). 


EP wave. A wave traveling normally out of the page (toward the reader) is the 
resultant of two linearly polarized components E, = 3 cos wt and E, =2 cos 
(wt + 90°). For the resultant wave find (a) the axial ratio AR, (b) the tilt angle t and 
(c) the hand of rotation (left or right). 


CP waves. Two circularly polarized waves traveling normally out of the page have 
fields given by E,.¢, = 2e-/ and E,ign, = 3e/°"(V m7 *) (rms). For the resultant wave 
find (a) AR, (b) the hand of rotation and (c) the Poynting vector. 


EP waves. A wave traveling normally out of the page is the resultant of two ellip- 
tically polarized (EP) waves, one with components E,. = 5 cos wt and E, = 3 sin wt 
and another with components E, = 3e/*' and E, = 4e /®. For the resultant wave, 
find (a) AR, (b) t and (c) the hand of rotation. 
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*2-22 CP waves. A wave traveling normally out of the page is the resultant of two circu- 


2-23 


2-24 


larly polarized components E, = 2e and E, = 4e-%'**°). For the resultant 
wave, find (a) AR, (b) t and (c) the hand of rotation. 

More power with CP. Show that the average Poynting vector of a circularly pol- 
arized wave is twice that of a linearly polarized wave if the maximum electric field 
E is the same for both waves. This means that a medium can handle twice as much 
power before breakdown with circular polarization (CP) than with linear polariz- 
ation (LP). 

PV constant for CP. Show that the instantaneous Poynting vector (PV) of a plane 
circularly polarized traveling wave is a constant. 


*2-25 EP wave power. An elliptically polarized wave in a medium with constants o = 0, 


2-26 


2-27 


Ll, = 2, &, = 5 has H-field components (normal to the direction of propagation and 
normal to each other) of amplitudes 3 and 4 A m7’. Find the average power con- 
veyed through an area of 5 m” normal to the direction of propagation. 


Circular-depolarization ratio. If the axial ratio of a wave is AR, show that the 
circular-depolarization ratio of the wave is given by 

AR oo 

~ AR+1 


Thus, for pure circular polarization AR = 1 and R = 0 (no depolarization) but for 
linear polarization AR = o and R = 1. 

Superluminal phase velocity near dipole. (a) By measuring the distances between P, 
P’ and P” determine the amount of superluminal (v > c) phase velocity of the waves 
near the dipole in Fig. 2-23. (b) Under what other conditions are superluminal 
velocities encountered ? 


CHAPTER 


POINT 
SOURCES 


3-1 INTRODUCTION. POINT SOURCE DEFINED. Let us con- 
sider an antenna contained within a volume of radius b as in Fig. 3-1a. Confining 
our attention only to the far field of the antenna, we may make observations of 
the fields along an observation circle of large radius R. At this distance the mea- 
surable fields are entirely transverse, and the power flow, or Poynting vector, is 
entirely radial. It is convenient in many analyses to assume that the fields of the 
antenna are everywhere of this type. In fact, we may assume, by extrapolating 
inward along the radii of the circle, that the waves originate at a fictitious 
volumeless emitter, or point source, at the center O of the observation circle. The 
actual field variation near the antenna, or “near field,” is ignored, and we 
describe the source of the waves only in terms of the “far field” it produces. 
Provided that our observations are made at a sufficient distance, any antenna, 
regardless of its size or complexity, can be represented in this way by a single 
point source. 

Instead of making field measurements around the observation circle with 
the antenna fixed, the equivalent effect may be obtained by making the measure- 
ments at a fixed point Q on the circle and rotating the antenna around the center 
O. This is usually the more convenient procedure if the antenna is small. 

In Fig. 3-la the center O of the antenna coincides with the center of the 
observation circle. If the center of the antenna is displaced from O, even to the 
extent that O lies outside the antenna as in Fig. 3-1b, the distance d between the 
two centers has a negligible effect on the field patterns at the observation circle 
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Figure 3-1 Antenna and observation circle. 


provided R > d, R>b, and R > 1. However, the phase patterns’ will generally 
differ, depending on d. If d = 0, the phase shift around the observation circle is 
usually a minimum. As d is increased, the observed phase shift becomes larger. 

As discussed in Sec. 2-4, a complete description of the far field of a source 
requires three patterns: two patterns of orthogonal field components as a func- 
tion of angle [E,(0, @) and E,(0, ¢)] and one pattern of the phase difference of 
these fields as a function of angle [6(0, ¢)]. For many purposes, however, such a 
complete knowledge is not necessary. It may suffice to specify only the variation 
with angle of the power density or Poynting vector magnitude (power per unit 
area) from the antenna [S,(0, ¢)]. In this case the vector nature of the field is 
disregarded, and the radiation is treated as a scalar quantity. This is done in 
Sec. 3-2. The vector nature of the field is recognized later in the discussion on the 
magnitude of the field components in Sec. 3-16. Although the cases considered as 
examples in this chapter are hypothetical, they could be approximated by actual 
antennas. 


3-2 POWER PATTERNS. Let a transmitting antenna in free space be rep- 
resented by a point-source radiator located at the origin of the coordinates in 
Fig. 3-2 (see also Fig. 2-5). The radiated energy streams from the source in radial 
lines. The time rate of energy flow per unit area is the Poynting vector, or power 
density (watts per square meter). For a point source (or in the far field of any 
antenna), the Poynting vector S has only a radial component S, with no com- 
ponents in either the 6 or ¢ directions (Sj, = S, = 0). Thus, the magnitude of the 
Poynting vector, or power density, is equal to the radial component (|S| = S,). 


! Phase variation around the observation circle. 
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S,(=radial component of Poynting 
vector or power density, W m ?, 
at radius r) 


(a) 


Element of area ds at radius r 
=r? sin 0 dé do 

Area ds subtends a solid angle 
=sin 0 dé dob 


Figure 3-2 Spherical coordinates for a point source of radiation in free space. 


A source that radiates energy uniformly in all directions is an isotropic 
source. For such a source the radial component S, of the Poynting vector is 
independent of 6 and ¢. A graph of S, at a constant radius as a function of angle 
is a Poynting vector, or power-density, pattern, but is usually called a power 
pattern. The 3-dimensional power pattern for an isotropic source is a sphere. In 2 
dimensions the pattern is a circle (a cross section through the sphere), as sug- 


gested in Fig. 3-3. 


> 
I| 
jo) 


Figure 3-3 Polar power pattern of isotropic source. 
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(a) (b) (c) (d) 


Figure 3-4 Power pattern (a), relative power pattern (b), radiation-intensity pattern (c) and relative 
radiation-intensity pattern (d) for the same directional or anisotropic source. All patterns have the 
same shape. The relative power and radiation-intensity patterns (b and d) also have the same magni- 
tude and, hence, are identical. 


Although the isotropic source is convenient in theory, it is not a physically 
realizable type. Even the simplest antennas have directional properties, i.e., they 
radiate more energy in some directions than in others. In contrast to the isotropic 
source, they might be called anisotropic sources. As an example, the power 
pattern of such a source is shown in Fig. 3-4a where S,,, is the maximum value of 
See 

If S, is expressed in watts per square meter, the graph is an absolute power 
pattern. On the other hand, if S, is expressed in terms of its value in some refer- 
ence direction, the graph is a relative power pattern. It is customary to take the 
reference direction such that S, is a maximum. Thus, the pattern radius for rela- 
tive power is S,/S,,, where S,,, is the maximum value of S$. The maximum value 
of the relative power pattern is unity, as shown in Fig. 3-4b. A pattern with a 
maximum of unity is also called a normalized pattern. 


3-3 A POWER THEOREM! AND ITS APPLICATION TO AN 
ISOTROPIC SOURCE. If the Poynting vector is known at all points on a 
sphere of radius r from a point source in a lossless medium, the total power 


' This theorem is a special case of a more general relation for the complex power flow through any 
closed surface as given by 


P=34b(E x HY) ds (1) 
where P is the total complex power flow and E and H* are complex vectors representing the electric 
and magnetic fields, H* being the complex conjugate of H. The average Poynting vector is 

S = 4 Re (E x H*) (2) 


Now the power flow in the far field is entirely real; hence, taking the real part of (1) and substituting 
(2), we obtain the special! case of (3). 
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radiated by the source is the integral over the surface of the sphere of the radial 
component S, of the average Poynting vector. Thus, 


p= qbs- as = dbs, ds (3) 


where P = power radiated, W 
S, = radial component of average Poynting vector, W m~ 
ds = infinitesimal element of area of sphere (see Fig. 3-25) 
= r* sin 6 dé dd, m? 
For an isotropic source, S, is independent of 0 and @ so 


2 


P=S, tb ds IS ArT (W) (4) 
iP ~ 
and Sa) eee aie) (5) 
Aur 


Equation (5) indicates that the magnitude of the Poynting vector varies inversely 
as the square of the distance from a point-source radiator. This is a statement of 
the well-known law for the variation of power per unit area as a function of the 
distance. 


3-4 RADIATION INTENSITY. Multiplying the power density S, by the 
square of the radius r at which it is measured, we obtain the power per unit solid 
angle or radiation intensity U. Thus, 


r?S, = U = radiation intensity (1) 


Whereas the power density S, is expressed in watts per square meter, the radi- 
ation intensity U is expressed in watts per unit solid angle (watts per square 
radian or steradian). The radiation intensity is independent of the radius. Dimen- 
sionally, the radiation intensity is simply power since steradians are dimension- 
less. Numerically, U is equal to S, at unit radius. 

Substituting (1) into (3-3-3), the power theorem assumes the form 


p=|[ usin eae ad = |[ van (W) (2) 


where dQ = sin 6 d@ dd = element of solid angle, sr 


Thus, the power theorem may be restated as follows: 


The total power radiated is given by the integral of the radiation intensity U 
over a Solid angle of 4n. 


As already mentioned in Sec. 2-6, power patterns can be expressed in terms 
of either the Poynting vector (power density) or the radiation intensity. A power 


3-5 SOURCE WITH HEMISPHERIC POWER PATTERN 91 


pattern in terms of U is shown in Fig. 3-4c. The maximum value U,, is in the 

direction 0 = 0. A relative U/U,, pattern has a maximum value of unity as shown 

in Fig. 3-4d. Relative power-density and radiation-intensity patterns are identical. 
Applying (2) to an isotropic source gives 


P=4nU,  (W) (3) 


where U, = radiation intensity of isotropic source, W sr '. 


3-5 SOURCE WITH HEMISPHERIC POWER PATTERN. As a 
further example let us consider a source with a power pattern which is a hemi- 
sphere; i.e., the radiation intensity equals a constant U,,, in the upper hemisphere 
and is zero in the lower hemisphere, as illustrated by the 3-dimensional diagram 
of Fig. 3-5a and its 2-dimensional cross section of Fig. 3-5b. Then, the total 
power radiated is the radiation intensity integrated over a hemisphere, or 


2n n/2 
p=|[udo-| | U,, sin 0 dO db = 2nU, (1) 
0) (0) 


Assuming that the total power P radiated by the hemispheric source is the 
same as the total power radiated by an isotropic source taken as a reference, (1) 
and (3-4-3) can be equated, yielding 


In = aru (2) 
U,, ; ie 
or —" = 2 = directivity (3) 
Uo 


The ratio of U,, to Ug in (3) equals the directivity of the hemispheric source. 
The directivity of a source is equal to the ratio of its maximum radiation intensity 
to its average radiation intensity. The directivity of a source may also be stated as 
the ratio of its maximum radiation intensity to the radiation intensity of an iso- 
tropic source radiating the same total power. By (3), the directivity of the hemi- 
spheric source is 2; that is to say, the power per unit solid angle U,, in one 


Hemispheric 


S 


Isotropic 


(a) (db) (c) 


Figure 3-5 Hemispheric power patterns, (a) and (b), and comparison with isotropic pattern (c). 
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hemisphere from the hemispheric source is twice the power per unit solid angle 
U, from an isotropic source radiating the same total power. This we would 
expect, since a power P radiated uniformly over one hemisphere will give twice 
the power per unit solid angle as when radiated uniformly over both hemi- 
spheres. The power patterns of a hemispheric source and an isotropic source are 
compared in Fig. 3-5c for the same power radiated by both. 


3-6 SOURCE | WITH UNIDIRECTIONAL COSINE POWER 
PATTERN. Let us consider next a source with a cosine radiation-intensity 
pattern, that is, 


C= cosie (1) 
where U,, = maximum radiation intensity 


The radiation intensity U has a value only in the upper hemisphere (0 < @ < 77/2 
and 0 < ¢ < 2z) and is zero in the lower hemisphere. The radiation intensity is a 
maximum at § = 0. The pattern is shown in Fig. 3-6. The space pattern is a figure 
of revolution of this circle around the polar axis. 

To find the total power radiated by the cosine source, we apply (3-4-2) and 
integrate only over the upper hemisphere. Thus 


2n n/2 

p= | U,, cos 8 sin 0 d6 dh = nU,, (2) 
10) 10) 

If the power radiated by the unidirectional cosine source is the same as for an 

isotropic source, then (2) and (3-4-3) may be set equal, yielding 


mU,, = 4nUy 


seeetne Un 
or Directivity ——_—. — 4 (3) 
0 
Thus, the maximum radiation intensity U,, of the unidirectional cosine 
source (in the direction 6 = 0) is 4 times the radiation intensity Uy from an iso- 
tropic source radiating the same total power. The power patterns for the two 
sources are compared in Fig. 3-7 for the same total power radiated by each. 


Half-power 


Figure 3-6 Unidirectional cosine power pattern. 
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Figure 3-7 Power patterns of unidirectional cosine source com- 
pared with isotropic source for same power radiated by both. 


3-7 SOURCE WITH’ BIDIRECTIONAL COSINE POWER 
PATTERN. Let us assume that the source has a cosine pattern as in the pre- 
ceding example but that the radiation intensity has a value in both hemispheres, 
instead of only in the upper one. The pattern is then as indicated by Fig. 3-8. It 
follows that P is twice its value for the unidirectional cosine power pattern, and 
hence the directivity is 2 instead of 4. 


3-8 SOURCE WITH SINE (DOUGHNUT) POWER PATTERN. 


Consider next a source having a radiation-intensity pattern given by 
UU sin 0 (1) 


The pattern is shown in Fig. 3-9. The space pattern is a figure-of-revolution of 
this pattern around the polar axis and has the form of a doughnut. Applying 
(3-4-2), the total power radiated is 


2n T 
pe | | sin? 0 dO dd = 7°U,, (2) 
0 (0) 


Figure 3-8 Bidirectional cosine power pattern. Figure 3-9 Sine power pattern. 
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If the power radiated by this source is the same as for an isotropic source taken 
as reference, we have 


n°U..=4nU, (3) 


U 4 
Directivity = — = — = 1.27 4 
and irectivity 7 z (4) 


3-9 SOURCE WITH SINE-SQUARED (DOUGHNUT) POWER 
PATTERN. Next consider a source with a sine-squared radiation-intensity or 
power pattern. The radiation-intensity pattern is given by 


U = Usssina @ (1) 


The power pattern is shown in Fig. 3-10. This type of pattern is of considerable 
interest because it is the pattern produced by a short dipole coincident with the 
polar (@ = 0) axis in Fig. 3-10. Applying (3-4-2), the total power radiated is 


2n Tt 
eee | | sin® 6 dO dd = 8xU,, (2) 
0 Jo 
If P is the same as for the isotropic source, 
§xU,, = 4nU 
U 3 
and Directivity = U. as 1S (3) 


3-10 SOURCE WITH UNIDIRECTIONAL COSINE-SQUARED 
POWER PATTERN. Let us consider next the case of a source with a uni- 
directional cosine-squared radiation-intensity pattern as given by 


U = U,, cos” 6 (1) 


with the radiation intensity having a value only in the upper hemisphere. The 
pattern is shown in Fig. 3-11. The 3-dimensional or space pattern is a figure-of- 


6=0 
Figure 3-11 Unidirectional cosine-squared 


Figure 3-10 Sine-squared power pattern power pattern. 


> 
Il 
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revolution of this pattern around the polar (6 = 0) axis and has the form of a 
prolate spheroid (football shape). The total power radiated is 


21 n/2 
(Peale | | cos” @ sin 6 d@ dd = 4nU,, (2) 
0) (0) 
If P is the same as radiated by an isotropic source, 
4xU,, = 4nU 
Loe Ue 
and Direetivity = =--=!6 (3) 
Uo 


Thus, the maximum power per unit solid angle (at 6 = 0) from the source with 
the cosine-squared power pattern is six times the power per unit solid angle from 
an isotropic source radiating the same power. 


3-11 SOURCE WITH UNIDIRECTIONAL COSINE” POWER 
PATTERN. A more general case for a unidirectional radiation-intensity 
pattern which is symmetrical around the polar (9 = 0) axis is given by 


U= UL cos’.6 (1) 


where n is any real number. In Fig. 3-12, relative radiation-intensity or power 
patterns plotted to the same maximum value are shown for the cases where 
n=0, 4, 1, 2, 3 and 4. The case for n = 0 is the same as the source with the 
hemispheric power pattern discussed in Sec. 3-5. The cases for n = 1 and n= 2 
were treated in Secs. 3-6 and 3-10. When n = 4, 3 and 4, the directivity is 3, 8 and 
10, respectively.’ These calculations are left to the reader as an exercise. A graph 
of the directivity of a unidirectional source as a function of n is presented in 
Fig. 3-13. 


cos 0 
(circle) 


n=0 
(hemisphere) 


Figure 3-12 Unidirectional cos” 6 power patterns for various values of n. 


1 It may be shown that the directivity of sources with power patterns of the type given by (1) can be 
reduced to the simple expression, directivity = 2(n + 1). The proof is left to the reader as an exercise. 
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O 1 2 3 4 5 6 Figure 3-13 Directivity versus n for unidirectional 
n sources with cos” 6 power patterns. 


The half-power beam widths and exact directivity [D = 2(n + 1)] for cos” 6 
patterns are listed in Table 3-1 for n values between 0 and 100. The directivity is 
also given in dBi (dB over isotropic) for both exact and approximate values, 
where the approximate value is based on the HPBW? from (2-9-4). The difference 
between the exact and approximate values is tabulated in the last column. The 
approximation is within +0.2 dB of the exact value for n between 4 and 10. A 
further discussion of the (2-9-4) approximation is given following (17) of Sec. 3-13. 


3-12 SOURCE WITH UNIDIRECTIONAL POWER PATTERN 
THAT IS NOT SYMMETRICAL. All the patterns considered thus far 
have been symmetrical around the polar axis; i.e., the space pattern could be 
constructed as a figure-of-revolution about the polar axis. Let us now consider a 
more general case in which the pattern is unidirectional but is unsymmetrical 
around its major axis. In discussing this type of pattern it will be convenient to 
shift the direction of the major axis or direction of maximum radiation from the 
polar (6 = 0) axis to a direction in the equatorial plane as shown in Fig. 3-14 
(90 = 90°, 6 = 90°). The 6 = 90° plane coincides with the xy plane and the 


Table 3-1 Half-power beam widths and directivity of 
sources with unidirectional cos” 0 power patterns. 


HPBW, Exact Approx. Difference, 
n deg D D, dBi D, dBi dB 
0.0 180.0 2 3.0 1.1 —1.9 
0.5 151.0 3 4.8 2.6 —2.2 
1 120.0 4 6.0 4.6 —14 
2 90.0 6 7.8 Pol —0.7 
3 74.9 8 9.0 8.7 —0.3 
4 65.5 10 10.0 9.8 —0.2 
5 59.0 12 10.8 10.8 0.0 
6 54.0 14 18 Bes) il 0.0 
8 47.0 18 12.6 12.7 0.1 
10 42.2 DB) 13.4 13.6 0.2 
20 30.0 42 16.2 16.6 0.4 
50 19.0 102 20.1 20.6 0.5 


100 13.5 202 Zod 2550 0.4 
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aA 


Figure 3-14 Unidirectional source radiating 
maximum power in the direction 9 = 90°, ¢ = 90° 
x or along the y axis. 


@ = 90° plane with the yz plane. A rather general expression for the radiation 
intensity with its maximum at @ = 90° and ¢ = 90° is then given by 


OU sin’ 6 sin” @ | (1) 


where n = any real number 
m = any real number 


and the radiation intensity U has a value only in the right-hand hemisphere 
(Fig. 3-14) (0<0<2;0<@¢ <7). When m =n, (1) becomes the equation for a 
symmetrical power pattern of the same form as considered in Sec. 3-11. When m 
and n are not the same, (1) represents the general case in which the pattern has 
different shapes in the 0 = 90° and ¢ = 90° planes. The total power radiated in 
this general case is 


P= Un | | sin"*! @ sin” ¢ dO do (2) 
O 0 


3-13 DIRECTIVITY. The concept of directivity, treated above in some 
special cases and also introduced in Sec. 2-8, will now be reviewed and developed 
in more detail. 

In Sec. 3-5 directivity was given as the ratio of U,, to U, where U,, is the 
maximum radiation intensity or watts per square radian from the source under 
consideration and U, is the radiation intensity from an isotropic source radiating 
the same power (or U, is the average radiation intensity from the source under 
consideration). Thus, 


D U,, maximum radiation intensity (1) 
~ U, average radiation intensity 


where D = directivity 


Multiplying numerator and denominator of (1) by 4z gives 


meee: mabe EL eee ee faalon, tensity) 2) 
ETO aa Mie total power radiated 
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Let us now develop a more general expression for the directivity. Let the 


radiation-intensity pattern be expressed as 
U =U, f(9, >) 
and its maximum value by 
OO EL ME 0 Fore: 
where U, = aconstant 


For the special case where 


DAO tO arene 
then U,, = U, and (3) can be written 
U=U,, f(9, ¢) 


The average radiation intensity is 


_P_ SU. fle 4) 40 


U 
Sd 4n 


where P = total power radiated 
dQ = sin 0 d? dd = element of solid angle 


The directivity D is then given by 


Penn UNO he OG Ole 
Un Jj U.f(O, 6) dQ fl f(6, ¢) dQ 
| 4n 
Equation (8) can be reexpressed as 
pibicge tte Taos ls 
{J £@,¢) dQ QQ, 
A, Ore | 
where (2, is defined as the beam area, or beam solid angle. It is given by 
_ Sf £0, 4) dQ 
nen s (Gh) eee 
From (1) and (9), 
seb di 
) A 
and 4nU, =U, Q, 
Since U, = P/4z, 
Be Oe 


where P = total power radiated 


(3) 


(4) 


(5) 


(6) 


(7) 


(8) 


(9) 


(10) 


(11) 


(12) 


(13) 
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Figure 3-15 Unidirectional power pattern in cross section with 
included angle 0’ of the beam area. The space patterns are figures- 
of-revolution around the y axis. 


Therefore, the beam area Q, is the solid angle through which all the power 
radiated would stream if the power per unit solid angle equaled the maximum value 
U,, over the beam area. 


4nU U 
y= = ° square radians = 41 253 ae square degrees (14) 


m m 


Consider the unidirectional power pattern shown in Fig. 3-15. The pattern 
is a figure-of-revolution around the y axis. The included angle 6’ of the corre- 
sponding beam area is also shown. If the power per unit solid angle over the 
beam area equals the maximum value U,, of the directional source, the power 
through the beam area equals that radiated by the source. 

From this it is only a step to a very simple approximate method of calcu- 
lating the directivity for a single-lobed pattern, based on an estimate of the beam 
area from the half-power beam widths of the patterns in two planes at right 
angles. Thus, let 6,» equal the half-power beam width in the 6 plane and dyp the 
half-power beam width in the ¢ plane. Then, neglecting the effect of minor lobes, 
we have approximately 


QQ, ~ Oup Pup (15) 
and, as already presented in (2-9-4), 


An 41 000 


D ot by Qo fe) 
Sup Pup HP Pup 


~~ 


(16)" 


<5, 


where 6,» = half-power beam width in @ plane, rad 
dyp = half-power beam width in @ plane, rad 
Op = half-power beam width in @ plane, deg 
jp = half-power beam width in ¢ plane, deg 


1 4n steradians = 4n(180/n)? square degrees = 41253 square degrees, ie., there are 41253 square 
degrees in a sphere. For the approximate relation (16) the value is rounded off to 41 000. 
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For a pencil beam where 60,» = yp; 


= a = a (17) 
Gap (Pp) 

Equation (16) has been used very widely since appearing in the first edition, 
in most cases appropriately but sometimes inappropriately. Although accompa- 
nied by a three-paragraph footnote cautioning about its limitations, some 
authors have ignored these guidelines and argued that the numerator should be 
26 358, 32750 or 34250 instead of 41253 square degrees, without realizing that 
the four cases involve four different classes of antennas. 

My original rationale was that formulas like (16) and (17) are useful in the 
context that if we know that an antenna has a 1° pencil beam and small minor 
lobes, its gain is approximately 41 000 or 46 dB, give or take a decibel or two, but 
not that the result is accurate to 75 of a decibel or better. 

Some of the limitations of (16) are that: (1) the effect of minor lobes is 
neglected, (2) the angle product (6p dyp) may not be rigorously related to the 
true solid angle of the main beam and (3) the angle product relation to the true 
solid angle varies according to the type of antenna pattern involved. 

It is pointed out in the first edition footnote that by introducing a correc- 
tion factor the result can be improved. It is further pointed out that the value of 
this factor depends on the antenna type and may be relatively constant for a 
certain class of antennas. 

Instead of introducing one correction factor, let us introduce two,’ one 
involving the beam efficiency to correct for the minor lobes and the other to 
correct for pattern shape so that 


41 000E yy 


A 5) RS (18) 
k, Que Pup 


Q 
where éy = a = beam efficiency = 0.75 + 0.15 for most large antennas 


A 
k, = pattern factor = 1.0 for a uniform field distribution across the 
antenna aperture 


For “ball-park” values (16) may suffice but (18) should be used for closer 
approximations. The effect of pattern shape is well illustrated by the comparison 
summarized in Table 3-1, Sec. 3-11. 

For a Gaussian distribution (and beam)? 


_ 41000 x 0.88 


Cup Pup 


(19) 


1 J. D. Kraus, Radio Astronomy, 1st ed., McGraw-Hill, 1966, p. 158; 2nd ed., Cygnus-Quasar, 1986, 
p. 6-6. 


2 See Prob. 11-20. 
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3-14 SOURCE WITH PATTERN OF ARBITRARY SHAPE. 


Example. Consider a pattern of arbitrary shape as shown in Fig. 3-16 in both polar 
and rectangular coordinates. The pattern has a pencil beam (symmetrical around 
the 6 = 0° axis) with a main-lobe HPBW of approximately 22° and four minor 
lobes. Find the directivity. 


Solution. The directivity is given by 


4n 
De (1) 


les Wao sin 0 dO dd 
0 Jo 


where the denominator equals the total beam area Q,. 
Since the pattern is symmetrical (no variation with @), the integral with 
respect to @ yields 27 and (1) reduces to 


Fea Bn EA ME C (2) 


2n | P.(@) sin 6 d@ 
0 


We have only the pattern graph available (no analytical expression) so let us divide 
the pattern (Fig. 3-16b) into 36 steps of 5° each. The approximate value of the inte- 
gral in the first (m = 1) 5° section (=7/36 rad) is given by 

n 1.0 + 0.93 


7 A : ) 
36 P(8;)ay Sin 6, = Te one sin 2.5 (3) 


Main 
lobe 


Figure 3-16a Power pattern with main lobe and several minor lobes 

for worked example calculation of directivity. The pattern is symmetri- 

\\ Y/ BNGOE cal around the 6 = 0 axis (vertical) with the 3-dimensional pattern a 

a Ss figure-of-revolution around this axis. The same pattern P,(@) is shown 
) in rectangular coordinates in Fig. 3-16b. 


Relative power 
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P,,(6) sin 6 


eee lsotropic power 
antenna pattern 


Power mi Area A 
pattern Bi ripe 


ar i ~30°4 ~ 60° { ae 150° \ 180° 


Main First Second i Fourth 
lobe minor minor minor lobe 
lobe lobe (back lobe) 
Figure 3-16b Power pattern with main lobe and several minor lobes for worked example 
calculation of directivity. D equals the ratio of the dot-filled to cross-hatched areas. The same 
pattern in polar coordinates is shown in Fig. 3-16a. 


and the approximate directivity is then given by the summation of all 36 sections or 
by 


4n 
Din anaes (4) 


2n(n/36) Y PyOmay SiN Op, 


m=1 
Completing the summation we obtain 
4n 4n 1p 


Q,  2n(n/36\(0.25 + 0.37 + 0.46 +0.12+007) 1.27n 
Main First Second Third Fourth 


D= 


lobe minor minor minor minor 
lobe lobe lobe lobe 
(back 
lobe) 


or D~ 12.6 dBi 


It is noteworthy that the second minor lobe contributes most to the total beam area, 
the first minor lobe almost as much and the main lobe less than either. Thus, the 
directivity is greatly affected by the minor lobes, which is a common situation with 
actual antennas. For this antenna pattern the beam efficiency is given by 


Ey = —— = 0.20 (6) 
If the second minor lobe were eliminated, the directivity would increase to 


14.5 dBi (up 1.9 dB) and if both first and second minor lobes were eliminated the 
directivity would increase to 17.1 dBi (up 4.5 dB). 
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The directivity obtained in the above worked example is approximate. By 
sufficiently reducing the step size (5° in the example), the summation can be made 
as precise as the available data will allow. Computation of this numerical integra- 
tion can be facilitated by using a computer. 

The half-power beam width of the pattern in the example is about 22°. 
Taking k, = 1 and éy as in (6), the approximate directivity is then 


41000ey%  — 41000 x 0.2 


fe = 16.9 or 12.3 dBi 7 
k,x HPBW? (22°)? oe ”) 


which is 0.3 dB less than obtained by the 36-step summation. 

The beam area of an isotropic source equals 47 steradians. In Fig. 3-16b 
this corresponds to the area A under the sin 6 curve. The beam area of the source 
in the worked example corresponds to the area a under the P,(0) sin @ curve. 
Thus, the directivity is simply A/a or the ratio of the area of the isotropic source 
to the area of the source being measured. Hence, 


eA 


oa (8) 


D 
(ona 


If the areas A and a are cut from a lead sheet of uniform thickness, the directivity 
equals the ratio of the weight of A to the weight of a. 


3-15 GAIN. The definition of directivity in the preceding section is based 
entirely on the shape of the radiated power pattern. Antenna efficiency is not 
involved. The gain parameter does involve antenna efficiency. The gain’ of an 
antenna is defined as 


maximum radiation intensity 


G= (1) 


maximum radiation intensity from a 
reference antenna with same power input 


Any type of antenna may be taken as the reference. Often the reference is a linear 
4/2 antenna. Gain includes the effect of losses both in the antenna under con- 
sideration (subject antenna) and in the reference antenna. 

In many situations it is convenient to assume that the reference antenna is 
an isotropic source of 100 percent efficiency. The gain so defined for the subject 
antenna is called the gain with respect to an isotropic source Or 


maximum radiation intensity from subject antenna (2) 


radiation intensity from (lossless) isotropic 
source with same power input 


1 The gain G as here defined is sometimes called power gain. This quantity is equal to the square of 
the gain in field intensity G,. Thus, if E, is the maximum electric field intensity from the antenna at a 
large distance R and E, is the maximum electric field intensity from the reference antenna with the 
same power input at the same distance R, then the power gain G is given by G = (E, }Eo) = G7. 
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As given in (2-10-1), the gain with respect to the directivity is given by 
G=kD (3) 


where k = efficiency factor of antenna (0 < k < 1) 
D = directivity 


Thus, the gain of an antenna over a lossless isotropic source equals the directivity 
if the antenna is 100 percent efficient (k = 1) but is less than the directivity if any 
losses are present in the antenna (k < 1). In decibels the gain over an isotropic 
source as in (2) is expressed as dBi. Directivity is always dBi. 


3-16 FIELD PATTERNS. The discussion in the preceding sections is based 
on considerations of power. This has afforded a simplicity of analysis, since the 
power flow from a point source has only a radial component which can be con- 
sidered as a scalar quantity. To describe the field of a point source more com- 
pletely, we need to consider the electric field E and/or the magnetic field H (both 
vectors). For point sources we deal entirely with far fields so E and H are both 
entirely transverse to the wave direction, are perpendicular to each other, are 
in-phase and are related in magnitude by the intrinsic impedance of the medium 
(E/H = Z = 377 Q for free space). For our purposes it suffices to consider only 
one field vector and we arbitrarily choose the electric field E. 

Since the Poynting vector around a point source is everywhere radial, it 
follows that the electric field is entirely transverse, having only E, and E, com- 
ponents. The relation of the radial component S, of the Poynting vector and the 
electric field components is illustrated by the spherical coordinate diagram of 
Fig. 3-17a. The conditions characterizing the far field are then: 


1. Poynting vector radial (S, component only) 
2. Electric field transverse (E, and E, components only) 


Equatorial Figure 3-17a_ Relation of the Poynting vector and 
plane the electric field components of the far field. 
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The Poynting vector and the electric field at a point of the far field are 
related in the same manner as they are in a plane wave, since, if r is sufficiently 
large, a small section of the spherical wave front may be considered as a plane. 

The relation between the average Poynting vector and the electric field at a 
point of the far field is 


(1) 


N/"S 


where Z, = intrinsic impedance of medium and 


Be=eo) Hit EG (2) 


where E = amplitude of total electric field intensity 
E, = amplitude of 6 component 
E, = amplitude of @ component 


The field may be elliptically, linearly or circularly polarized. 

If the field components are rms values, rather than amplitudes, the Poyn- 
ting vector is twice that given in (1). 

A pattern showing the variation of the electric field intensity at a constant 
radius r as a function of angle (0, @) is called a field pattern. In presenting infor- 
mation concerning the far field of an antenna, it is customary to give the field 
patterns for the two components, E, and E,, of the electric field since the total 
electric field E can be obtained from the components by (2), but the components 
cannot be obtained from a knowledge of only E. 

When the field intensity is expressed in volts per meter, it is an absolute field 
pattern.! On the other hand, if the field intensity is expressed in units relative to 
its value in some reference direction, it is a relative field pattern. The reference 
direction is usually taken in the direction of maximum field intensity. The relative 
pattern of the E, component is then given by 


Fe. 


3 
E, (3) 
and the relative pattern of the E, component is given by 
E 
an (4) 
gm 


where E,,, = maximum value of E, 
Egm = Maximum value of Ey, 


1 The magnitude depends on the radius, varying inversely as the distance (E oc 1/r). 
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The magnitudes of both the electric field components, E, and E,, of the far 
field vary inversely as the distance from the source. However, they may be differ- 
ent functions, F, and F,, of the angular coordinates, 0 and ¢. Thus, in general, 


1 
Ey =~ F106, 9) (5 


1 
Ey =~ F206, ¢) (6) 


Since S,,, = E2/2Z, where E,, is the maximum value of E, it follows on 
dividing this into (1) that the relative total power pattern is equal to the square of 
the relative total field pattern. Thus, 


peat =(Z) (7) 


Example 1. Consider first the case of an antenna whose far field has only an E, 
component in the equatorial plane, the E, component being zero in this plane. 
Suppose that the relative equatorial-plane pattern of the E, component (that is, E, 
as a function of ¢ for 6 = 90°) is given by 


a = cos o (8) 


gm 


This pattern is illustrated at the left of Fig. 3-17b. The length of the radius vector in 
the diagram is proportional 'to E,. A pattern of this form could be produced by a 
short dipole coincident with the y axis. 


Half-power 1 
Field points Power 
pattern aN pattern 
y 


og 
¢=0 ¢=0 
Figure 3-17b Relative E, pattern of Example 1 at left with relative power pattern at right. 
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The relative (normalized) power pattern in the equatorial plane is equal to the 
square of the relative field pattern. Thus 


Sea Uper abs \3 
1 re ean oe Pe | eas (9) 
Son U | yes 


and substituting (8) into (9) we have 
P ="cos* @ 
This pattern is illustrated at the right of Fig. 3-17b. 


Example 2. Consider next the case of an antenna with a far field that has only an E, 
component in the equatorial plane, the E, component being zero in this plane. 
Assume that the relative equatorial-plane pattern of the E, component (that is, E, as 
a function of ¢@ for 0 = 90°) for this antenna is given by 


peas sin @ (10) 


This pattern is illustrated by Fig. 3-18a and could be produced by a small loop 
antenna, the axis of the loop coincident with the x axis. 
The relative (normalized) power pattern in the equatorial plane is 


P_=sin* @ (11) 
This pattern is shown by Fig. 3-18b. 


Example 3. Let us consider finally an antenna whose far field has both E, and E, 
components in the equatorial plane (6 = 90°). Suppose that this antenna is a com- 
posite of the two antennas we have just considered in Examples 1 and 2 and that 
equal power is radiated by each antenna. If both patterns are of identical shape in 3 
dimensions as well as in the xy plane, as from a short dipole and a small loop, it 
then follows that at a radius r from the composite antenna, E,,, = E4,,. The individ- 
ual patterns for the E, and E, components as given by (10) and (8) may then be 
shown to the same scale by one diagram, as in Fig. 3-19a. The relative pattern of the 
total field E is 


E 
ud ay SING Pit COS @ a1 (12) 


which is a circle as indicated by the dashed line in Fig. 3-19a. 


(a) (b) 


Figure 3-18 Relative E, pattern of Example 2 at (a) with relative power pattern at (5). 
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Figure 3-19 (a) Relative patterns of E, and E, components of the electric field and the total 
field E for antenna of Example 3. (b) Relative total power pattern. 


For this antenna, we may speak of two types of power patterns. One type 
shows the power variation for one component of the electric field. Thus, the power 
in the E, component of the field is as shown by Fig. 3-18b and the power in the E, 
component by Fig. 3-17b. The second type of power pattern shows the variation of 
the total power. This is proportional to the square of the total electric field intensity. 
Accordingly, the relative total power pattern for the composite antenna is 


E 2 
p= (=) = 
E. 


The relative pattern in the equatorial plane for the total power is, therefore, a circle 
of radius unity as illustrated by Fig. 3-19b. 

We note in Fig. 3-19a that at ¢ = 45° the magnitudes of the two field com- 
ponents, E, and Ey, are equal. Depending on the time phase between E, and Ey, the 
field in this direction could be plane, elliptically or circularly polarized, but regard- 
less of phase the power is the same. To determine the type of polarization requires 
that the phase angle between E, and E, be known. This is discussed in the next 
section. 


3-17 PHASE PATTERNS. Assuming that the field varies harmonically 
with time and that the frequency is known, the far field in all directions from a 


source may be completely specified by a knowledge of the following four quan- 
tities :* 


' In general, for the near or far field, six quantities are required. These are Eg, E,, 0, and n, each as a 
function of r, 6, ¢ and in addition the amplitude of the radial component of the electric field E, and its 
phase lag behind E,, both as a function of r, 6, . Since E, = 0 in the far field, only the four quantities 
given are needed to describe completely the field in the Fraunhofer region. 
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1. Amplitude of the polar component E, of the electric field as a function of r, 0 
and @ 


2. Amplitude of the azimuthal component E, of the electric field as a function of 
r,@ and @ 


3. Phase lag 6 of E, behind E, as a function of 6 and ¢ 


4. Phase lag 7 of either field component behind its value at a reference point as a 
function of r, 0 and @ 


Since we regard the field of a point source as a far field everywhere, the 
above four quantities can be considered as those required for a complete knowl- 
edge of the field of a point source. 

If the amplitudes of the field components are known at a particular radius 
from a point source in free space, their amplitudes at all distances are known 
from the inverse-distance law. Thus, it is usually sufficient to specify E, and Ey, as 
a function only of 0 and ¢ as, for example, by a set of field patterns. 

As shown in the preceding sections, the amplitudes of the field components 
give us directly or indirectly a knowledge of the peak and effective values of the 
total field and Poynting vector. However, if both field components have a value, 
the polarization is indeterminate without a knowledge of the phase angle 6 
between the field components. Focusing our attention on one field component, 
the phase angle 7 with respect to the phase at some reference point is a function 
of the radius and may also be a function of @ and ¢. A knowledge of 7 as a 
function of 6 and ¢ is essential when the fields of two or more point sources are 
to be added. 

We now proceed to a discussion of the phase angles, 6 and y, and of phase 
patterns for showing their variation. Let us consider three examples. 


Example 1. Consider first a point source that radiates uniformly in the equatorial 
plane and has only an E, component of the electric field. Then at a distance r from 
the source, the instantaneous field E,; in the equatorial plane is 


V2Eg sin (wt — Br) (1) 


r 


gi 


where E, = rms value of @ component of electric field intensity at unit radius from 
the source 
w = 2nf, where f = frequency, Hz 
B = 2n/A, where A = wavelength, m 


The relation given by (1) is the equation for the field of a spherical wave 
traveling radially outward from the source. The equation gives the instantaneous 
value of the field as a function of time and distance. The amplitude or peak value of 
the field is A Ile The amplitude is independent of space angle (0 and go) but 
varies inversely with the distance r. The variation of the instantaneous field with 
distance for this example is illustrated by the upper graph in Fig. 3-20 in which the 
amplitude is taken as unity at a distance r. When r = 0, the variation of the instan- 
taneous field varies as sin wt. It is often convenient to take this variation as a refer- 
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Minima or 
constant phase 


fronts 
+O eg" 
Instantaneous 
amplitude 


\ 
Phase 360° 
lag 7 oe 


Point 


Figure 3-20 Illustration for Ex- 
ample 1. Phase of E, of point 
source radiating uniformly in @¢ 
plane is a function of r but is 
independent of ¢. Phase lag 7 
indicator increases linearly with distance r. 


Receiver 


ence for the phase, designating it as the phase of the generator or source. The fact 
that the amplitude at r = 0 is infinite need not detract from using the phase at r = 0 
as a reference. The phase at a distance r is then retarded behind that at the source 
by the angle fr. A phase retardation or lag of E, with respect to a reference point 
will, in general, be designated as 7. In the present case the reference point is the 
source;! hence, 


Pad ea alte ay (2) 


Thus, the phase lag n increases linearly with the distance r from the source. 
This is illustrated by the chart of phase lag versus distance in Fig. 3-20. 

The phase lag 7 in this example is assumed to be independent of ¢. To 
demonstrate experimentally that n depends on r but is independent of o, the 
arrangement shown at the lower left in Fig. 3-20 could be used. The outputs of two 
probes or small antennas are combined in a receiver. With both probes at or very 
near the same point, the receiver output is reduced to a minimum by adjusting the 
length of one of the probe cables. The voltages from the probes at the receiver are 
then in phase opposition. With one probe fixed in position, the other is then moved 


‘ If the phase is referred to some point at a distance r, from the source, then (1) becomes E,; = 
(G/2 E,/r) sin (wt — Bd), where d = r — ie 
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in such a way as to maintain a minimum output. The locus of points for minimum 
output constitutes a contour (or front) of constant phase. For the point source 
under consideration, each contour is a circle of constant radius with a separation of 
1 between contours. The radius of the contours is then given by r, + nd, where r, is 
the radius to the reference probe and n is any integer. 

We may define a phase front as a (3-dimensional) surface of constant or 
uniform phase. If our observation circle coincides with a phase front, then we have 
constant phase along it. 


Example 2. Consider next the case of a point source that has only an Ey component 
and that radiates nonuniformly in the equatorial or ¢ plane. Let the instantaneous 
value in the equatorial plane be given by 


25 
Eyi = V2 Eon cos ¢ sin (wt — Br) (3) 
r 
where E,,, = rms value of E, component at unit radius in the direction of maximum 


field intensity 


Let a point at unit radius and in the direction ¢ = 0 be taken as the reference 
for phase. Then at this radius, 


Eyi = elke cos ¢ sin wt (4) 


$= 180° 


— 360° 

o b 

8 270° a 

(ors 

a 180° 

= 

®& 90° 

® 
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9) GOA 1 EO 270° we eGONn 90% 180 
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Figure 3-21 Illustration for Example 2. Field pattern is shown at (a), the phase pattern in 
rectangular coordinates at (b) and in polar coordinates at (c). 
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Figure 3-22 Constant-phase contours for source of Example 2. 


Setting sin wt = 1, the relative field pattern of the Ey component as a function of ¢ 
is, therefore, 


En cosie (5) 


as illustrated in Fig. 3-21a. A pattern of this type could be obtained by a short 
dipole coincident with the y axis at the origin. The phase lag y as a function of @ is 
a step function, as shown in the rectangular graph of Fig. 3-21b and in the polar 
graph of Fig. 3-21c. The variation shown is at a constant radius with the phase in 
the direction ¢ = 0 as a reference. We note that n has an apparent discontinuity of 
180° as @ passes through 90° and 270°, since at these angles cos changes sign 
while passing through zero magnitude. The phase angle 7 is accordingly a contin- 
uous, linear function of r but a discontinuous, step function of o@. To demonstrate 
this variation experimentally, the two-probe arrangement described in Example 1 
may be used. In practice, attenuators (not shown) would be desirable in the probe 
leads to equalize the probe outputs. Referring to Fig. 3-22, if both fixed and 
movable probes are in the lower quadrants (1 and 4), a set of constant or equiphase 
circles is obtained with a radial separation of A. If one probe is fixed in quadrant 1 
while the upper quadrants are explored with the movable probe, a set of equiphase 
circles is obtained which have a radial separation of 2 but are displaced radially 
from the set in the lower quadrants by 4/2. Thus, the constant-phase contours have 
an apparent discontinuity at the y axis, as shown in F ig. 3-22. The phase of the field 
of any linear antenna coincident with the y axis exhibits this discontinuity at the y 
axis. 


Se A ee ee 
‘It is to be noted that this phase change is actually a characteristic of the method of measurement, 
since by a second method no phase change may be observed between the upper and lower hemi- 
spheres. In the second method the probe is moved from the upper to the lower hemisphere along a 
circular path in the xz plane at a constant radius from the source. However, for a linear antenna the 
second method is trivial since it is equivalent to rotating the antenna on its own axis with the probe 
at a fixed position. 
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Example 3. Consider lastly a point source which radiates a field with both E, and 
E, components in the equatorial plane, the instantaneous values being given by 


2 
Ey V2 Eon sin @ sin (wt — Br) (6) 
r 
2E 
and ji V2 2” cos o sin ( — pr—- *) (7) 
r 


Referring to Fig. 3-23, a field of the form of the E, component in the equatorial 
plane could be produced by a small loop at the origin oriented parallel to the yz 
plane. A field of the form of the E, component in the equatorial plane could be 
produced by a short dipole at the origin coincident with the y axis. Let a point at 
unit radius in the first quadrant be taken as the reference for phase. Assuming that 
the loop and dipole radiate equal power, 


Eom ra | ges (8) 


Then at unit radius the relative patterns as a function of @ and t are given by 


Eo; = sin @ sin wt (9) 
T 
and Ey; = cos ¢ sin (« — | 
= —cos ¢ cos wt (10) 


The relative field patterns in the equatorial plane are shown in Fig. 3-23. With 
the loop and dipole fed in-phase, their field components are in phase quadrature 
(6 = n/2). In quadrants 1 and 3, E, lags E, by 90°, while in quadrants 2 and 4, E, 
leads E, by 90°. The phase patterns in the equatorial plane for E, and E, are shown 
in polar form by Fig. 3-24 and in rectangular form by Fig. 3-25a. 

Since E,, E, and 6 are known, the polarization ellipses may be determined. 
These polarization ellipses for different directions in the equatorial plane are shown 
in Fig. 3-25b. It is to be noted that in quadrants 1 and 3, where Fy, lags E,, the E 


Es 


Quadrant 3 
Ey, lags 90° 


Quadrant 2 
E, leads 90° 


Quadrant 4 
E, leads 90° 


Quadrant 1 
E, lags 90° 


Figure 3-23 Field patterns for source 
O of Example 3. 
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¢=0° 
Figure 3-24 Phase lag as a function of ¢ for field components of source of Example 3. 


vector rotates counterclockwise, while in quadrants 2 and 4, where Ey leads E,, the 
rotation is clockwise. 

At four angles the polarization is circular, E rotating counterclockwise at 
p = 45° and 225° and rotating clockwise at ¢ = 135° and 315°. The polarization is 
linear at four angles, being horizontally polarized at 0° and 180° and vertically 
polarized at 90° and 270°. At all other angles the polarization is elliptical, but the 
power is constant as a function of ¢ (regardless of the polarization). 


360°F 
Phase lag, 7 


(a) 


—S00 | Oe oS © 0 1steo 


0° 45° 30° 13Oeneue SOF 22 5aNk i 27 Om WEST oe 360° 
p 
(0) 


Figure 3-25 Phase patterns in rectangular coordinates for source of Example 3 at (a) with 
polarization ellipses for every 22.5° interval of ¢ at (b). 
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3-18 GENERAL EQUATION FOR THE FIELD OF A POINT 
SOURCE. Both components of the far field of a point source in free space vary 
inversely with the distance. Therefore, in general, the two electric field com- 
ponents may be expressed as 


E 
E,=—™ fil6, ¢) (1) 


Eom 

and Ey = —*" f,(6, @) (2) 

where E,,, =rms value of Ey, component at unit radius in the direction of 
maximum field 

Em = tms value of E, component at unit radius in the direction of 
maximum field 


f, and f, are, in general, different functions of 6 and ¢ but of maximum 
value unity 


The instantaneous values of the field components vary harmonically with 
time and are given by (1) and (2) multiplied, in general, by different functions of 
the time. Thus, for the instantaneous field components 


aE 
Eq: = s/n f,(8, $) sin (cot — n) (3) 
and Ey = SELF f,(0, @) sin (wt — n — 0) (4) 


where 7 = B(r — 11) + f3(9, 9) 
0 =f4(9, ) 
r = radius to field point (r, 0, ?) 
r, = radius of point to which phase is referred 
fz and f, are, in general, different functions of 0 and @ 


The instantaneous value of the total electric field at a point (r, 0, ) due to a 
point source is the vector sum of the instantaneous values of the two com- 
ponents. That is, 


E; a ag Eo: > ay E ¢i (5) 


where a, = unit vector in 0 direction 
a, = unit vector in @ direction 


Substituting (3) and (4) into (5) then gives a general equation for the electric field 


116 3 porINT souRCES 


of a point source at any point (r, 0, d) as follows: 
2E ; PM Dee 
E; = a, 2B f,(0, #) sin (wt — n) + a, 2 Eom (0, b) sin (wt -—n-—6) (6) 


In this equation the instantaneous total electric field vector E, is a function of 
both space and time; thus 


KE; = f(r, 0, —, t) (7) 


The far field is entirely specified by (6). When f,; and f, are complicated expres- 
sions, it is often convenient to describe E; by means of graphs for the four quan- 
tities E,, E,, n and 6, as has been discussed. It is assumed that-the field varies 
harmonically with time and that the frequency is known. 


PROBLEMS’ 
*3-1 Directivity. 


(a) Calculate the exact directivity for three unidirectional sources having the fol- 
lowing power patterns: 


U = U,, sin 6 sin? @ 
U = Us sinsg isin aa 
U =U. sin* 6isin’ id 


U has a value only for 0 < 6 < nand 0 < ¢ < mand is zero elsewhere. 

(b) Calculate the approximate directivity from the product of the half-power beam 
widths for each of the sources. 

(c) Tabulate the results for comparison. 


3-2 Directivity. Show that the directivity for a source with a unidirectional power 
pattern given by U = U,, cos” 6 can be expressed as D = 2(n + 1). U has a value 
only for 0 < 8 < n/2 and 0 < ¢ < 2m and is zero elsewhere. 


*3-3 Solar power. The earth receives from the sun 2.2 g cal min~1 cm~?. 
(a) What is the corresponding Poynting vector in watts per square meter? 
(b) What is the power output of the sun, assuming that it is an isotropic source? 
(c) What is the rms field intensity at the earth due to the sun’s radiation, assuming 
all the sun’s energy is at a single frequency? 
Note: 1 watt = 14.3 g cal min“! 
Distance earth to sun = 149 x 10° km 


3-4 Directivity and minor lobes. Prove the following theorem: if the minor lobes of a 
radiation pattern remain constant as the beam width of the main lobe approaches 
zero, then the directivity of the antenna approaches a constant value as the beam 
width of the main lobe approaches zero. 


* Answers to starred (*) problems are given in App. D. 
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3-5 Directivity by integration. 

(a) Calculate by graphical integration or numerical methods the directivity of a 
source with a unidirectional power pattern given by U = cos 6. Compare this 
directivity value with the exact value. U has a value only for 0 < 6 < n/2 and 
0 < # < 22 and is zero elsewhere. 

(b) Repeat for a unidirectional power pattern given by U = cos” 0. 

(c) Repeat for a unidirectional power pattern given by U = cos? @. 

3-6 Directivity. Calculate the directivity for a source with relative field pattern 

E = cos 20 cos 0. 


CHAPTER 


4 


ARRAYS 
OF POINT 
SOURCES 


4-1 INTRODUCTION. In Chap. 2 an antenna was treated as an aperture. 
In Chap. 3 an antenna was considered as a single point source. In this chapter we 
continue with the point-source concept, but extend it to a consideration of arrays 
of point sources. This approach is of great value since the pattern of any antenna 
can be regarded as produced by an array of point sources. Much of the dis- 
cussion will concern arrays of isotropic point sources which may represent many 
different kinds of antennas. Arrays of nonisotropic but similar point sources are 
also treated, leading to the principle of pattern multiplication. From arrays of 
discrete point sources we proceed to continuous arrays of point sources and 
Huygens’ principle. 


4-2 ARRAYS OF TWO ISOTROPIC POINT SOURCES. Let us 
introduce the subject of arrays of point sources by considering the simplest situ- 
ation, namely, that of two isotropic point sources. As illustrations, five cases 
involving two isotropic point sources will be discussed. 


4-2a Case 1. Two Isotropic Point Sources of Same Amplitude and 
Phase. The first case we shall analyze is that of two isotropic point sources 
having equal amplitudes and oscillating in the same phase. Let the two point 
sources, | and 2, be separated by a distance d and located symmetrically with 
respect to the origin of the coordinates as shown in Fig. 4-la. The angle ¢ is 
measured counterclockwise from the positive x axis. The origin of the coordi- 
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Figure 4-1 (a) Relation to coordinate system of 2 isotropic point sources separated by a distance d. 
(b) Vector addition of the fields from two isotropic point sources of equal amplitude and same phase 
located as in (a). (c) Field pattern of 2 isotropic point sources of equal amplitude and same phase 
located as in (a) for the case where the separation d is 4/2. 


nates is taken as the reference for phase. Then at a distant point in the direction 
@ the field from source 1 is retarded by 4d, cos ¢, while the field from source 2 is 
advanced by 3d, cos ¢, where d, is the distance between the sources expressed in 
radians; that is, 


The total field at a large distance r in the direction @ is then 
be Beer eth eae: (1) 


where w = d, cos ¢ and the amplitude of the field components at the distance r is 
given by Eo. 
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The first term in (1) is the component of the field due to source 1 and the 
second term the component due to source 2. Equation (1) may be rewritten 


etivi2 4 9-iwi2 


|b ON 8 2 
er ee (2) 
which by a trigonometric identity is 
W d, 
Ea aCOs ri, 2E, Cos a cos p (3) 


This result may also be obtained with the aid of the vector diagram’ shown 
in Fig. 4-1b, from which (3) follows directly. We note in Fig. 4-1b that the phase 
of the total field E does not change as a function of yw. To normalize (3), that is, 
make its maximum value unity, set 2E, = 1. Suppose further that d is 1/2. Then 
d, = m. Introducing these conditions into (3) gives 


E =cos (5 Cos 6) (4) 


The field pattern of E versus ¢ as expressed by (4) is presented in Fig. 4-1c. The 
pattern is a bidirectional figure-of-eight with maxima along the y axis. The space 
pattern is doughnut-shaped, being a figure-of-revolution of this pattern around 
the x axis. 

The same pattern can also be obtained by locating source 1 at the origin of 
the coordinates and source 2 at a distance d along the positive x axis as indicated 
in Fig. 4-2a. Taking now the field from source 1 as reference, the field from 
source 2 in the direction ¢ is advanced by d, cos ¢. Thus, the total field E at a 
large distance r is the vector sum of the fields from the two sources as given by 


B= E, + E,e*™ (5) 
where w = d, cos o 


The relation of these fields is indicated by the vector diagram of Fig. 4-2b. From 
the vector diagram the magnitude of the total field is 


d, cos 


E> 2Eo cos = 2E 5 cos (6) 


as obtained before in (3). The phase of the total field E is, however, not constant 
in this case but is w/2, as also shown by rewriting (5) as 


_ (eil2 4. p-iwl2 
E = E,(1 + e”) = 2E, ev? (a) = 2E, e¥!2 cos : (7) 


‘It is to be noted that the quantities represented here by vectors are not true space vectors but 
merely vector representations of the time phase (i.e., phasors). 
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oe 905 180° 2705 360° 
Q 
Figure 4-2 (a) Two isotropic point sources with the origin of the coordinate system coincident with 
one of the sources. (b) Vector addition of the fields from 2 isotropic point sources of equal amplitude 
and same phase located as in (a). (c) Phase of total field as a function of ¢ for 2 isotropic point sources 


of same amplitude and phase spaced 4/2 apart. The phase change is zero when referred to the center 
point of the array but is y/2 as shown by the dashed curve when referred to source 1. 


Normalizing by setting 2E, = 1, (7) becomes 


Be 2's cs z = COS ! [W/2 (8) 
In (8) the cosine factor gives the amplitude variation of E, and the exponential or 
angle factor gives the phase variation with respect to source 1 as the reference. 
The phase variation for the case of 1/2 spacing (d, = 2) is shown by the dashed 
line in Fig. 4-2c. Here the phase angle with respect to the phase of source | is 
given by w/2 = (z/2) cos @. The magnitude variation for this case has already 
been presented in Fig. 4-lc. When the phase is referred to the point midway 
between the sources (Fig. 4-1a), there is no phase change around the array as 
shown by the solid line in Fig. 4-2c. Thus, an observer at a fixed distance 
observes no phase change when the array is rotated (with respect to ¢) around its 
midpoint, but a phase change (dashed curve of Fig. 4-2c) is observed if the array 
is rotated with source 1 as the center of rotation. 


4-2b Case 2. Two Isotropic Point Sources of Same Amplitude but 
Opposite Phase. This case is identical with the one we have just considered 
except that the two sources are in opposite phase instead of in the same phase. 
Let the sources be located as in Fig. 4-1a. Then the total field in the direction @ 
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at a large distance r is given by 
= Ene 7"? 7 Een. (9) 


from which 
Pa ee Ie ce an 
E = 2jE, sin Ss 2jE,5 sin a cos d (10) 


Whereas in Case 1 (3) involves the cosine of y/2, (10) for Case 2 involves the 
sine. Equation (10) also includes an operator j, indicating that the phase reversal 
of one of the sources in Case 2 results in a 90° phase shift of the total field as 
compared with the total field for Case 1. This is unimportant here. Thus, putting 
2j]E) = 1 and considering the special case of d = 4/2, (10) becomes 


E—ssin (5 cos 6) (11) 


The directions ¢,, of maximum field are obtained by setting the argument 
of (11) equal to +(2k + 1)z/2. Thus, 


- COS Pm = +(2k + 1) - (11a) 


where k = 00 2,3... FOLK =. COS) O,.— st) amd, Oi Ue ad ou 
The null directions ¢p are given by 


. cos by = tk (11b) 


Pork’ 020, -. 90™. 
The half-power directions are given by 


T 7 
FOP = (2k + Ia (11c) 


For k-=.0) O1=—F: O00. 

The field pattern given by (11) is shown in Fig. 4-3. The pattern is a rela- 
tively broad figure-of-eight with the maximum field in the same direction as the 
line joining the sources (x axis). The space pattern is a figure-of-revolution of this 
pattern around the x axis. The two sources, in this case, may be described as a 
simple type of “end-fire” array. In contrast to this pattern, the in-phase point 
sources produce a pattern with the maximum field normal to the line joining the 
sources, as shown in Fig. 4-1c. The two sources for this case may be described as 
a simple “ broadside” type of array. 


4-2c Case 3. Two Isotropic Point Sources of the Same Amplitude and in 
Phase Quadrature. Let the two point sources be located as in Fig. 4-1a. Taking 
the origin of the coordinates as the reference for phase, let source 1 be retarded 
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Figure 4-3 Relative field pattern for 2 isotropic point sources of the same amplitude but opposite 
phase, spaced 4/2 apart. 


by 45° and source 2 advanced by 45°. Then the total field in the direction ¢ at a 
large distance r is given by 


E = E, exp | (4¢ =" *)| + Eo exp | (49 + =) | (12) 


From (12) we obtain 


d 
E = 2E,.cos (3 + 5 cos 6) (13) 


Letting 2E, = 1 and d = 4/2, (13) becomes 


aT 
B= c0s (4+ 2 cos 6) (14) 
The field pattern given by (14) is presented in Fig. 4-4. The space pattern is a 
figure-of-revolution of this pattern around the x axis. Most of the radiation is in 
the second and third quadrants. It is interesting to note that the field in the 
direction @ = 0° is the same as in the direction ¢ = 180°. The directions @¢,, of 
maximum field are obtained by setting the argument of (14) equal to kz, where 
k = 0, 1, 2, 3.... In this way we obtain 


7 7 
—-+-— 


= 1 
r 5 COS Pr kn (15) 
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Figure 4-4 Relative field pat- 
tern of 2 isotropic point sources 
of the same amplitude and in 
phase quadrature for a spacing 
of 4/2. The source to the right 
leads that to the left by 90°. 


For k = 0, 
5 cos ,, = =F | (16) 
and Pm = 120° and 240° (17) 


If the spacing between the sources is reduced to 1/4, (13) becomes 
Tan 
ji ee aeteere 1 
cos (7 + £ cos 6) (18) 


The field pattern for this case is illustrated by Fig. 4-Sa. It is a cardioid-shaped, 
unidirectional pattern with maximum field in the negative x direction. The space 
pattern is a figure-of-revolution of this pattern around the x axis. 

A simple method of determining the direction of maximum field is illus- 
trated by Fig. 4-5b. As indicated by the vectors, the phase of source 2 is 0° (vector 
to right) and the phase of source 1 is 270° (vector down). Thus, source 2 leads 
source | by 90°. 

To find the field radiated to the left, imagine that we start at source 2 (phase 
0°) and travel to the left, riding with the wave (phase 0°) like a surfer rides a 
breaker. The phase of the wave we are riding is 0° and does not change but by 
the time we have traveled 4/4 and arrived at source 1, a 4-period has elapsed so 
the current in source 1 will have advanced 90° (vector rotated ccw) from 270° to 
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Figure 4-5 (a) Relative field pattern of 2 isotropic sources of same amplitude and in phase quadra- 
ture for a spacing of 4/4. Source 2 leads source 1 by 90°. (b) Vector diagrams illustrating field 
reinforcement in the — x direction and field cancellation in the + x direction. 


0°, making its phase the same as that of the wave we are riding, as in the middle 
diagram of Fig. 4-5b. Thus, the field of the wave from source 2 reinforces that of 
the field of source 1, and the two fields travel to the left together in phase produc- 
ing a maximum field to the left which is twice the field of either source alone. 

Now imagine that we start at source 1 with phase 270° (vector down) and 
travel to the right. By the time we arrive at source 2 the phase of its field has 
advanced from 0 to 90° so it is in phase opposition and cancels the field of the 
wave we are riding, as in the bottom diagram in Fig. 4-5b, resulting in zero radi- 
ation to the right. 


4-2d Case 4. General Case of Two Isotropic Point Sources of Equal 
Amplitude and Any Phase Difference. Proceeding now to a more general situ- 
ation, let us consider the case of two isotropic point sources of equal amplitude 
but of any phase difference 6. The total phase difference y between the fields from 
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source 2 and source 1 at a distant point in the direction @ (see Fig. 4-2a) is then 
Ww =d,cos¢@+6 (19) 


Taking source 1 as the reference for phase, the positive sign in (19) indicates that 
source 2 is advanced in phase by the angle 6. A minus sign would be used to 
indicate a phase retardation. If, instead of referring the phase to source 1, it is 
referred to the centerpoint of the array, the phase of the field from source 1 at a 
distant point is given by —yw/2 and that from source 2 by +w/2. The total field is 
then 


E—Ele" + eo? 2) Ecos (20) 
Normalizing (20), we have the general expression for the field pattern of two 
isotropic sources of equal amplitude and arbitrary phase, 


Ee=1COS (21) 


where wy is given by (19). The three cases we have discussed are obviously special 
cases of (21). Thus, Cases 1, 2 and 3 are obtained from (21) when 6 = 0°, 180° and 
90° respectively. | 


4-2e Case 5. Most General Case of Two Isotropic Point Sources of 
Unequal Amplitude and Any Phase Difference. A still more general situation, 
involving two isotropic point sources, exists when the amplitudes are unequal 
and the phase difference is arbitrary. Let the sources be situated as in Fig. 4-6a 
with source 1 at the origin. Assume that the source 1 has the larger amplitude 
and that its field at a large distance r has an amplitude of E,. Let the field from 
source 2 be of amplitude aE, (0 < a< 1) at the distance r. Then, referring to 
Fig. 4-6b, the magnitude and phase angle of the total field E is given by 


E = Ey,/(1 + a cos )? + a? sin? wy /arctan [a sin W/(1 +. acos p)] (22) 


where W = d, cos ¢ + 6 and the phase angle (Z) is referred to source 1. This is 


the phase angle ¢ shown in Fig. 4-6b. 
E 
Gs) [\ 
Eo 


se ae 
1 d 


(a) (b) 


Figure 4-6 (a) Two isotropic point sources of unequal amplitude and arbitrary phase with respect to 
the coordinate system. (b) Vector addition of fields from unequal sources arranged as in (a). The 
amplitude of source 2 is assumed to be smaller than that of source 1 by the factor a. 
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4-3 NONISOTROPIC BUT SIMILAR POINT SOURCES AND 
THE PRINCIPLE OF PATTERN MULTIPLICATION. The cases 
considered in the preceding section all involve isotropic point sources. These can 
readily be extended to a more general situation in which the sources are non- 
isotropic but similar. 

The word similar is here used to indicate that the variation with absolute 
angle @ of both the amplitude and phase of the field is the same.’ The maximum 
amplitudes of the individual sources may be unequal. If, however, they are also 
equal, the sources are not only similar but are identical. 

As an example, let us reconsider Case 4 of Sec. 4-2d in which the sources 
are identical, with the modification that both sources 1 and 2 have field patterns 
given by 


} ey EIST Oras (1) 
Patterns of this type might be produced by short dipoles oriented parallel to the 


xX axis as suggested by Fig. 4-7. Substituting (1) in (4-2-20) and normalizing by 
setting 2E, = 1 gives the field pattern of the array as 


E = sin ¢ cos (2) 


where Ww = d, cos $ + 6 


This result is the same as obtained by multiplying the pattern of the indi- 
vidual source (sin #) by the pattern of two isotropic point sources (cos w/2). 

If the similar but unequal point sources of Case 5 (Sec. 4-2e) have patterns 
as given by (1), the total normalized pattern is 


E =sin ¢,/(1 + acos w)? + a? sin? w (3) 


Here again, the result is the same as that obtained by multiplying the pattern of 
the individual source by the pattern of an array of isotropic point sources. 


Figure 4-7 Two nonisotropic sources with respect 
to the coordinate system. 


1 The patterns not only must be of the same shape but also must be oriented in the same direction to 
be called “similar.” 
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These are examples illustrating the principle of pattern multiplication, which 
may be expressed as follows: 


The field pattern of an array of nonisotropic but similar point sources is the product of 
the pattern of the individual source and the pattern of an array of isotropic point 
sources, having the same locations, relative amplitudes and phases as the nonisotropic 
point sources. 


This principle may be applied to arrays of any number of sources provided only 
that they are similar. The individual nonisotropic source or antenna may be of 
finite size but can be considered as a point source situated at the point in the 
antenna to which phase is referred. This point is said to be the “ phase center.” 
The above discussion of pattern multiplication has been concerned only 
with the field pattern or magnitude of the field. If the field of the nonisotropic 
source and the array of isotropic sources vary in phase with space angle, 1.e., have 
a phase pattern which is not a constant, the statement of the principle of pattern 
multiplication may be extended to include this more general case as follows: 


The total field pattern of an array of nonisotropic but similar sources is the product of 
the individual source pattern and the pattern of an array of isotropic point sources each 
located at the phase center of the individual source and having the same relative ampli- 
tude and phase, while the total phase pattern is the sum of the phase patterns of the 
individual source and the array of isotropic point sources. 


The total phase pattern is referred to the phase center of the array. In symbols, 
the total field E is then 


E=f(6, )F(O, o) / f(8, 0) + FAG, &) 


Field pattern Phase pattern 


where f{(@, @) = field pattern of individual source 
f(9, ) = phase pattern of individual source 
F(@, @) = field pattern of array of isotropic sources 
F (8, @) = phase pattern of array of isotropic sources 


The patterns are expressed in (4) as a function of both polar angles to indi- 
cate that the principle of pattern multiplication applies to space patterns as well 
as to the two-dimensional cases we have been considering. 

To illustrate the principle, let us apply to it two special modifications of 
Case 1 (Sec. 4-2a). 


Example 1. Assume two identical point sources separated by a distance d, each 
source having the field pattern given by (1) as might be obtained by two short 
dipoles arranged as in Fig. 4-7. Let d = 4/2 and the phase angle 6 = 0. Then the 
total field pattern is 


E = sin @ cos (5 cos 6) (5) 


This pattern is illustrated by Fig. 4-8c as the product of the individual source 
pattern (sin @) shown at (a) and the array pattern {cos [(z/2) cos ¢]} as shown at 
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(a) (b) (c) 


Figure 4-8 Example of pattern multiplication. Two nonisotropic but identical point sources 
of the same amplitude and phase, spaced 4/2 apart and arranged as in Fig. 4-7, produce the 
pattern shown at (c). The individual source has the pattern shown at (a), which, when multi- 
plied by the pattern of an array of 2 isotropic point sources (of the same amplitude and phase) 
as shown at (b), yields the total array pattern of (c). 


(b). The pattern is sharper than it was in Case 1 (Sec. 4-2a) for the isotropic sources. 
In this instance, the maximum field of the individual source is in the direction 
¢@ = 90°, which coincides with the direction of the maximum field for the array of 
two isotropic sources. 


Example 2. Let us consider next the situation in which d = 4/2 and 6 = 0 as in 
Example 1 but with individual source patterns given by 


Eg £OS° (6) 


This type of pattern might be produced by short dipoles oriented parallel to the y 
axis as in Fig. 4-9. Here the maximum field of the individual source is in the direc- 
tion (¢ = 0) of a null from the array, while the individual source has a null in the 
direction (@ = 90°) of the pattern maximum of the array. By the principle of pattern 
multiplication the total normalized field is 


E =cos ¢ cos (5 cos 6) (7) 


Short 
dipoles 


x 


Figure 4-9 Array of 2 nonisotropic sources 
with respect to the coordinate system. 
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(a) (b) (c) 


Figure 4-10 Example of pattern multiplication. Total array pattern (c) as the product of 
pattern (a) of individual nonisotropic source and pattern (b) of array of 2 isotropic sources. The 
pattern (b) for the array of 2 isotropic sources is identical with that of Fig. 4-8b, but the 
individual source pattern (a) is rotated through 90° with respect to the one in Fig. 4-8a. 


The total array pattern in the xy plane as given by (7) is illustrated in Fig. 
4-10c as the product of the individual source pattern (cos ¢@) shown at (a) and the 
array pattern {cos [(z/2) cos ¢]} shown at (b). The total array pattern in the xy 
plane has four lobes with nulls at the x and y axes. 


The above examples illustrate two applications of the principle of pattern 
multiplication to arrays in which the source has a simple pattern. However, in the 
more general case the individual source may represent an antenna of any com- 
plexity provided that the amplitude and phase of its field can be expressed as a 
function of angle, that is to say, provided that the field pattern and the phase 
pattern with respect to the phase center are known. If only the total field pattern 
is desired, phase patterns need not be known provided that the individual sources 
are identical. 

If the arrays in the above examples are parts of still larger arrays, the 
smaller arrays may be regarded as nonisotropic point sources in the larger 
array—another application of the principle of pattern multiplication yielding the 
complete pattern. In this way the principle of pattern multiplication can be 
applied n times to find the patterns of arrays of arrays of arrays. 


4-4 EXAMPLE OF PATTERN SYNTHESIS BY PATTERN 
MULTIPLICATION. The principle of pattern multiplication, discussed in the 
preceding section, is of great value in pattern synthesis. By pattern synthesis is 
meant the process of finding the source or array of sources that produces a 
desired pattern. Theoretically an array of isotropic point sources can be found 
that will produce any arbitrary pattern. This process is not always simple and 
may yield an array that is difficult or impossible to construct. A simpler, less 
elegant approach to the problem of antenna synthesis is by the application of 
pattern multiplication to combinations of practical arrays, the combination 
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Uniform maximum 


(b) 


S 


Figure 4-11 (a) Requirements for pattern of broadcast station and (b) idealized pattern fulfilling 
them. 


which best approximates the desired pattern being arrived at by a trial-and-error 
process. 

To illustrate this application of pattern multiplication, let us consider the 
following hypothetical problem. A broadcasting station (in the 500- to 1500-kHz 
frequency band) requires a pattern in the horizontal plane fulfilling the conditions 
indicated in Fig. 4-l1la. The maximum field intensity, with as little variation as 
possible, is to be radiated in the 90° sector between northwest and northeast. No 
nulls in the pattern can occur in this sector. However, nulls may occur in any 
direction in the complementary 270° sector, but, as an additional requirement, 
nulls must be present in the due east and the due southwest directions in order to 
prevent interference with other stations in these directions. An idealized sector- 
shaped pattern fulfilling those requirements is illustrated in Fig. 4-11b. The 
antenna producing this pattern is to consist of an array of four vertical towers. 
The currents in all towers are to be equal in magnitude, but the phase may be 
adjusted to any relationship. There is also no restriction on the spacing or geo- 
metrical arrangement of the towers. 

Since we are interested only in the horizontal plane pattern, each tower 
may be considered as an isotropic point source. The problem then becomes one 
of finding a space and phase relation of four isotropic point sources located in the 
horizontal plane which fulfills the above requirements. 

The principle of pattern multiplication will be applied to the solution of this 
problem by seeking the patterns of two pairs of isotropic sources which yield the 
desired pattern when multiplied together. First let us find a pair of isotropic 
sources whose pattern fulfills the requirements of a broad lobe of radiation with 
maximum north and a null southwest. This will be called the “ primary ” pattern. 

Two isotropic sources phased as an end-fire array can produce a pattern 
with a broader major lobe than when phased as a broadside array (for example, 
compare Figs. 4-1c and 4-5). Since a broad lobe to the north is desired, an end- 
fire arrangement of two isotropic sources as shown in Fig. 4-12 will be tried. 
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Figure 4-12 Arrangement of 2 isotropic point sources for 
S both primary and secondary arrays. 


From a consideration of pattern shapes as a function of separation and phase,! a 
spacing between 1/4 and 3A/8 appears suitable (see Fig. 11-11). Accordingly, let 
d = 0.34. Then the field pattern for the array is 


W 
E= = 1 
Cos 5 (1) 
where Ww = 0.62 cos 6 + 6 (2) 
For there to be a null in the pattern of (1) at @ = 135° it is necessary that? 
Ww =(2k + 1)n (3) 
where ki=0- 1-23... 
Equating (2) and (3) then gives 
1 
— 0.62 We +6=(2k+4+1)x (4) 
or 6 = (2k + 1)n + 0.4252 (5) 


For k=0, 6 = —104°. The pattern for this case (d= 0.3A and 6 = —104°) is 
illustrated by Fig. 4-13a. 

Next, let us find the array of two isotropic point sources that will produce a 
pattern that fulfills the requirements of a null at @ = 270° and that also has a 
broad lobe to the north. This will be called the “ secondary ” pattern. This pattern 


1 See, for example, G. H. Brown, “ Directional Antennas,” Proc. IRE, 25, January 1937; F. E. Terman, 
Radio Engineers’ Handbook, McGraw-Hill, New York,. 1943, p. 804; C. E. Smith, Directional 
Antennas, Cleveland Institute of Radio Electronics, Cleveland; Ohio, 1946. | 


* The azimuth angle @ (Fig. 4-12) is measured counterclockwise (ccw) from the north. This is consis- 
tent with the engineering practice of measuring positive angles in a counterclockwise sense. However, 
it should be noted that the geodetic azimuth angle of a point is measured in the opposite, or clockwise 
(cw), sense from the reference direction, which is sometimes taken as south and sometimes as north. 
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Figure 4-13 Field patterns of primary and secondary arrays of 2 isotropic sources which multiplied 
together give pattern of total array of 4 isotropic sources. 


multiplied by the primary array pattern will then yield the total array pattern. If 
the secondary isotropic sources are also arranged as in Fig. 4-12 and have a 
phase difference of 180°, there is a null at ¢ = 270°. Let the spacing d = 0.6/. 
Then the secondary pattern is given by (1) where 


ywW=12ncos@+7 (6) 


The pattern is illustrated by Fig. 4-13b. By the principle of pattern multiplication, 
the total array pattern is the product of this pattern and the primary array 
pattern, or 


E = cos (54° cos @ — 52°) cos (108° cos @ + 90°) (7) 


This pattern, which is illustrated by Fig. 4-13c, satisfies the pattern requirements. 
The complete array is obtained by replacing each of the isotropic sources of the 
secondary pattern by the two-source array producing the primary pattern. The 
midpoint of each primary array is its phase center, so this point is placed at the 
location of a secondary source. The complete antenna is then a linear array of 
four isotropic point sources as shown in the lower part of Fig. 4-13, where now 
each source represents a single vertical tower. All towers carry the same current. 
The current of tower 2 leads tower 1 and the current of tower 4 leads tower 3 by 
104°, while the current in towers 1 and 3 and 2 and 4 are in phase opposition. 
The relative phase of the current is illustrated by the vectors in the lower part of 
Fig. 4-13c. 
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Figure 4-14 Phase patterns of primary, secondary and total arrays having the field patterns shown 
in Fig. 4-13. Phase patterns are given for the phase center at the midpoint of the array and at the 
southernmost source, the arrangement of the arrays and the phase centers being shown at (d). The 
phase angle € is adjusted to zero at ¢ = 0 in all cases. 


The solution obtained is only one of an infinite number of possible solu- 
tions involving four towers. It is, however, a satisfactory and practical solution to 
the problem. 

The phase variation € around the primary, secondary and total arrays is 
shown in Fig. 4-14a, b and c with the phase center at the centerpoint of each 
array and also at the southernmost source. The arrangement of the arrays with 
their phase centers is illustrated in Fig. 4-14d for both cases. 


4-5 NONISOTROPIC AND DISSIMILAR POINT SOURCES. In 
Sec. 4-3 nonisotropic but similar point sources were discussed, and it was shown 
that the principle of pattern multiplication could be applied. However, if the 
sources are dissimilar, this principle is no longer applicable and the fields of the 
sources must be added at each angle @ for which the total field is calculated. 
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Thus, for two dissimilar sources 1 and 2 situated on the x axis with source 1 at 
the origin and the sources separated by a distance d (same geometry as Fig. 4-6) 
the total field is in general 


E=E, + E, = Eo,/[f(¢) + aF(¢) cos w]* + [aF(¢) sin py]? 
/fAp) + arctan [aF(¢) sin W/(f(g) + aF(¢) cos W)] (1) 


where the field from source 1 is taken as 


E, = Ey f(9) [f) (2) 


and from source 2 as 


E, = aE, F(¢) /F (9) +d,cos@+06 (3) 


136 4 ARRAYS OF POINT SOURCES 


Figure 4-15 Relation of 2 nonisotropic dissimilar sources to 
coordinate system. 


where E, = constant 

a = ratio of maximum amplitude of source 2 to source 1 (0 < a < 1) 
w =d, cos ¢+ 6 —f,(p) + F,(), where 
6 = relative phase of source 2 with respect to source 1 

f() = relative field pattern of source 1 

f,(¢) = phase pattern of source 1 

F(d) = relative field pattern of source 2 

F () = phase pattern of source 2 


In (1) the phase angle (Z) is referred to the phase of the field from source 1 in 
some reference direction (f = @o). 

In the special case where the field patterns are identical but the phase pat- 
terns are not, a = 1, and 


I (g) = F() (4) 


from which 
E = 2, f(d) cos © /f4d) + wi2 6) 


where phase is again referred to source | in some reference direction ¢o. 
As an illustration of nonisotropic, dissimilar point sources, let us consider 
an example in which the field from source 1 is given by : 


E, =cos @ /0 (6) 
and from source 2 by 

E, =sin ¢ |w (7) 
where Wy = d, cos $6 + 0 
The relation of the two sources to the coordinate system and the individual field 


patterns is shown in Fig. 4-15. Source 1 is located at the origin. The total field E 
is then the vector sum of E, and E,, or 


E=cos ¢@+sin ¢ /p (8) 
Let us consider the case for 4/4 spacing (d = 1/4) and phase quadrature of the 
sources (6 = 2/2). Then 


Ww =-—(cos ¢ + 1) (9) 


% 
2 
The calculation for this case is easily carried out by graphical vector addition. 
The resulting field pattern for the total field E of the array is presented in Fig. 
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Figure 4-16 Field pattern of 
array of 2 nonisotropic dissimilar 
sources of Fig. 4-15 for d= 4/4 
and 6 = 90°. 


+ 360° 


+270° 


+ 180° 


Total phase angle, & 


0° 90° 180° 270° 360° 
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Figure 4-17 Phase pattern of array having field pattern of Fig. 4-16. The phase angle ¢ is with 
respect to source | as phase center. 


4-16, and the resulting phase pattern for the angle € is given in Fig. 4-17. The 
angle € is the phase angle between the total field and the field of source 1 in the 
direction ¢ = 0. 


4-6 LINEAR ARRAYS OF n ISOTROPIC POINT SOURCES OF 
EQUAL AMPLITUDE AND SPACING.* 


4-6a Introduction. Let us now proceed to the case of n isotropic point sources 
of equal amplitude and spacing arranged as a linear array, as indicated in Fig. 


1§ A. Schelkunoff, Electromagnetic Waves, Van Nostrand, New York, 1943, p. 342. 
J. A. Stratton, Electromagnetic Theory, McGraw-Hill, New York, 1941, p. 451. 
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To distant point 


7 
B. : 
~\ eee 


| d wee i! ee d ->| Figure 4-18 Arrangement of linear array 
1 2 3 4 5 n of n isotropic point sources. 


4-18, where n is any positive integer. The total field E at a large distance in the 
direction @ is given by 


Eel et et eae: aa (1) 


where wy is the total phase difference of the fields from adjacent sources as given 
by 


2 
y= cos § +5 =d, cos b+ 3 (2) 


where 0 is the phase difference of adjacent sources, 1.e., source 2 with respect to 1, 
3 with respect to 2, etc. 

The amplitudes of the fields from the sources are all equal and taken as 
unity. Source 1 (Fig. 4-18) is the phase reference. Thus, at a distant point in the 
direction @ the field from source 2 is advanced in phase with respect to source 1 
by y, the field from source 3 is advanced in phase with respect to source 1 by 2y, 
etc. 

Equation (1) is a geometric series. Each term represents a phasor, and the 
amplitude of the total field E and its phase angle € can be obtained by phasor 
(vector) addition as in Fig. 4-19. Analytically, E can be expressed in a simple 
trigonometric form which we now develop as follows: 

Multiply (1) by e”, giving 


jp aN AOL dpa Pear Te pte! (3) 
Now subtract (3) from (1) and divide by 1 — e”, yielding 
1—e™ 


Ee aah (4) 


Equation (4) may be rewritten as 


gin 2 / pinw/2 _ 9 ~inv/2 
= Sr ( 6 


Ea I! \V APIS 2 iwi2 
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Figure 4-19 (a) Vector addition of fields at a large distance from the linear array of 5 isotropic point 
sources of equal amplitude with source 1 as the phase center (reference for phase). (b) Same, but with 
midpoint of array (source 3) as phase center. 


from which 


ogg sin (ny//2) _ sin (nw /2) 


= = 6 
sin (W/2) sin (w/2) Ks (6) 
where ¢ is referred to the field from source 1. The value of ¢ is given by 
n—1 
= 4 
g=—-¥ (7 
If the phase is referred to the centerpoint of the array, (6) becomes 
sin (ny/2 
_ sin (np/2) a 
sin (W/2) 


In this case the phase pattern is a step function as given by the sign of (8). The 
phase of the field is constant wherever E has a value but changes sign when E 
goes through zero. 

When w = 0, (6) or (8) is indeterminate so that for this case E must be 
obtained as the limit of (8) as w approaches zero. Thus, for y = 0 we have the 
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Figure 4-20 Universal field-pattern chart for arrays of various numbers n of isotropic point sources 
of equal amplitude and spacing. 


1,0 


ah 


8 


NSN 


|Array factor| 
Oo 


relation that 
E=n (8a) 


This is the maximum value that E can attain. Hence, the normalized value of the 
total. field for E,,,, =n 1s 


_ 1 sin (np/2) 
~—n sin (w/2) 


The field as given by (9) will be referred to as the “array factor.” Values of the 
array factor as obtained from (9) for various numbers of sources are presented in 
Fig. 4-20. If wy is known as a function of ¢, then the field pattern can be obtained 
directly from Fig. 4-20. 

We may conclude from the above discussion that the field from the array 
will be a maximum in any direction ¢ for which wy = 0. Stated in another way, 
the fields from the sources all arrive at a distant point in the same phase when 
w = 0. In special cases, w may not be zero for any value of ¢, and in this case the 
field is usually a maximum at the minimum value of w. 

To illustrate some of the properties of linear arrays (9) will now be applied 
to several special cases. See BASIC programs in App. B for calculating patterns 
involving these different cases. See also Probs. 4-35 and 4-40. 


(9) 


4-6b Case 1. Broadside Array (Sources in Phase). The first case is a linear 
array of n isotropic sources of the same amplitude and phase. Therefore, 6 = 0 
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and 
Ww =d,cos d (10) 


To make w = 0 requires that @ = (2k + 1)(/2), where k = 0, 1, 2, 3, .... The field 
is, therefore, a maximum when 


andy i= (10a) 


That is, the maximum field is in a direction normal to the array. Hence, this 
condition, which is characterized by in-phase sources (6 = 0), results in a 
“broadside” type of array. 

As an example, the pattern of a broadside array of four in-phase isotropic 
point sources of equal amplitude is shown in Fig. 4-21a. The spacing between 
sources is A/2.' The field pattern in rectangular coordinates and the phase pat- 
terns for this array are presented in Fig. 4-21b. 


4-6c Case 2. Ordinary End-Fire Array. Let us now find the phase angle 
between adjacent sources that is required to make the field a maximum in the 
direction of the array (¢ = 0). An array of this type may be called an “end-fire” 
array. For this we substitute the conditions y = 0 and ¢ = 0 into (2), from which 


5=-—d, (11) 


Hence, for an end-fire array, the phase between sources is retarded progressively 
by the same amount as the spacing between sources in radians. Thus, if the 
spacing is 1/4, source 2 in Fig. 4-18 should lag source 1 by 90°, source 3 should 
lag source 2 by 90°, etc. 

As an example, the field pattern of an end-fire array of four isotropic point 
sources is presented in Fig. 4-22a. The spacing between sources is 4/2 and 
6 = —7. The field pattern in rectangular coordinates and the phase patterns are 
shown in Fig. 4-22b. The same shape of field pattern is obtained in this case if 
6 = +7 since, with d = 4/2, the pattern is bidirectional. However, if the spacing is 
less than 4/2, the maximum radiation is in the direction ¢ = 0 when 6 = —d, and 
in the direction @ = 180° when 6 = +d,. 


4-6d Case 3. End-Fire Array with Increased Directivity. The situation dis- 
cussed in Case 2, namely, for 6 = —d,, produces a maximum field in the direc- 
tion ¢ =0 but does not give the maximum directivity. It has been shown by 


1 If the spacing between elements exceeds A, sidelobes appear which are equal in amplitude to the 
main (center) lobe. These are called grating lobes (see Sec. 11-26). 
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Figure 4-21 (a) Field pattern of broadside array of 4 isotropic point sources of the same amplitude 
and phase. The spacing between sources is 4/2. (b) Field pattern in rectangular coordinates and phase 
patterns of same array with phase center at midpoint and at source 1. The reference direction for 
phase is at @ = 90°. 


Hansen and Woodyard’ that a larger directivity is obtained by increasing the 
phase change between sources so that 


5 = -(4 + *) (12) 
n 


This condition will be referred to as the condition for “increased directivity.” 


" W. W. Hansen and J. R. Woodyard, “A New Principle in Directional Antenna Design,” Proc. IRE, 
26, 333-345, March 1938. 
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Thus for the phase difference of the fields at a large distance we have 


W = d(cos ¢ — 1) —— (13) 
As an example, the field pattern of an end-fire array of four isotropic point 
sources for this case is illustrated in Fig. 4-23. The spacing between sources is 4/2, 
and therefore 6 = —(5z/4). Hence, the conditions are the same as for the array 
with the pattern of Fig. 4-22, except that the phase difference between sources is 
increased by 2/4. Comparing the field patterns of Figs. 4-22a and 4-23, it is 
apparent that the additional phase difference yields a considerably sharper main 


|E| 
+ 180° 
0 Phase center at 
aa mid-point of array 
one ) 
os 
D 0 
Si si Phase center 
a _~ 180° at source 1 
a (b) 
~@ —270 
~ 
= 
— 360° 
oO" 90° 180° 270° 360° 
p 
Figure 4-22 (a) Field pattern of ordinary end-fire array of 4 isotropic point sources of same ampli- 
tude. Spacing is 1/2 and the phase angle 6 = —z. (b) Field pattern in rectangular coordinates and 


phase patterns of same array with phase center at midpoint and at source 1. The reference direction 
for phase is at @ = 0. 
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Figure 4-23 Field pattern of end-fire 
array of 4 isotropic point sources of 
equal amplitude spaced 4/2 apart. The 
phasing is adjusted for increased direc- 
tivity (6 = —3n). 


lobe in the direction ¢ = 0. However, the back lobes in this case are excessively 
large because the large value of spacing results in too great a range in Wy. 

To realize the directivity increase afforded by the additional phase differ- 
ence requires that || be restricted in its range to a value of z/n at 6 =0 and a 
value in the vicinity of x at @ = 180°. This can be fulfilled if the spacing is 
reduced. For example, the field pattern of an end-fire array of 10 isotropic point 
sources of equal amplitude and spaced 4/4 apart is presented in Fig. 4-24a for the 
phase condition giving increased directivity (6 = —0.6z). In contrast to this 
pattern, one is presented in Fig. 4-24b for the identical antenna with the phasing 
of an ordinary end-fire array (6 = —0.5z). Both patterns are plotted to the same 


Figure 4-24 Field patterns of end-fire arrays of 
10 isotropic point sources of equal amplitude 
spaced 4/4 apart. The pattern at (a) has the 
phase adjusted for increased directivity 
(6 = —0.6z), while the pattern at (b) has the 
phasing of an _ ordinary end-fire array 
(6 = —0.5z). 
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Table 4-1 
Ordinary end-fire End-fire array with 
array increased directivity 
Beam width between half-power points 69° 38° 
Beam width between first nulls 106° 74° 
Directivity 11 19 


maximum. The increased directivity is apparent from the greater sharpness of the 
upper pattern. Integrating the pattern, including the minor lobes, the directivity 
of the upper pattern is found to be about 19 and of the lower pattern about 11. 
The beam widths and directivities for the two patterns are compared in 
Table 4-1. 

The maximum of the field pattern of Fig. 4-24a occurs at 6 =0 and 


yw = —7/n. In general, any increased directivity end-fire array, with maximum 
at wy = —7/n, has a normalized field pattern given by 
m \ sin (nw/2) 

| a ab ee 14 

cm @ sin (W/2) oo 


4-6e Case 4. Array with Maximum Field in an Arbitrary Direction. 
Scanning Array. Let us consider the case of an array with a field pattern having 
a maximum in some arbitrary direction @, not equal to kz/2 where k = 0, 1, 2 or 
3. Then (2) becomes 


0=d,cos ¢, + 6 (15) 


By specifying the spacing d,, the required phase difference 6 is then determined 
by (15). Conversely, by changing 6 the beam direction ¢, can be shifted or 
scanned. | 

As an example, suppose that n = 4, d = 4/2 and that we wish to have a 
maximum field in the direction of ¢ = 60°. Then 6 = —7/2, yielding the field 
pattern shown in Fig. 4-25. 


4-7 NULL DIRECTIONS FOR ARRAYS OF nr ISOTROPIC 
POINT SOURCES OF EQUAL AMPLITUDE AND SPACING. In 
this section simple methods are discussed for finding the directions of the pattern 
nulls of the arrays considered in Sec. 4-6. 

Following the procedure given by Schelkunoff,' the null directions for an 
array of n isotropic point sources of equal amplitude and spacing occur when 


1§ A. Schelkunoff, Electromagnetic Waves, Van Nostrand, New York, 1943, p. 343. 
S. A. Schelkunoff, “A Mathematical Theory of Arrays,” Bell System Tech. J., 22, 80-107, January 
1943. 
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Figure 4-25 Field pattern of array 
of 4 isotropic point sources of equal 
amplitude with phasing adjusted to 
give the maximum at ¢ = 60°. The 


ao spacing is 4/2. 


E = 0 or, provided that the denominator of (4-6-4) is not zero, when 
em = | (1) 
Equation (1) requires that 
ny = +2Kn (2) 
WHCTCENG —«le 65... : 
Equating the value of w in (2) to its value in (4-6-2) gives 


2K 
W =d, cos do +5= +——" (3) 


9 = arccos (2 aT 5) :| (4) 
n d, 


where @y gives the direction of the pattern nulls. Note that values of K must be 
excluded for which K = mn, where m = 1, 2, 3, .... Thus, if K = mn, (2) reduces to 
Ww = +2mz and the denominator of (4-6-4) equals zero so that the null condition 
of (1), that the numerator of (4-6-4) be zero, is insufficient. 

In a broadside array 6 = 0, so that for this case (4) becomes 


K KA 
z =| = arccos ( +) (5) 
; nd 


Thus, 


do = arccos ( of 
nd 


As an example, the field pattern of Fig. 4-21 (n = 4, d = 1/2, 5 = 0) has the 
null directions 


Po = arccos ( +4) (6) 
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For K = 1, dp = +60° and +120°, and for K = 2, 6) = 0° and 180°. These are 
the six null directions for this array. 

If do in (3) is replaced by its complementary angle yo (see Fig. 4-18), then (5) 
becomes 


; Ki 
Yo = arcsin 7 (7) 


If the array is long, so that nd > KA, 


ate . 


NS 


The first nulls either side of the maximum occur for K = 1. These angles will be 
designated y,,. Thus, 
~+4 ) 
Yo. —_— — nd 
and the total beam width of the main lobe between first nulls for a long broadside 
array is then 


2A 
Pay yia ee (10) 
nd 


For the field pattern in Fig. 4-21 this width is exactly 60°, while as given by (10) it 
is 1 rad, or 57.3°. This pattern is for an array 24 long. The agreement would be 
better with longer arrays. 

Turning next to end-fire arrays, the condition for an ordinary end-fire array 
is that 6 = —d,. Thus, for this case (3) becomes 


2Kn 


cos @) —1= + (11) 
nd, 

from which we obtain 
sel a Kn (12) 
5 ==ArCsiiin eat. . A 

Ki 

or = nme) (13) 

oo = 2 arcsin (2 ae ) 


As an example, the field pattern of Fig. 4-22 (n = 4, d = 4/2, 6 = —7) has 


the null directions 
K 
9 = 2 arcsin (: J) (14) 


For K = 1, dp) = +60°; for K = 2, dp = +90", etc. 
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If the array is long, so that nd > KA, (13) becomes 
ad meh Wier (15) 


The first nulls either side of the main lobe occur for K = 1. These angles will be 


designated ¢,,. Thus, 
[2A 
as ON fae (16) 
Po1 — nd 


and the total beam width of the main lobe between first nulls for a long ordinary 


end-fire array is then 
[2A 
20, ~2 /— (17) 
nd 


For the field pattern in Fig. 4-22 this width is exactly 120°, while as given by (17) 
it is 2 rad, or 115°. 

For end-fire arrays with increased directivity as proposed by Hansen and 
Woodyard, the condition is that 6 = —(d, + x/n). Thus, for this case (3) becomes 


d.(cos bu Wee (18) 
n n 
from which 
Poe us (19) 
te arcsin | + ond, (2K — 1) 
A 
or = in| + /—-QK-1 (20) 
ob» = 2 arcsin E Ja | 


If the array is long, so that nd > KA, (20) becomes 


$o~+ |Z eK-y (21) 


The first nulls either side of the main lobe, $5,, occur for K = 1. Thus, 


bx |Z 22) 


and the total beam width of the main lobe between first nulls for a long end-fire 
array with increased directivity is then 


A 
~ a 23 
2bo, 2, |= (23) 
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This width is 1 i /2, or 71 percent, of the width of the ordinary end-fire array. As 
an example, the ordinary end-fire array pattern of Fig. 4-24b has a beam width 
between first nulls of 106°. The width of the pattern in Fig. 4-24a for the array 
with increased directivity is 74°, or 70 percent as much. 

Table 4-2 lists the formulas for null directions and beam widths for the 
different arrays considered above. The null directions in column 2 apply to arrays 
of any length. The formulas in the third and fourth columns are approximate and 
apply only to long arrays. 

The formulas in Table 4-2 have been used to calculate the curves presented 
in Fig. 4-26. These curves show the beam width between first nulls as a function 
of nd, for three types of arrays: broadside, ordinary end-fire and end-fire with 
increased directivity. The quantity nd, (=nd/A) is approximately equal to the 
length of the array in wavelengths for long arrays. The exact value of the array 
length is (n — 1)d,. 

The beam width of long broadside arrays is inversely proportional to the 
array length, whereas the beam width of long end-fire types is inversely pro- 
portional to the square root of the array length. Hence, the beam width in the 
plane of a long linear broadside array is much smaller than for end-fire types of 
the same length as shown by Fig. 4-26. It should be noted, however, that the 
broadside array has a disc-shaped pattern with a narrow beam width in a plane 


Table 4-2 Null directions and beam widths between first nulls for linear arrays of 
n isotropic point sources of equal amplitude and spacing. 


(For n> 2. The angles in columns 3 and 4 are expressed in radians. To convert to degrees, multiply 
by 57.3.) 


Beam width 
between first 
Type of Null directions Null directions nulls 
array (array any length) (long array) (long array) 
G ] +2Kn 1 
pet: do = arccos ( os 5) in 
KA KA 2A 
Broadside Yo = arcsin | + a Voor ar Dn, oe oy 
Ordinary KA oR, [2a 
end-fire Po = 2 arcsin (+ a) do=t ag 2Go1 = 2 | 
End-fire with A [A [A 
= i — _ ~ — —1 2 ~2 |— 
Peta > = 2 arcsin E | And (2K 0 (pte ee a (2K ) Por ar 
directivity 


(Hansen and 
Woodyard) 
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Ordinary end-fire 
End-fire with 


Figure 4-26 Beam width between 
first nulls as a function of nd, for 
arrays of n isotropic point sources 
of equal amplitude. For long 

nd arrays, nd, is approximately equal 
(approx. array length) to the array length. 


Beam width between first nulls (BWEN) 


through the array axis but a circular pattern (360° beam width) in the plane 
normal to the array axis. On the other hand, the end-fire array has a cigar- 
shaped pattern with the same beam width in all planes through the array axis. 


4-8 BROADSIDE VERSUS END-FIRE ARRAYS. TURNS 
VERSUS DIPOLES AND 3-DIMENSIONAL ARRAYS. Assuming 
that the half-power beam width (HPBW) is 4 the beam width between first nulls 
(BWEN) (an approximation), we have from (2-9-4) and (4-7-10) that the direc- 
tivity of a linear broadside array is given approximately by 


An 4nnd 
D ~ —— = — =2L 1 
Pup Pup 2nd y 
where n = number of sources 
d = spacing between sources, m 
A = wavelength, m 
L, =nd/A = L/A = length of array in wavelengths, dimensionless 


The pattern is disc-shaped so @ = 360°, or 27 radians. It is assumed that 
Pup = BWFN/2 = 2/nd; also that L, > 1 so that L ~ nd. 
From (4-7-17), the directivity of an ordinary end-fire array is approximately 


nd 
D= 4x) = 2nL, (2) 
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while from (4-7-23) the directivity of an end-fire array with increased directivity is 
approximately 


nd 
La ea el (3) 


A general expression for directivity, as given by (2-22-9), is 
D=—— (4) 


where A, = effective aperture, m7? 


For a square unidirectional broadside array or aperture with 100 percent 
aperture efficiency (uniform aperture distribution) we have 


Ape 1, (m7) 
and 
D = 4nLi (5) 


For 100 percent aperture efficiency (uniform aperture distribution) the 
directivity of a circular unidirectional broadside array or aperture is 


D = n*d? (6) 
where d, = d/A = diameter of array or aperture in wavelengths, dimensionless 


These directivity relations are summarized in Table 4-3, which also gives 
half-power beam widths and numerical directivities for array lengths (or 
diameters) of 1 to 1000 as measured in wavelengths. 

For array dimensions of the order of 4, the increased directivity end-fire 
array and square broadside array have comparable directivities. We note, 
however, that the end-fire directivity is proportional to the length L, while the 
directivity of the broadside square array is proportional to the square of the side 
length L,. Hence, for a high directivity an end-fire array must have a much 
greater dimension than a square broadside array. For example, a square array 
with 1000A on a side has a directivity (see Table 4-3) of 12.6 million. To equal this 
directivity an increased-directivity end-fire array must be 1 million 4 long and an 
ordinary end-fire array 2 million 1 long. Even if all the sources or elements of 
such a long end-fire array could be fed with equal amplitude and in proper phase, 
the great length of the array is a severe disadvantage. Thus, it is apparent why 
broadside arrays or apertures are invariably used for high-directivity (high-gain) 
applications. The broadside aperture may consist of an array of 4/2 dipoles or it 
may be the aperture of a parabolic reflector antenna with single feed point or, as 
discussed next, a broadside array of intermediate-length end-fire antennas. 

With uniform amplitude of all 4/2 dipole elements across a large aperture 
(and dipole spacing no more than 1/2), there is nothing to be gained by replacing 
each 1/2 dipole by a more directional end-fire antenna. However, if each end-fire 
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Table 4-3 Directivities and beamwidths of arrays and aperturest 


Directivity for L, or d, equal to 


Array Directivity Half-power 
(or aperture){ formula 1 10 100 1000 beam widths 
Linear 25 2 20 200 2000 50.8° x 360° 
broadside array of i by 

length L, 

Ordinary 2nL, 6.3 63 630 6300 108° 
end-fire array of Wie: 

length L, 

Increased-directivity 4nL, 12.6 126 1260 12600 SZ 

end-fire array of wis 

length L, 

Square 4nLZ 126 1260 126 000 1:26 x 10’ = 50:8 sap0s 
broadside aperture i ‘ (bp 
with side length L, 

Circular nd? 9.9 990 99000 9.9 x 10° 58° 
broadside aperture dy 


with diameter d, 


Flat array (length L,) . L,./8Ly, 
of ordinary end-fire 


antennas (length L,;)§ 
Same but square n./8L3 8.9 281 8900 281000 
(Liz = L,8 


Flat array (length L,) 4nLy./ Lig 
of increased-directivity 


end-fire antennas 
(length Ly, )§ 


Same but square Ane: 12.6 398 12600 398000 
(Lig = Li¥8 


+ The directivities for the arrays (broadside and end-fire) are approximate while for the apertures (square and 
circular) the directivities are exact. Note that if the directivity of the square or circular aperture is calculated using 
the approximation 41 000/6)p dp the result is larger than the directivity given in the table. See discussion regarding 
this approximation in connection with (3-13-16) and (3-13-18). 

Arrays or apertures are assumed to be large compared to the wavelength and to have uniform amplitude 
distribution. Specifically, the square and circular apertures are assumed to have 100 percent aperture efficiency. See 
text for other assumptions involved. 

The directivities for the square and circular apertures are identical in form to the more general exact relation 
given by (4), which applies to an aperture of any shape. 

{ L, = array length, wavelengths 
d, = array diameter, wavelengths 
L,, = ordinary end-fire array length, wavelengths 
L,, = increased-directivity end-fire array length, wavelengths 


§ Beam off edge, not perpendicular to flat side. 
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antenna is used to replace several 1/2 dipoles then some benefits may accrue as 
described in the following example involving a broadside array of end-fire 
antennas. An array of this type may be called a volume or 3-dimensional array. 
Figure 4-27a is an edge view of a 12 x 12 broadside array of 144 point 
sources with 4/2 spacing. The figure shows 12 elements as seen from one edge. 
Let each source consist of a 4/2 dipole element as suggested in partial broadside 
view in Fig. 4-27e. The array of Fig. 4-27a is bidirectional but if backed at 4/4 
spacing by an identical array fed with equal amplitude currents and 90° phase 
difference, each pair of dipoles has a unidirectional pattern (as in Fig. 4-5) and 
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Figure 4-27 Equivalence of broadside array of 4/2 dipoles and 3-dimensional broadside-end-fire 
array. Parts a, b,c and d are edge or side views while e is a front or broadside view. 
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the entire 12 x 12 x 2 array is unidirectional as suggested in Fig. 4-27b. An alter- 
native, simpler arrangement is to replace the second array with a conducting 
flat-sheet reflector or ground plane at an appropriate spacing, as in Fig. 4-27c. 

A 4/2 dipole has a directivity D = 1.64, and taking the directivity of dipole 
with reflector as twice this value or 3.28 (=2 x 1.64), the equivalent effective 
aperture is 

Pe 
Ate Bai = eee a= 0.2675 (7) 
An 4n 
or approximately 4/4, as suggested in Fig. 4-27e. 

The 12 x 12 array has 144 feed points. By substituting an end-fire array of 
appropriate directivity and effective aperture for a group of 4/2 dipole elements, 
the number of elements and feed points can be reduced. Thus, let us replace 9 4/2 
dipoles by a single end-fire array. The 9 4/2 elements have an effective aperture of 


A. = (2) 2 ae ees (8) 
va 2) Ged on 


For an increased-directivity end-fire array to provide an effective aperture 
of 2.254? requires an array directivity 


4nA 
D(required) = ey = 4x 2 =o (9) 
The required length of the increased-directivity end-fire array is then 
ATC QUIN | ae ee 2.254 (10) 


An effective end-fire array which meets the above requirements is a 9-turn 
monofilar axial-mode helical antenna (see Chap. 7) with 4/nx diameter and //4 
spacing between turns making the length L = 9 x 0.254 = 2.25). This end-fire 
antenna has the remarkable properties of increased directivity, wide bandwidth 
(over 2 to 1) and very small mutual coupling between adjacent helices. It is fed 
from one end through the ground plane by a coaxial transmission line (as in 
Fig. 4-27d) which may be 50 Q or other convenient impedance. 

With each 9-turn helix replacing 9 4/2 dipoles the broadside array of 144 
4/2 dipoles is replaced by 16 (= 144/9) helices which reduces the complexity of the 
feed system and provides an array readily capable of wide bandwidth operation. 

The effective aperture of the array is 61 x 6/1 = 364? for a directivity 


D = 4n x 36 = 452 (or 26.6 dBi) (11) 


As a further step, the 16 9-turn helices could be replaced by 4 36-source 
end-fire arrays (36-turn helices), and as a final step, the 4 helices by a single 
144-source end-fire array (144-turn helix) 36/4 long. Such a long helix is not prac- 
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tical but, even if it were, its great length is a disadvantage as compared to a more 
compact array with a number of shorter helices. , 

In the above example each turn of a helix (as an end-fire source) has a 
directivity equal to a 4/2 dipole with reflector (as a broadside source), but polariz- 
ations differ (helix circularly polarized and dipole linearly polarized). In 
summary, we considered the following cases: 


1. 12 x 12 array of reflector-backed 4/2 dipoles: 12 x 12 = 144 sources 
2. 4 x 4 array of 9-turn helical end-fire antennas: 4x 4x 9 = 144 sources 
3. 2 x 2 array of 36-turn helical end-fire antennas: 2 x 2 x 36 = 144 sources 
4. Single 144-turn helical end-fire antenna: 1 x 144 = 144 sources 


Thus, for constant directivity and effective aperture, the number of sources 
is a constant whether the sources are arranged in a flat broadside array or in 
3-dimensional broadside-end-fire configurations, all sources having uniform 
amplitude. Although the constant directivity and effective aperture in the above 
example may not apply fully for all 3-dimensional arrays, the example illustrates 
the principle that for a given number of sources, various configurations may 
produce (ideally) similar, if not identical, directivities and effective apertures. 

Another broadside-end-fire combination is a flat (or planar) array consisting 
of a linear array with only a single row of end-fire antennas (helices) as in Fig. 
4-27d (no other arrays stacked perpendicular to the page). The beam width in one 
plane is determined by the broadside length L, and the beam width in the other 
plane by the end-fire length L,, (for ordinary end-fire) or length L,,. (for 
increased directivity). 

The directivity for the ordinary end-fire case is 


D(ordinary) = 2L,./8L,, (12) 
and if L, = L,, (square flat array), 
D(ordinary) = 2,/8L3 (13) 


The directivity for the increased directivity case is 
D(increased directivity) = 4L, she (14) 
and if L, = L,,- (square flat array), 
Dincrerce diet it 4n,./L3 (15) 


These relations are summarized in Table 4-3. 

An early application of end-fire antennas in a large 3-dimensional array, 
which I designed and built in 1951, is shown in Fig. 7-4. It has 96 helices of 11 
turns each in a 4x 24 configuration. Equivalent to an array of 1056 
(=11 x 96)A/2 dipoles with reflectors, it has a wide bandwidth (over 2 to 1) and is 
simple to feed. 
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4-9 DIRECTIONS OF MAXIMA FOR ARRAYS OF 1 
ISOTROPIC POINT SOURCES OF EQUAL AMPLITUDE AND 
SPACING. Let us now proceed to a discussion of the methods for locating the 
positions of the pattern maxima. The major-lobe maximum usually occurs when 
yw = 0. This is the case for the broadside or ordinary end-fire array. The main 
lobes of the broadside array are then at @ = 90° and 270°, while for the ordinary 
end-fire array the main lobe is at 0° or 180° or both. For the end-fire array with 
increased directivity the main-lobe maximum occurs at a value of Wy = +7z/n with 
the main lobe at 0° or 180°. Referring to Fig. 4-24a, the main-lobe maximum (first 
maximum) for this case occurs at the first maximum of the numerator of (4-6-8). 
The maxima of the minor lobes are situated between the first- and higher- 
order nulls. It has been pointed out by Schelkunoff that these maxima occur 
approximately whenever the numerator of (4-6-8) is a maximum, i.e., when 


ny 


in —- = | 1 
sin 5 (1) 


Referring to Fig. 4-28, we note that the numerator of (4-6-8) varies as a function 
of w more rapidly than the denominator sin (w/2). This is especially true when n 
is large. Thus, although the nulls occur exactly where sin (nw/2) = 0, the maxima 
occur approximately where sin (nw/2) = 1. This condition requires that 

Tl 

5 = £0K +15 (2) 
ere We =a liye 3i5 

Substituting the value of w from (2) into (4-6-2) gives 


+(2K 41 
altcas by += =” (3) 
Therefore 
42K 41 
emeSn | aera " | | (4) 
n r 


where ¢,, = direction of the minor-lobe maxima 
For a broadside array, 6 = 0 so that (4) becomes 


E +(2K + 1)A 
2nd 


As an example, the field pattern of Fig. 4-21 (n= 4, d= 41/2, 6 =0) has the 
minor-lobe maxima at 


Pm acco 


(5) 


+(2K + 1 
Pm X arccos ae (6) 


For K = 1, ¢,, = +41.4° and +138.6°. These are the approximate directions for 
the maxima of the four minor lobes of this pattern. 
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For an ordinary end-fire array, 6 = —d, so that (4) becomes 
+(2K + 1A 
Larecos | pl ys 
while, for an end-fire array with increased directivity, 6 = —(d, + n/n) and 
R 
Dim & aLCcos ana [1+(Q2QK 4+ 1)] +1 (8) 
n 


The above formulas for the approximate location of the minor-lobe maxima 
are listed in Table 4-4 (K = 1 for first minor lobe, K = 2 for sécond minor lobe, 
etc.) os, 

The amplitudes of the field at the minor-lobe maxima are also of interest. It 
has been shown by Schelkunoff that since the numerator of (4-6-9) is approx- 
imately unity at the maximum of a minor lobe, the relative amplitude of a minor- 
lobe maximum Ey, is given by 


1 


ML Sista (W/2) ! 0) 
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Table 4-4 Directions of minor-lobe maxima for linear arrays of 
n isotropic point sources of equal amplitude and spacing 


Type of array Directions of minor-lobe maxima 
+(2K + 1)z 1 
General @ = arccos< | ——$—$ ——— 0 | — 
n d, 
+(2K + 1)A 
Broadside GAT CCOS ee 
2nd 
; +(2K + 1)A 
Ordinary end-fire Oa CCOR | tr 
2nd 
End-fire with increased directivity A 
(Hansen and Woodyard) Pm ~ ALCCOS (9 [1+ (@K + 1)] + 1 


Introducing the value of w from (2) into (9) yields 


1 


fu. ~ sin [2K 4 Dn/2n] (10) 


When n > K, that is, for the first few minor lobes of an array of a large number 
of sources, we have the further approximation 


2 


Eu (Bam (2K + 1)n (11) 


Thus, for arrays of a large number of sources the relative amplitude of the 
first few minor lobes is given by (11) for K = 1, 2, 3, etc. In a broadside or 
ordinary end-fire array, the major-lobe maximum is unity so that the relative 
amplitudes of the maximum and first five minor lobes for arrays of these types 
and many sources are 1, 0.21, 0.13, 0.09, 0.07 and 0.06. From the curve for n = 20 
in Fig. 4-20 we have the corresponding relative amplitudes given by 1, 0.22, 0.13, 
0.09, 0.07 and 0.06. For an end-fire array with increased directivity the maximum 
for ¢ = 0 and n = 20 occurs at w = 2/20 = 9°. At this value of w the array factor 
is 0.63. Putting the maximum equal to unity then makes the relative amplitudes 
1, 0.35, 0.21, 0.14, 0.11 and 0.09. It is interesting to note in (10) that the maximum 
amplitude of the smallest minor lobe occurs for 2K + 1 =n. Then 


sin [cea | = 1 (12) 
2n 


1 
and Em =~ a (13) 


The condition 2K + 1 =n is exactly fulfilled when n is odd for the minor-lobe 
maximum at w = 180° (see Fig. 4-20). When n is even, the condition is approx- 
imately fulfilled by the minor lobes nearest wy = 180°. Thus, the maximum ampli- 
tude of the smallest minor lobe of the field pattern of any array of n isotropic 
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point sources of equal amplitude and spacing will never be less than 1/n of the 
major-lobe maximum. An exception to this is where the range of w ends after a 
null in the array factor has been passed but before the next maximum has been 
reached. In this case the maximum of the smallest minor lobe may be arbitrarily 
small. 


4-10 LINEAR BROADSIDE ARRAYS WITH NONUNIFORM 
AMPLITUDE DISTRIBUTIONS. GENERAL CONSIDERATIONS. 
In the preceding section, our discussion was limited to linear arrays of n isotropic 
sources of equal amplitude. This discussion will now be extended to the more 
general case where the amplitude distribution may be nonuniform. In introducing 
this subject, it is instructive to compare field patterns of four types of amplitude 
distributions, namely, uniform, binomial, edge and optimum. To be specific, let us 
consider a linear array of five isotropic point sources with 4/2 spacing. If the 
sources are in phase and all equal in amplitude, we may calculate the pattern as 
discussed in Sec. 4-6, the result being as shown in Fig. 4-29 by the pattern desig- 
nated uniform. A uniform distribution yields the maximum directivity. The 
pattern has a half-power beam width of 23°, but the minor lobes are relatively 
large. The amplitude of the first minor lobe is 24 percent of the major-lobe 
maximum (see Fig. 4-20, n = 5). In some applications this minor-lobe amplitude 
may be undesirably large. 

To reduce the sidelobe level of linear in-phase broadside arrays, John Stone 
Stone! proposed that the sources have amplitudes proportional to the coefficients 
of a binomial series of the form 


(n — 1)(n — 2) 


(a+ by" 1 =a" 14 (n—1)a"”-*b + a" )p? 4 --- (1) 


where n is the number of sources. Thus, for arrays of three to six sources the 
relative amplitudes are given by 


n Relative amplitudes 
(Pascal’s triangle) 


Leia | 
14 6 41 
fee tO st 0/59 el 


3 
4 
3) 
6 


where the amplitudes are arranged as in Pascal’s triangle (any inside number is 
equal to the sum of the adjacent numbers in the row above). 

Applying the binomial distribution to the array of five sources spaced 1/2 
apart, the sources have the relative amplitudes 1, 4, 6, 4, 1. The resulting pattern, 


1 John Stone Stone, U.S. Patents 1,643,323 and 1,715,433. 
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Figure 4-29 Normalized field patterns of broadside arrays of 5 isotropic point sources spaced 4/2 
apart. All sources are in the same phase, but the relative amplitudes have four different distributions: 
uniform, binomial, optimum and edge. Only the upper half of the pattern is shown. The relative 
amplitudes of the 5 sources are indicated in each case by the array below the pattern, the height of the 
line at each source being proportional to its amplitude. All patterns are adjusted to the same 
maximum amplitude. 


designated binomial, is shown in Fig. 4-29. Methods of calculating such patterns 
are discussed in the next section. The pattern has no minor lobes, but this has 
been achieved at the expense of an increased beam width (31°). For spacings of 
4/2 or less between elements, the minor lobes are eliminated by Stone’s binomial 
distribution. However, the increased beam width and the large ratio of current 
amplitudes required in large arrays are disadvantages. 

At the other extreme from the binomial distribution, we might try an edge 
distribution in which only the end sources of the array are supplied with power, 
the three central sources being either omitted or inactive. The relative amplitudes 
of the five-source array are, accordingly, 1, 0, 0, 0, 1. The array has, therefore, 
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degenerated to two sources 2A apart and has the field pattern designated as edge 
in Fig. 4-29. The beam width between half-power points of the “main” lobe 
(normal to the array) is 15°, but “minor” lobes are the same amplitude as the 
“main” lobe. 

Comparing the binomial and edge distributions for the five-source array 
with 4/2 spacing, we have 


Half-power Minor-lobe amplitude 
Type of distribution beam width (% of major lobe) 


Binomial 31° 0 
Edge 57 100 


Although for most applications it would be desirable to combine the 15° 
beam width of the edge distribution with the zero minor-lobe level of the bino- 
mial distribution, this combination is not possible. However, if the distribution is 
between the binomial and the edge type, a compromise between the beam width 
and the sidelobe level can be made; i.e., the sidelobe level will not be zero, but the 
beam width will be less than for the binomial distribution. An amplitude distribu- 
tion of this nature for linear in-phase broadside arrays has been proposed by 
Dolph! which has the further property of optimizing the relation between beam 
width and sidelobe level; i.e., if the sidelobe level is specified, the beam width 
between first nulls is minimized, or, conversely, if the beam width between first 
nulls is specified, the sidelobe level is minimized. Dolph’s distribution is based on 
the properties of the Tchebyscheff polynomials and accordingly will be referred 
to as the Dolph-Tchebyscheff or optimum distribution. 

Applying the Dolph-Tchebyscheff distribution to our array of five sources 
with 1/2 spacing, let us specify a sidelobe level 20 dB below the main lobe, ie., a 
minor-lobe amplitude 10 percent of the main lobe. The relative amplitude dis- 
tribution for this sidelobe level is 1, 1.6, 1.9, 1.6, 1 and yields the pattern desig- 
nated optimum in Fig. 4-29. Methods of calculating the distribution and pattern 
are discussed in the next section. The beam width between half-power points is 
27°, which is less than for the binomial distribution. Smaller beam widths can be 
obtained only by raising the sidelobe level. The Dolph-Tchebyscheff distribution 
includes all distributions between the binomial and the edge. In fact, the binomial 
and edge distributions are special cases of the Dolph-Tchebyscheff distribution, 
the binomial distribution corresponding to an infinite ratio between main- and 
sidelobe levels and the edge distribution to a ratio of unity. The uniform distribu- 
tion is, however, not a special case of the Dolph-Tchebyscheff distribution. 


1 C. L. Dolph, “A Current Distribution for Broadside Arrays Which Optimizes the Relationship 
between Beam Width and Side-Lobe Level,” Proc. IRE, 34, no. 6, 335-348, June 1946. 
H. J. Riblet, “ Discussion on Dolph’s Paper,” Proc. IRE, 35, no. 5, 489-492, May 1947. 
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Referring to Fig. 4-29, we may draw a number of general conclusions 
regarding the relation between patterns and amplitude distributions. We note 
that if the amplitude tapers to a small value at the edge of the array (binomial 
distribution), minor lobes can be eliminated. On the other hand, if the distribu- 
tion has an inverse taper with maximum amplitude at the edges and none at the 
center of the array (edge distribution), the minor lobes are accentuated, being in 
fact equal to the “main” lobe. From this we may quite properly conclude that 
the minor-lobe level is closely related to the abruptness with which the amplitude 
distribution ends at the edge of the array. An abrupt discontinuity in the distribu- 
tion results in large minor lobes, while a gradually tapered distribution approach- 
ing zero at the edge minimizes the discontinuity and the minor lobe amplitude. 
In the next section, we shall see that the abrupt discontinuity produces large 
higher “harmonic” terms in the Fourier series representing the pattern. On the 
other hand, these higher harmonic terms are small when the distribution tapers 
gradually to a small value at the edge. There is an analogy between this situation 
and the Fourier analysis of wave shapes. Thus, a square wave has relatively large 
higher harmonics, whereas a pure sine wave has none, the square wave being 
analogous to the uniform array distribution while the pure sine wave is analo- 
gous to the binomial distribution. 

The preceding discussion has been concerned with arrays of discrete sources 
separated by finite distances. However, the general conclusions concerning ampli- 
tude distributions which we have drawn can be extended to large arrays of con- 
tinuous distributions of an infinite number of point sources, such as might exist 
in the case of a continuous current distribution on a metal sheet or in the case of 
a continuous field distribution across the mouth of an electromagnetic horn. If 
the amplitude distribution follows a Gaussian error curve, which is similar to a 
binomial distribution for discrete sources, then minor lobes are absent but the 
beam width is relatively large. An increase of amplitude at the edge reduces the 
beam width but results in minor lobes, as we have seen. Thus, in the case of a 
high-gain parabolic reflector type of antenna, the illumination of the reflector by 
the primary antenna is usually arranged to taper toward the edge of the parab- 
ola. However, a compromise is generally made between beam width and side- 
lobe level so that the illumination is not zero at the edge but has an appreciable 
value as in a Dolph-Tchebyscheff distribution. 


4-11 LINEAR ARRAYS WITH NONUNIFORM AMPLITUDE 
DISTRIBUTIONS. THE DOLPH-TCHEBYSCHEFF OPTIMUM 
DISTRIBUTION. In this section linear in-phase arrays with nonuniform 
amplitude distributions are analyzed, and the development and application of the 
Dolph-Tchebyscheff distribution are discussed. 

Let us consider a linear array of an even number n, of isotropic point 
sources of uniform spacing d arranged as in Fig. 4-30a. All sources are in the 
same phase. The direction @ = 0 is taken normal to the array with the origin at 
the center of the array as shown. The individual sources have the amplitudes Ap, 
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Figure 4-30 Linear broadside arrays of n isotropic sources with uniform spacing for n even (a) and n 
odd (b). 


A,, Az, etc., as indicated, the amplitude distribution being symmetrical about the 
center of the array. The total field E,, from the even number of sources at a large 
distance in a direction @ is then the sum of the fields of the symmetrical pairs of 
sources, Or 


3 —] 
E, = 2Ao cos +24, cos Hs + 24, cos ("5 v) (1) 
2nd 
where ve ae sin 6 = d, sin 0 (2) 


A 


Each term in (1) represents the field due to a symmetrically disposed pair of the 
SOUICES. 
Now let 


Ok +1) 7 


mnere kK = (), 1,2, 3, ...so that 
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Then (1) becomes 
seg beh 2k +1 
Ei Wy ened ens (Ae v) (3) 


k=0 
where N = n,/2 
Next let us consider the case of a linear array of an odd number n, of 
isotropic point sources of uniform spacing arranged as in Fig. 4-30b. The ampli- 
tude distribution is symmetrical about the center source. The amplitude of the 
center source is taken as 2A), the next as A,, the next as A,, etc. The total field 
E,,, from the odd number of sources at a large distance in a direction @ is then 


n, — 1 
E,,, = 2Ag +. 2A; cos f+ 2A, COS 2f +2744 2A, cos ( = v) (4) 
Now for this case let 
2k alan 
where k = 0, 1, 2, 3,.... Then (4) becomes 
k=N W 
B= 2.) 8A, cos (2 *) (5) 
; k=0 2 


where N = (n, — 1)/2 


The series expressed by (4) or by (5) may be recognized as a finite Fourier 
series of N terms.’ For k =0 we have a constant term 2A, representing the 
coiitribution of the center source. For k = 1 we have the term 2A, cos w rep- 
resenting the contribution of the first pair of sources on either side of the center 
source. For each higher value of k we have a higher harmonic term which in each 
case represents the contribution of a pair of symmetrically disposed sources. 
Thus, the total field pattern is simply the sum of a series of terms of increasing 
order in the same way that the waveform of an alternating current can be rep- 
resented as a Fourier series involving, in general, a constant term, a fundamental 
term and higher harmonic terms. The field pattern of an even number of sources 
as given by (1) or (3) is also a finite Fourier series but one which has no constant 
term and only odd harmonics. The coefficients A,, A,, ... in both series are 
arbitrary and express the amplitude distribution. 

To illustrate the Fourier nature of the field-pattern expression, let us con- 
sider the simple example of an array of 9 isotropic point sources spaced //2 
apart, having the same amplitude and phase. Hence, the coefficients are related as 
follows: 2Ayg = Ay = A, = Aj; = A, = 4. The number of sources is odd; hence 
the expression for the field pattern is then given by (5) as 


E, =z +cos w+ cos 2y + cos 3y + cos 4y (6) 


‘ Irving Wolff, “ Determination of the Radiating System Which Will Produce a Specified Directional 
Characteristic,” Proc. IRE, 25, 630-643, May 1937. 
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Figure 4-31 Resolution of total pattern of array of 9 isotropic sources into Fourier components due 
to center source and pairs of symmetrically disposed sources. The relative field pattern of the entire 
array is shown by (f). The lower halves of patterns are not shown. (Note that the end-fire lobes are 
wider than the broadside lobes.) 


The first term (k = 0) is a constant so that the field pattern is a circle of amplitude 
4 as shown in Fig. 4-31a. The second term (k = 1) may be regarded as the funda- 
mental term of the Fourier series and gives the pattern of the two sources (A, in 
Fig. 4-30b) on either side of the center. This pattern has 4 lobes of maximum 
amplitude of unity, as illustrated in Fig. 4-31b. The next term (k = 2) may be 
regarded as the second harmonic term and gives the pattern of the next pair of 
sources (A, in Fig. 4-30b). This pattern has 8 lobes as shown by Fig. 4-31c. The 
last two terms represent the third and fourth harmonics, and the patterns have 12 
and 16 lobes, respectively, as indicated by Fig. 4-31d and e. The above relations 
may be summarized as in Table 4-5. 

The algebraic sum of the patterns given by the five terms is the total far- 
field pattern of the array which is presented in Fig. 4-31f If the middle source of 
the array has zero amplitude or is omitted, the total pattern is then the sum of 
the four terms for which k = 1, 2, 3 and 4. If in addition the pair of sources A, is 
omitted, the total pattern is the sum of three terms for which k = 2, 3 and 4. 
Since these are higher harmonic terms, we may properly expect that in this case 
the minor lobes of the total pattern will be accentuated. It is apparent from the 
above discussion that the field pattern of any symmetrical amplitude distribution 
can be expresed as a series of the form of (3) or (5). 


Table 4-5 

k Sources Spacing Fourier term Pattern 
0 1 0 Constant Circle 

1 2 1A Fundamental 4 lobes 
Z 2 a7. Second harmonic 8 lobes 
3 2 3A Third harmonic 12 lobes 
4 2 4) Fourth harmonic 16 lobes 
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Proceeding now to the Dolph-Tchebyscheff amplitude distribution, it will 
be shown that the coefficients of the pattern series’ can be uniquely determined 
so as to produce a pattern of minimum beam width for a specified sidelobe level. 
The first step in the development of the Dolph-Tchebyscheff distribution is to 
show that (3) and (5) can be regarded as polynomials of degree n, — 1 and n, — 1, 
that is, polynomials of degree equal to the number of sources less 1. In the 
present discussion we shall consider only the case of the broadside type of array, 
i.e., where 6 = 0. Thus, 


W =d, sin 0 (7) 
Now by de Moivre’s theorem, 
1 abe ectec cited 2 yp ee GONE 
my /2 __ Lue a ues cue 
e/ COS aia) Sains CoS amas (8) 
On taking real parts of (8) we have 
y UB ta: 
cos m—~ = Re Sears) bs (9) 
Expanding (9) as a binomial series gives 
Wiad ne pnt Da alee: 
cos'm-. = cos” y os™ “75 sin a 
m(m — 1)(m — 2)(m — 3) jleen a 
ap le cos” 5 8 sty (10) 


Putting sin? (W/2) = 1 — cos? (W/2), and substituting particular values of m, (10) 
then reduces to the following: 


m= 0) anne 
2 
marl cos m f= cos 5 
m = 2, cos m © = 2 cos? — 1 (11) 
m = 3, cos m f= 4 cos? ¥ —3 cos 4 
W 4W 
= 4, oa 8 PR z= 1 
m SSL cos* D oo 
etc 


* Equations (1), (3), (4) and (5). 


4-11 LINEAR ARRAYS WITH NONUNIFORM AMPLITUDE DISTRIBUTIONS 167 
Now let 
X = COs > (12) 


whereupon the equations of (11) become 


cos m= 1 when m = 0 
a = 
COS — = xX; when m = 1 
2 (13) 
cos m= 2x? — 1, when m = 2 
etc. 


The polynomials of (13) are called Tchebyscheff polynomials, which may be 
designated in general by 


T(x) = COS.m (14) 


For particular values of m, the first eight Tchebyscheff polynomials are 


T(x) = 1 
Lox 
T(x) = 2x? —1 


T(x) = 4x?) = 3x 

T(x) = 8x* — 8x? + 1 

T;(x) = 16x> — 20x? + 5x 

T(x) = 32x — 48x* + 18x? — 1 
T(x) = 64x7 — 112x> + 56x° — 7x 


(15) 


We note in (15) that the degree of the polynomial is the same as the value of m. 
The roots of the polynomials occur when cos m(w/2) = 0 or when 


Y us 
His teks Ue (16) 


Minette 102. 3... 


The roots of x, designated x’, are thus 


x’ = cos ok et) =| (17) 
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Figure 4-32 Tchebyscheff polynomials of degree m = 0 through m = 5. 


We have shown that cos m(W/2) can be expressed as a polynomial of degree 
m. Thus, (3) and (5) are expressible as polynomials of degree 2k + 1 and 2k 
respectively, since each is the sum of cosine polynomials of the form cos m(W/2). 
For an even number n, of sources 2k + 1 = n, — 1, while for an odd number n,, 
2k =n, — 1. Therefore, (3) and (5), which express the field pattern of a symmetric 
in-phase equispaced linear array of n isotropic point sources, are polynomials of 
degree equal to the number of sources less 1. If we now set the array polynomial 
as given by (3) or (5) equal to the Tchebyscheff polynomial of like degree 
(m = n — 1) and equate the array coefficients to the coefficients of the Tchebys- 
cheff polynomial, then the amplitude distribution given by these coefficients is a 
Tchebyscheff distribution and the field pattern of the array corresponds to the 
Tchebyscheff polynomial of degree n — 1. 

The Tchebyscheff polynomials of degree m = 0 through m = 5 are presented 
in Fig. 4-32. Referring to Fig. 4-32, the following properties of the polynomials 
are worthy of note: 


1. All pass through the point (1, 1). 

2. For values of x in the range —1 <x < +1, the polynomials all lie between 
ordinate values of +1 and —1. All roots occur between —1 <x < +1, and 
all maximum values in this range are +1. 


We may now describe Dolph’s method of applying the Tchebyscheff poly- 
nomial to obtain an optimum pattern. Suppose that we have an array of 6 
sources. The field pattern is then a polynomial of degree 5. If this polynomial is 
equated to the Tchebyscheff polynomial of degree 5, shown in Fig. 4-33, then the 
optimum pattern may be derived as follows. Let the ratio of the main-lobe 
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(Xo, R) 
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Figure 4-33 Tchebyscheff polynomial of fifth degree with relation to coordinate scales. 


maximum to the minor-lobe level be specified as R; that is, 


main-lobe maximum 
sidelobe level 


The point (x9, R) on the T;(x) polynomial curve then corresponds to the main- 
lobe maximum, while the minor lobes are confined to a maximum value of unity. 
The roots of the polynomial correspond to the nulls of the field pattern. The 
important property of the Tchebyscheff polynomial is that if the ratio R is speci- 
fied, the beam width to the first null (x = x’) is minimized. The corollary also holds 
that if the beam width is specified, the ratio R is maximized (sidelobe level 
minimized). 

The procedure will now be summarized. Let us write (3) and (5) again. It is 
to be noted that they are functions of w/2. Thus, 


E,,, = 2 oo cos ( + 1) 4 (n even) (18) 
and = 2.5) 4 , COS (2% *) (n odd) (19) 


Since we are usually interested only in the relative field pattern, the factor 2 
before the summation sign in (18) and (19) may be dropped. 

For an array of n sources, the first step is to select the Tchebyscheff poly- 
nomial of the same degree as the array polynomial, (3) or (5). This is given by 


T,,— 1(*) (20) 
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where n is the number of sources and m = n — 1. Next we choose R and solve 
T,,(X9) =R (21) 


for x). Referring to Fig. 4-33, we note that, for R > 1, xq is also greater than 
unity. This presents a difficulty since, according to (12), x must be restricted to 
the range —1 <x < +1. If, however, a change of scale is made by introducing a 
new abscissa w (Fig. 4-33), where 


y= — (22) 


Xo 


then the restriction of (12) can be fulfilled by putting 
Ww = COS : (23) 


where now the range of w is restricted to —1 < w < +1. The pattern polynomial, 
(18) or (19), may now be expressed as a polynomial in w. The final step is to 
equate the Tchebyscheff polynomial of (20) and the array polynomial obtained by 
substituting (23) into (18) or (19). Thus, 


T,-100) = E, (24) 


The coefficients of the array polynomial are then obtained from (24), yielding the 
Dolph-Tchebyscheff amplitude distribution which is an optimum for the side- 
lobe level specified. 

As a proof of the optimum property of the Tchebyscheff polynomial, let us 
consider any other polynomial P(x) of degree 5 which passes through (x, R) in 
Fig. 4-33 and the highest root x’, and for all smaller values of x lies between +1 
and —1. If the range in ordinate of P(x) is less than +1, then this polynomial 
would give a smaller sidelobe level for this same beam width, and T;(x) would 
not be optimum. Since P(x) lies between +1 in the range —x', <x < +x; it 
must intersect the curve 7;(x) in at least m + 1 = 6 points, including (x,, R). Two 
polynomials of the same degree m which intersect in m+ 1 points must be the 
same polynomial,! so that 


P(x) = T;(x) 


and the 7;(x) polynomial is, therefore, the optimum. 

If the spacing between sources exceeds //2, it should be noted that as the 
spacing approaches / a large lobe develops at @ = +90° which equals the main 
lobe when d = 4. However, if the individual sources of the array are nonisotropic, 
1.e., are directional with the maximum at @ = 0 and with little or no radiation 


* This follows from the fact that a polynomial of degree m has m + 1 arbitrary constants. Further, if 
m+ 1 points on the polynomial’s curve are specified, m+ 1 independent equations with m+ 1 
unknowns can be written and the m + 1 constants thereby determined. 
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at 6 = +90°, then by pattern multiplication the lobes of the total pattern at 
§ = +90° can be made small. 


4-12 EXAMPLE OF DOLPH-TCHEBYSCHEFF DISTRIBUTION 
FOR AN ARRAY OF 8 SOURCES. To illustrate the method for finding 
the Dolph-Tchebyscheff distribution, let us work the following problem. 

An array of n = 8 in-phase isotropic sources, spaced //2 apart, is to have a 
sidelobe level 26 dB below the main-lobe maximum. Find the amplitude distribu- 
tion fulfilling this requirement that produces the minimum beam width between 
first nulls, and plot the field pattern. 

Since 


Sidelobe level in dB below main-lobe maximum = 20 log,,) R (1) 
it follows that 
R= 20 (2) 
The Tchebyscheff polynomial of degree n — 1 is T;(x). Thus, we set 
T(Xo) = 20 (3) 


The value of x) may be determined by trial and error from the T;(x) expansion as 
given in (4-11-15) or x, may be calculated from 


Xo = $[(R + ./R? — 1)" + (R — ./R? — 1)""") (4) 
Substituting R = 20 and m = 7 in (4) yields 
Xo = 1.15 (5) 
Now substituting (4-11-23) in (4-11-18) and dropping the factor 2, we have 
Es = Ayw + A,(4w? — 3w) + A,(16w* — 20w? + 5w) 
+ A,(64w7 — 112w® + 56w* — 7w) (6) 


But w = x/x,., so making this substitution in (6) and grouping terms of like 
degree, 


_ 6443, | 164, — 112A, , 441 — 204, + 5643 | 


E, = 
Bee x3 3 
~ A,—7A 
noe 3A, + 5A, TA; | (7) 
Xo 
The Tchebyscheff polynomial of like degree is 
T;(x) = 64x7 — 112x° + 56x° — 7x (8) 


Now equating (7) and (8), 
E, = T(x) (9) 
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For (9) to be true requires that the coefficients of (7) equal the coefficients of the 
terms of like degree in (8). Therefore, 


“2 = 64 (10) 
or A, =x, = 15s = 2.66 (11) 
In a similar way we find that 
A, = 4.56 
A Oran (12) 
Ay 55 


The relative amplitudes of the 8 sources are then 
Lees e208 Salil a2 Omit 


To obtain the field pattern given by the Dolph-Tchebyscheff distribution, 
we recall that w/2 = (d, sin 6)/2, cos (W/2) =.w, and w = x/x,, from which 


d, sin 0 


X ="X5 COS (13) 
The value of x corresponding to a given value of 0, as obtained from (13), is then 
introduced in the appropriate Tchebyscheff polynomial, in this case T(x), or 
scaled from a graph of this polynomial, as shown in Fig. 4-34. The value of the 
polynomial for this value of x is then the relative field strength in the direction 0. 
In general, as 6 ranges from —7/2 to +7/2, the variables w/2, w and x range as 
indicated by Table 4-6. Thus, in general, as 6 ranges from — 7/2 to 0 to +7/2, x 
ranges from some point, such as a in Fig. 4-34, to x) and back again to a, the 
ordinate value giving the relative field intensity. 

In our problem, d, = x and x, = 1.15, so that the range of x is as shown in 
Table 4-7. Hence, at @ = —90° we start at the origin in Fig. 4-34 (point b), and as 


Figure 4-34 Tchebyscheff poly- 
nomial of the seventh degree. 
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Table 4-6 


Variable 


@ approaches 0° we proceed to the right along the polynomial curve, reaching the 
point (x9, R = 1.15, 20) when 6 = 0°. As @ continues to increase, we retrace the 
polynomial curve, reaching the origin when 6 = 90°. Thus, the pattern is sym- 
metrical about the 0 = 0° direction. 

As a preliminary step to plotting the field pattern, it is usually helpful to 
make a plot of x versus 6 from (13). Then, knowing the values of x for the nulls 
and maxima of the T,,(x) curve, the corresponding values of @ may be determined. 
As many intermediate points as are needed may also be obtained in the same 
manner. Following this procedure, the field pattern for our problem of the 
8-source array is presented in Fig. 4-35a in rectangular coordinates and in 
Fig. 4-35b in polar coordinates. 


4-13 COMPARISON OF AMPLITUDE DISTRIBUTIONS FOR 
8-SOURCE ARRAYS. In the problem worked in the preceding section, the 
sidelobe level was 26 dB below the maximum of the main beam (R = 20). It is of 
interest to compare the amplitude for this case with the distributions for other 
sidelobe levels. This is done in Fig. 4-36, in which the relative amplitude distribu- 
tions are shown for 8-source arrays with sidelobe levels ranging from 0 dB to an 
infinite number of decibels below the main beam maximum. The infinite decibel 
case corresponds to R = © (zero sidelobe level) and is identical with Stone’s 
binomial distribution. The relative amplitudes for this case are 1, 7, 21, 35, 35, 21, 


Table 4-7 
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Relative 
field 


Relative 
field 


Figure 4-35 Relative field pattern of broadside 
array of 8 isotropic sources spaced 4/2 apart. The 
amplitude distribution gives a minimum beam width 
for a sidelobe level 35 of the main lobe. The pattern 
is shown in rectangular coordinates at (a) and in 
polar at (b). Both diagrams show the pattern only 
Bore ecg PE from —90° to +90°, the other half of the pattern 
Array being identical. 


(b) 


7, 1." The ratio of amplitudes of the center sources to the edge sources is 35 to 1. 
Such a large ratio would be very difficult to achieve in practice. As the sidelobe 
level increases (R decreases), the amplitude distribution becomes more uniform, 
the ratio of the center to edge amplitudes being only about 3 to 1 for the 26-dB 
(R = 20) case. The 20-dB case (R = 10) is more uniform, with an amplitude ratio 
of only 1.7 to 1. The 14-dB case (R = 5) exhibits a still more uniform distribution 
but shows an inversion, the maximum amplitude having shifted to the outermost 
sources (1 and 8). The uniform distribution is not a special case of the Dolph- 
Tchebyscheff distribution, an inversion occurring before the uniform case is 
reached. As the sidelobe level is raised still further, the distribution tends more 
towards an edge type, the amplitude of the inner sources decreasing still further. 
In the extreme case, where the sidelobes are equal to the main-lobe level (0 dB, or 
R = 1), the amplitudes of all of the inner sources are zero, and the distribution is 
of the edge type discussed in connection with Fig. 4-29d. Thus, both the binomial 
and edge distributions are special cases of the Dolph-Tchebyscheff distribution, 
but the uniform amplitude distribution is not. The point of nearest approach to 
the uniform distribution is for an R value between 5 and 10. Referring to Fig. 
4-20 and interpolating for n = 8 between the curves for n = 10 and n=5S, it is 
interesting to note that the ratio of the main-lobe maximum to the minor-lobe 


* As may be noted by extending Pascal’s triangle (Sec. 4-10) ton = 8. 
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Relative amplitude 


Figure 4-36 Comparison of 
Dolph-Tchebyscheff amplitude 
distribution envelopes for various 
Linear array of 8 sources sidelobe levels. 


maxima ranges from about 4.3 to 8 for an array of eight sources of uniform 
amplitude. 

The Dolph-Tchebyscheff optimum amplitude distribution, as discussed in 
the preceding sections, is optimum only if d > 4/2, which covers the cases of most 
interest for broadside arrays. By a generalization of the method, however, cases 
with smaller spacings can also be optimized.’ 

In conclusion, it should be pointed out that the properties of the Tchebys- 
cheff polynomials may be applied not only to antenna patterns as discussed 
above but also to other situations. It is necessary, however, that the function to 
be optimized be expressible as a polynomial. 


4-14 CONTINUOUS ARRAYS. In the preceding sections, the discussion 
has been restricted to arrays of discrete point sources, i.e., to arrays of a finite 
number of sources separated by finite distances. We now proceed to a consider- 
ation of continuous arrays of point sources, i.e., arrays of an infinite number of 
sources separated by infinitesimal distances. By Huygens’ principle, a continuous 
array of point sources is equivalent to a continuous field distribution. In this way, 
our discussion of continuous arrays can be extended to include the radiation 
patterns of field distributions across apertures, as, for example, the pattern of an 
electromagnetic horn where the field distribution across the mouth of the horn is 
known. 


1H. J. Riblet, Proc. IRE, 35, no. 5, 489-492, May 1947. 
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Figure 4-37 Continuous broadside array of point sources of length a. 


We shall now develop an expression for the far field of a continuous array 
of point sources of uniform amplitude and of the same phase. Let the array of 
length a be parallel to the y axis with its center at the origin as indicated in 
Fig. 4-37. Then the field dE at a distant point in the direction @ due to the point 
sources in the infinitesimal length dy at a distance y from the origin is 


Aa A, 
dE = — eialt—(1/0) dy — — gi(at— fri) dy (1) 
ry ry 


where B = w/c = 2/4 and A is a constant involving amplitude. The total field E 
at the distant point is then the integrated value of (1) over the array of length a as 
given by | 


Coir Ae 
jp | — ei(ot— Bri) dy (2) 


alza 


Both A and the time factor may be taken outside the integral, andr, may also be 


ifr, > a. Thus, 
Aei® a/2 
E= | e Jr dy (3) 


Cs al2 


However, referring to Fig. 4-37, 
r, =r—y sin 0 | (4) 
Substituting (4) in (3) and taking the constant factor e /*" outside the integral, we 


have 


a/2 
mea | elfysin® dy 5) 
2 


j(ot — Br) 
where Af adi (6) 
ry 
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Integrating (5) yields 
2A’ ej(Ba/2) sinOd e ae 6 


E= 
B sin 0 2j ) 
which may be written as 
2A (hue 
B= — 
Reus sin ( 5 sin i) (8) 
et 
y’ = Ba sin 0 = a, sin 0 (9) 
where a, = Ba = 2na/A = array length, rad 
Then 
OTA! y’ 
“Bsino” 2 at 
However, from (9), 
B sin 8@= ua 
a 
so that (10) becomes 
sin (i'/2) 
B= A aa (11) 
y'/2 
Normalizing (11) gives finally 
sin (y’/2) 
12 (12) 
y'/2 


Equation (12) expresses the far field, or Fraunhofer diffraction pattern, ofa 
continuous broadside array of length a having uniform amplitude and phase. For 
n discrete, equally spaced sources, it was previously shown by (4-6-9) that the 
normalized value of the total field is 

2 
E= Su (ny /2) (13) 
nsin (W/2) . 
where wy = dcos ¢ + 0 


For in-phase sources, 6 = 0. Comparing Figs. 4-18 and 4-37 we note that 
o@ = 6+ 7/2, so that 
y = —d, sin 0 = —fad sin 6 (14) 


For small values of w, which occur for small values of 0, d or both, (13) can be 
expressed as 


ny/2 —« (Bnd/2) sin 0 (15) 
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The length a of the array of discrete sources is 
a = d(n — 1) (16) 


where n = number of sources 
d = spacing 


Ifn > 1,a ~ nd and (15) becomes 
_ sin [(Ba/2) sin 0] _ sin [(a,/2) sin 6] 


= 17 
(Ba/2) sin 0 (a,/2) sin 6 2 
Where ai— paw ray) 
By (9) this can now be expressed as 
sin ('/2) 
ee 18 


which is identical with the value obtained in (12) for the continuous array. Thus, 
the field pattern for an array of many discrete sources (n > 1) and for small values 
of w is the same as the pattern of a continuous array of the same length. If the 
array is long, that is, if nd > A, the main beam and the first minor lobes are 
confined to small values of 0. It therefore follows that the main features of the 
pattern of a large array are the same, whether the array has many discrete 
sources or is a continuous distribution of sources. Many of the conclusions 
derived in previous sections concerning amplitude distributions for arrays of dis- 
crete sources can also be applied to continuous arrays provided that the arrays 
are large. 
The null directions 0, of the continuous array pattern are given by 


pei yee (19) 
2 
where Kes) 
Thus, 
KA 
Oo = arcsin ( an ~) (20) 
For a long array (20) can be expressed as 
7.3K 
69 ~ + — (rad) ~ + (deg) (21) 
y) a, 


where a, = a/d 


The beam width between first nulls (K = 1) for a long array is then 


2 ls 
209, ~ — (rad) ~ — (deg) (22) 
a, a, 
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ees O° 8" 10" 18" Figure 4-38 Main-lobe field patterns of continuous 
6 uniform broadside arrays 5, 10 and 50A long. 


It is to be noted that (20), (21) and (22) are identical with the expressions given for 
the broadside array of discrete sources, if nd is replaced by a (see Table 4-2, 
Sec. 4-7). Therefore, the null locations for long arrays of either discrete or contin- 
uous sources are the same provided only that n > 1. 

The field patterns of the main beam of continuous arrays of point sources 5, 
10 and 50/ long are compared in Fig. 4-38. It may be noted that the beam width 
between half-power points, 04p, of a long, uniform broadside array is given 
approximately by 


0.9 
G5 = 0905). = —_ (rad) (23) 
ay 
yl 
or Sup = oS (deg) (24) 


A 


4-15 HUYGENS’ PRINCIPLE.' The principle proposed by Christian 
Huygens (1629-1695) has been of fundamental importance to the development of 
wave theory. Huygens’ principle states that each point on a primary wave front can 
be considered to be a new source of a secondary spherical wave and that a second- 
ary wave front can be constructed as the envelope of these secondary waves, as 
suggested in Fig. 4-39. Thus, a spherical wave from a single point Source propa- 
gates as a spherical wave as indicated in Fig. 4-39a, while an infinite plane wave 
continues as a plane wave as suggested in Fig. 4-39b. This principle of physical 
optics can be used to explain the apparent bending of electromagnetic waves 
around obstacles, i.e., the diffraction of waves, a diffracted ray being one that 
follows a path that cannot be interpreted as either reflection or refraction. 


1 C. Huygens, Traite de la Lumiere, Leyden, 1690. 

Max Born, Optik, Springer-Verlag, 1933. 

Arnold Sommerfeld, “Theorie der Beugung,” in Frank and von Mises (eds.), Differential und Inte- 
gralgleichungen der Mechanik und Physik, Vieweg, 1935. 
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(a) (bd) 
Plane wave Figure 4-39 Spherical and plane wave fronts with 
front secondary waves of Huygens. 


Let us consider the situation shown in Fig. 4-40a in which an infinite plane 
electromagnetic wave is incident on an infinite flat sheet which is opaque to the 
waves. The sheet has a slot of width a and of infinite length in the direction 
normal to the page. The field everywhere to the right of the sheet is the result of 
the section of the wave that passes through the slot. If a is many wavelengths, the 
field distribution across the slot may be assumed, in the first approximation, to 
be uniform, as shown in Fig. 4-40b. By Huygens’ principle the field everywhere to 


9 


Relative amplitude 


(a) (b) 


Figure 4-40 Plane wave incident on opaque sheet with slot of width a. 


4-15 HUYGENS’ PRINCIPLE 181] 


the right of the sheet is the same as though each point in the plane of the slot is 
the source of a new spherical wave. Each of these point sources is of equal ampli- 
tude and phase. Thus, by Huygens’ principle the slotted sheet with a uniform field 
across the opening can be replaced by a continuous array of point sources which 
just fills the opening. The field pattern in the xy plane (Fig. 4-40a) is then calcu- 
lated in the same way as for a continuous linear array of point sources of length a 
oriented parallel to the y axis. 

The far field, or Fraunhofer diffraction pattern, of such an array was shown 
in the preceding section to be given by 

E= sin (y’/2) (1) 
y'/2 
where W’ = (2za/A) sin 0 and where @ is in the xy plane (Fig. 4-37). This pattern, 
in the xy plane, is independent of the extent of the array in the z direction 
(normal to the page). 

In deriving (1), that is, (4-14-12) of Sec. 4-14, the total field at a point was 
obtained by integrating the contributions from a continuous array of sources 
distributed over a length a. For points at a great distance from the array the 
integral can be simplified, and the integration is straightforward, as demonstrated 
in the preceding section. For points near to the array, however, the integral does 
not simplify in this way but can be reduced to the form of Fresnel’s integrals. The 
field variation near the slot as obtained in this way is commonly called a Fresnel 
diffraction pattern. Along a straight line parallel to the slot and a short distance 
from it, the field variation is as suggested at (a) in Fig. 4-41, the variation approx- 
imating the uniform distribution of field at the slot as shown in Fig. 4-405. As the 
distance x from the slot is increased, the Fresnel patterns change through a series 
of transitional forms, such as suggested at (b) in Fig. 4-41, until at large distances 
we enter the Fraunhofer region and the pattern assumes a form as suggested by 
(c) in Fig. 4-41. Ordinarily the Fraunhofer pattern is obtained by rotating the slot 
around its center so that the field is observed at a constant radius rather than at 
a constant distance x. The resulting field pattern in polar coordinates is then as 
suggested at (d) in Fig. 4-41. Once we have entered the Fraunhofer region, this 
pattern is the same at all greater distances. For a point to be in the Fraunhofer 
region, it must be at a sufficient distance from the slot so that we can make the 
assumption that lines extending from the edges of the slot to the point are paral- 
lel. This is commonly assumed to be the case when the point is at a distance r 
from the slot given by 


Pe 


2a* 
= 2 
; (2) 
where a is the width or aperture of the slot, which is assumed to be large. Thus, 
the larger the aperture or the shorter the wavelength, the greater must be the 
distance at which the pattern is measured if we wish to avoid the effects of 
Fresnel diffraction. This is discussed further in Sec. 18-3a. 
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Figure 4-41 Fresnel and Fraunhofer patterns of a slot of width a. 


A nearly uniform type of field distribution across an aperture such as dis- 
cussed above in connection with Figs. 4-40 and 4-41 occurs in optics when a 
beam of light is incident on a slit. It also may be realized by the field distribution 
across the mouth of a long electromagnetic horn antenna as in Fig. 4-42a. Since 
the pattern of a uniform field distribution is the same as the pattern of a uniform 
distribution of point sources of equal extent, another form of antenna equivalent 
to the optical slit or electromagnetic horn is a uniform current sheet. This can be 
approximated by a “billboard” type of array, as in Fig. 4-42b, having many 
dipole antennas carrying equal currents. The expressions which have been devel- 
oped can thus be applied to a calculation of the Fraunhofer diffraction pattern of 
an optical slit or the far field of a horn or uniform current sheet. If the field or 
current distribution across the slit or antenna aperture is not uniform, the form 
factor for the distribution will appear in the integral for the field expression. If the 
aperture is large, the relations developed for amplitude distributions of arrays of 
discrete sources can be applied to the case of continuous arrays of sources. 
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Figure 4-42 Electromagnetic horn antenna and 
array of dipoles with reflector. 


Huygens’ principle is not without its limitations. Thus, it neglects the vector 
nature of the electromagnetic field. It also neglects the effect of currents which 
flow at the edge of the slot, as in Figs. 4-40 and 4-41, or at the edge of the horn, 
as in Fig. 4-42a. However, if the aperture is sufficiently large and we confine our 
attention to directions roughly normal to aperture, the scalar theory of Huygens’ 
principle gives satisfactory results. 


4-16 HUYGENS’ PRINCIPLE APPLIED TO THE DIFFRAC- 
TION OF A PLANE WAVE INCIDENT ON A FLAT SHEET. 
PHYSICAL OPTICS. Consider a uniform plane wave incident on a perfectly 
conducting half-plane, as in Fig. 4-43a.' We want to calculate the electric field at 
point P at a distance r behind the plane. By Huygens’ principle, 


E -| dE (1) 


x axis 


where dE is the electric field at P due to a point source at a distance x from the 
origin, as in Fig. 4-43b. Thus, 


Es Fer 
dE = zs e Br +3) gy (2) 


J. D. Kraus, Radio Astronomy, 2nd ed., Cygnus-Quasar Books, 1986. 
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Figure 4-43 Plane wave incident from above onto a conducting half-plane with resultant power- 
density variation below the plane as obtained by physical optics. 


so that 
Bere Seabee 
E=—e Jr |e ibe dx (3) 
; L 
If 6 <r, it follows that 
x? 
= — 4 
I; (4) 


When we let 2/rd = k? and kx = u, (3) becomes 


E ae 
E= a e jbr | ental diy (5) 
r ka 
which can be rewritten as 
E are ate eae 
E=—e sr | eW imutl2 dy — | Co eerdu (6) 
kr is p 
The integrals in (6) have the form of Fresnel integrals so (6) can be written 
jshaye a fre 
E = The PS + 3) — [Clka) + jS(ka)]} (7) 
ka TtuUz 
where C(ka)= | cos Sar du = Fresnel cosine integral (8) 
0) 
ka Ttuz 
S(ka) = | sin Eye du = Fresnel sine integral (9) 
0 


2 
where ka = 2 a, dimensionless. 
r 
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Cornu’s 


ka=— 1.0 Figure 4-44 Cornu spiral show- 
ing C(ka) and S(ka) as a function of 
ka values along the spiral. For 
example, when ka=1.0, C(ka)= 
0.780 and S(ka) = 0.338. When 
Z1tO ka = co, C(ka) = S(ka) = $. 


A graph of C(ka) and S(ka) yields the Cornu spiral (Fig. 4-44). Since 
C(—ka) = —C(ka) and S(—ka) = — S(ka), the spiral for negative values of ka is in 
the third quadrant and is symmetrical with respect to the origin for the spiral in 
the first quadrant. 

The power density as a function of ka is then 


EE* 
hee te So ${04 — Cka)]}? + [5 — S(ka)]?} (Wm~”) (10) 
joe) 
where So = a (W m~?) (11) 


The power density variation of (10) as a function of ka (with r, A and k constant) 
is shown in Fig. 4-43c. Assuming that the plane wave originates from a distant 
source we have 


1. For no obscuration, ka = — o and S,, = So. 

2. For source, observer and edge of obscuring plane in line, ka = 0 and S,, = 
1 
45So- 
4“°0 


3. For complete obscuration, ka = + and S,, = 0. 


Thus, the power density does not go to zero abruptly as the point of observation 
goes from the illuminated side (ka < 0) to the shadow side (ka > 0); rather, there 
are fluctuations followed by a gradual decrease in power density. 

From (10) and (11) the relative power density as a function of ka is 


av 


3. HUE — Clea]? + (2 — Stka))?} (12) 


S,(relative) = 
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The relative power density (12) is equal to 4R?, where R is the distance from 
a ka value on the Cornu spiral to the point (4, 5) (see Fig. 4-44). For large posi- 
tive values of ka, R approaches 1/zka, so that (12) reduces approximately to 


Les ra 
S,,(relative) = 3| —-] =—> 13 
avire a ive) (=) 4n2q2 ( ) 
where r = distance from obstacle (conducting half-plane), m 
2 = wavelength, m 
a = distance into shadow region, m 


Equation (13) gives the relative power density for large ka (>3) (well into the 
shadow region). For this condition it is apparent that the power flux density 
(Poynting vector) due to diffraction increases with wavelength and with distance 
(from edge) but decreases as the square of the distance a into the shadow region. 


Example. A vertical conducting wall 25 m high extends above a flat ground plane. 
A 4 = 10-cm transmitter is situated 25 m above the ground plane at a large distance 
to one side of the vertical wall and a receiver is located on the ground plane 100 m 
to the other side of the wall. Find the signal level at the receiver due to diffraction 
over the wall as compared to the direct path signal without the wall. 


Solution. The constant k = ./2/raA = ./2/100 x 0.1=0.44 and a=25m, so 
ka = 11 which is greater than 3. Thus, (13) is applicable and 
rA 100 x 0.1 1 
S,,(relative) = ae = TRIS =~ 3500 or —34 dB 
Thus, the vertical wall causes 34 dB of attenuation as compared to a direct path 
signal. 


If the half-plane in Fig. 4-43 is replaced by a strip of width D and length 
> D, diffraction occurs from both edges, scattering radiation into the shadow 
region behind the strip. On the centerline of the strip, diffraction fields from both 
edges are equal in magnitude and of the same phase since the path lengths from 
both edges are equal. Thus, the diffracted field has a maximum or central peak on 
the centerline. 

If the strip is replaced by a disk of diameter D, there is diffraction around its 
entire edge and all diffracted fields arrive in phase on the centerline behind the 
disk producing a larger central peak. In optics this peak is called the axial bright 
spot. In a similar way, the diffracted fields from the feed system at the focus of a 
parabolic dish reflector can produce a back lobe on the axis of the parabola. See 
additional discussions on diffraction in Secs. 2-18, 12-2, 13-3, 17-5 and 18-3d. 


4-17 RECTANGULAR-AREA BROADSIDE ARRAYS. The method 
of obtaining the field patterns of linear arrays discussed in the preceding sections 
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Figure 4-45 Rectangular broadside array of height a and length b with relation to coordinates. 


can be easily extended to the case of rectangular broadside arrays, i.e., arrays of 
sources which occupy a flat area of rectangular shape, as in Fig. 4-45. For such a 
rectangular array, the field pattern in the xy plane (as a function of 0) depends 
only on the y-dimension a of the array, while the field pattern in the xz plane (as 
a function of ¢) depends only on the z-dimension b of the array. The assumption 
is made that the field or current distribution across the array in the y direction is 
the same for any values of z between +5)/2. Likewise, it is assumed that the 
amplitude distribution across the array in the z direction is the same for all 
values of y between +a/2. Therefore, the field pattern in the xy plane is calcu- 
lated as though the array consists only of a single linear array of height a coin- 
cident with the y axis (y array). In the same way, the pattern in the xz plane is 
obtained by calculating the pattern of a single linear array of length b coincident 
with the z axis (z array). If the array also has depth in the x direction, i.e., has 
end-fire directivity, then the pattern in the xy plane is the product of the patterns 
of the single linear x and y arrays, while the pattern in the xz plane is the product 
of the patterns of the x and z arrays. 

If the area occupied by the array is not rectangular in shape, the above 
principles do not hold. However, the approximate field patterns may be obtained 
in the case of an array of elliptical area, for example, by assuming that it is a 
rectangular area as in Fig. 4-46a or in the case of a circular area by assuming 
that it is square as in Fig. 4-46b. 

From the field patterns in two planes (xy and xz) of a rectangular array the 
beam widths between half-power points can be obtained. If the minor lobes are 
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Figure 4-46 Elliptical array with equiva- 
lent rectangular array (a) and circular 
(a) (b) array with equivalent square array (b). 


not large, the directivity D is then given approximately by 


41 000 

O19} 
where 63 and @§ are the half-power beam widths in degrees in the xy and xz 
planes respectively. The limitations of (1) are discussed following (3-13-16), 
leading to (3-13-18) which includes correction factors. 

An expression for the directivity of a large rectangular broadside array of 
height a and width b (Fig. 4-45) and with a uniform amplitude distribution may 
also be derived rigorously as follows. By (3-13-8) the directivity of an antenna is 
given by 


D= 


(1) 


____48f , Bina 
{J £(, o) sin 0 dé dd 
where {(0, @) is the space power pattern, which varies as the square of the space 
field pattern. From (4-14-17) the space field pattern of a large rectangular array is 
sin [(a, sin 0)/2] sin [(b, sin )/2] 
(a, sin 0)/2 (b, sin @)/2 


(2) 


E(@, ) = (3) 
where a, = 2na/A 
Denby yh 


The main beam maximum is in the direction 0 = ¢ = 0 in Fig. 4-45. In (3), 6 = 0 
at the equator, while in (2), 6 = 0 at the zenith. For large arrays and relatively 
sharp beams we can therefore replace sin @ and sin ¢ in (3) by the angles, while 
sin 6 in (2) can be set equal to unity. Assuming that the array is unidirectional 
(no field in the — x direction), the integral in the denominator of (2) then becomes 


(oe, i sin? sin® (na0/A) sin? (zb/A) 
4 is (ra) Ayan G/Ay2 


Making the limits of integration — oo to +00 instead of —z/2 to + 7/2, (4) may 

be evaluated as 4*/ab. Therefore, the approximate directivity D of a large uni- 

directional rectangular broadside array with a uniform amplitude distribution is 
4nab ab 


De 2 
i ce (5) 


d0 dd (4) 
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As an example, the directivity of a broadside array of height a = 10/4 and length 
b = 20A is, from (5), equal to 2520, or 34 dB. 


4-18 ARRAYS WITH MISSING SOURCES AND RANDOM 
ARRAYS. A linear array of 5 isotropic point sources with 1/2 spacing is dis- 
cussed in Sec. 4-10 for several amplitude distributions including uniform, bino- 
mial and Dolph-Tchebyscheff. Let us consider this 5-source array again with all 
sources of equal amplitude with pattern as in Fig. 4-47a (same as Fig. 4-29a) and 


O O 
iB 1 
0.71 
[E| a 


Figure 4-47 Field patterns of linear 
array of 5 isotropic point sources of 


equal amplitude and 4/2 spacing: (a) all 
\ aie 5 sources on, (b) one source (next to the 
O : edge) off, (c) one source (at the center) 


off and (d) one source (at the edge) off. 
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note what happens to the pattern if one of the sources is turned off (amplitude 
reduced to zero). If the off source is next to the edge source, the beam width is 
essentially unchanged but the minor-lobe level is up and nulls are filled as shown 
in Fig. 4-47b. When the center source is off, the beam width is reduced but the 
minor-lobe level is higher, as indicated in Fig. 4-47c. If an edge source is off, the 
array is identical with a uniform array of 4 sources and, as shown in Fig. 4-474, 
has a larger beam width with the minor-lobe level slightly higher than for the 
uniform source array of Fig. 4-47a. (Compare curves for n = 4 and 5 in Fig. 4-20.) 

If the amplitude distribution of the array is tapered (binomial or Dolph- 
Tchebyscheff) as in Fig. 4-29b and c, turning off a source at the edge a have 
less effect than in the uniform- amplitude case. 

In an array of a large number of sources, it is of interest to know Se 
happens if one or more sources are turned off either intentionally or inadvertent- 
ly. Also to reduce cost, a designer would like to know how many (and which) 
sources can be omitted without appreciably affecting the performance character- 
istics. It has been shown by Lo and Maher and Cheng? that if sources are posi- 
tioned with random instead of uniform spacing in a large array (L > A) the 
number n of sources can be reduced without affecting the beam width appre- 
ciably. The gain, however, is proportional to n and to keep the largest sidelobes 
below a certain level, a minimum n is required. 


PROBLEMS? 


*4-1 Two point sources. 
(a) Show that the relative E(@) pattern of an array of 2 identical isotropic in-phase 
point sources arranged as in Fig. P4-1 is given by E(@) = cos [(d,/2) sin ], 
where d, = 2nd/A. 


Figure P4-1 Two point sources. 


‘'Y. T. Lo, “A Probabilistic Approach to the Design of Large Antenna Arrays,” IEEE Trans. Ants. 
Prop., AP-11, 95-96, 1963. 

T. M. Maher and D. K. Cheng, “Random Removal of Radiators from Large Linear Arrays,” [EEE 
Trans. Ants. Prop., AP-11, 106-112, 1963. 


Answers to starred (*) problems are given in App. D. 
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(b) Show that the maxima, nulls and half-power points of the pattern are given by 
the following relations: 


kA 
Maxima: od = arcsin € <*) 
2 1 
Nulls: @ = arcsin | se ( k+ IA 
2d 
2k + 1)A 
Half-power points: d@ = arcsin E ( a ) | 


WRCLE 0, erro. oe 

(c) For d = A find the maxima, nulls and half-power points, and from these points 
and any additional points that may be needed plot the E(@) pattern for 
0° < ¢ < 360°. There are four maxima, four nulls and eight half-power points. 

(d) Repeat for d = 34/2. 

(e) Repeat for d = 42. 

(f) Repeat for d = 1/4. Note that this pattern has two maxima and two half-power 
points but no nulls. The half-power points are minima. 

Four sources in square array. 

(a) Derive an expression for E(@) for an array of 4 identical isotropic point sources 
arranged as in Fig. P4-2. The spacing d between each source and the center 
point of the array is 34/8. Sources 1 and 2 are in phase, and sources 3 and 4 in 
opposite phase with respect to 1 and 2. 

(b) Plot, approximately, the normalized field pattern. 


t° 


me: pecezat | 


b. 


Figure P4-2 Four sources in square array. 


Two point sources. 

(a) What is the expression for E(@) for an array of 2 point sources arranged as in 
the figure for Prob. 4-1. The spacing d is 34/8. The amplitude of source 1 in the 
@ plane is given by |cos @| and the phase by ¢. The amplitude of the field of 
source 2 is given by |cos (@ — 45°)| and the phase of the field by @ — 45°. 

(b) Plot the normalized amplitude and the phase of E(@) referring the phase to the 
centerpoint of the array. 


Four sources in broadside array. 

(a) Derive an expression for E(@) for a linear in-phase broadside array of 4 identi- 
cal isotropic point sources. Take ¢ = 0 in the broadside direction. The spacing 
between sources is 51/8. 

(b) Plot, approximately, the normalized field pattern (0° < @ < 360°). 
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(c) Repeat parts (a) and (b) with the changed condition that the amplitudes of the 4 
sources are proportional to the coefficients of the binomial series for (a + b)"~}. 


Tchebyscheff T;,(x) and 7,(x). 

(a) Calculate and plot cos 6 as x and cos 36 as y, for —1 < x < +1. Compare with 
the curve for T;(x). 

(b) Calculate and plot cos 0 as x and cos 66 as y, for —1 < x < +1. Compare with 
the curve for T,(x). 


Five source Dolph-Tchebyscheff (D-T) distribution. 

(a) Find the Dolph-Tchebyscheff current distribution for the minimum beam width 
of a linear in-phase broadside array of five isotropic point sources. The spacing 
between sources is 1/2 and the sidelobe level is to be 20 dB down. Take ¢ = 0 
in the broadside direction. 

(b) Locate the nulls and maxima of the minor lobes. 

(c) Plot, approximately, the normalized field pattern (0° < ¢ < 360°). 

(d) What is the half-power beam width? 


Eight-source D-T distribution. 

(a) Find the Dolph-Tchebyscheff current distribution for the minimum beam width 
of a linear in-phase broadside array of 8 isotropic sources. The spacing between 
elements is 3A/4 and the sidelobe level is to be 40 dB down. Take ¢ = 0 in the 
broadside direction. 

(b) Locate the nulls and the maxima of the minor lobes. 

(c) Plot, approximately, the normalized field pattern (0° < ¢ < 360°). 

(d) What is the half-power beam width? 


n-source array. 

(a) Derive an expression for E(w) for an array of n identical isotropic point sources 
where w = f(@, d, 6). @ is the azimuthal position angle with ¢ = 0 in the direc- 
tion of the array. 6 is the phase lag between sources as one moves along the 
array in the @ = 0° direction and d is the spacing. 

(b) Plot the normalized field as ordinate and yw as abscissa for n = 2, 4, 6, 8, 10 and 
tor 0 Peal 8 0s: 


Ten-source end-fire array. 

(a) Plot E(@) for an end-fire array of n = 10 identical isotropic point sources 
spaced 3A/8 apart with 6 = —37/4. 

(b) Repeat with 6 = —x[(3/4) + (1/n)]. 

Two-source broadside array. 

(a) Calculate the directivity of a broadside array of two identical isotropic in-phase 
point sources spaced 4/2 apart along the polar axis, the field pattern being 


given by 
Tl 
E = cos | — cos @ 
G9) 
where @ is the polar angle. 


(b) Show that the directivity for a broadside array of two identical isotropic in- 
phase point sources spaced a distance d is given by 
pu 2 
~ 1 + (A/2nd) sin (2nd/A) 


4-11 


4-12 


4-13 


PROBLEMS 193 


Two-source end-fire array. 

(a) Calculate the directivity of an end-fire array of two identical isotropic point 
sources in phase opposition, spaced 1/2 apart along the polar axis, the relative 
field pattern being given by 

E = sin (5 cos ) 
a 
where 6 is the polar angle. 

(b) Show that the directivity of an ordinary end-fire array of two identical isotropic 

point sources spaced a distance d is given by 


2 
ete (1/4nd) sin (4nd/A) 


Four-tower BC array. A broadcasting station requires the horizontal plane pattern 
indicated by Fig. P4-12. The maximum field intensity is to be radiated northeast 
with as little decrease as possible in field intensity in the 90° sector between north 
and east. No nulls are permitted in this sector. Nulls may occur in any direction in 
the complementary 270° sector. However, it is required that nulls must be present 
for the directions of due west and due southwest, in order to prevent interference 
with other stations in these directions. 


N 


Intensity nearly 
uniform 


iz 


S 


Figure P4-12  Four-tower BC array pattern requirements. 


Design a four-vertical-tower array to fulfill these requirements. The currents 
are to be equal in magnitude in all towers, but the phase may be adjusted to any 
relationship. There is also no restriction on the spacing or geometrical arrange- 
ments of the towers. Plot the field pattern. 


Two-source patterns. Calculate and plot the field and phase patterns for an array of 
two isotropic sources of the same amplitude and phase, for two cases: 

(a) d= 3A 

(b) d= 3A 

Plot the field pattern in polar coordinates and phase pattern in rectangular coordi- 
nates with: 

1. Phase center at source 1 

2. Phase center at midpoint 
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Field and phase patterns. Calculate and plot the field and phase patterns of an 
array of 2 nonisotropic dissimilar sources for which the total field is given by 


E=cos @ + sin o/y 
where W = d cos @ + 5 => (cos $ + 1) 


Take source | as the reference for phase. See Fig. P4-14. 


Figure P4-14 Field and phase patterns. 


DT 6-source array. Calculate the Dolph-Tchebyscheff distribution of a six-source 
broadside array for R = 5, 7 and 10. Explain the variation. 
Two-unequal-source array. In Case 5 (Sec. 4-2e) for 2 isotropic point sources of 
unequal amplitude and any phase difference show that the phase angle of the total 
field with midpoint of the array as phase center is given by 


Field and phase patterns, Calculate and plot the field and phase patterns for the 
cases of Figs. 4-21 and 4-22 and compare with the curves shown. 


Five-source array. 

(a) What is an expression for the field pattern of an array of 5 identical isotropic 
point sources arranged in line and spaced a distance d (<//2) apart? The phase 
lead of source 2 over 1, 3 over 2, etc., is 6. 

(b) What value should 6 have to make the array a broadside type? For this broad- 
side case, what are the relative current magnitudes of the sources for: 

1. Maximum directivity 
2. No sidelobes 
3. Sidelobes equal in magnitude to “main” lobe 


Two-tower BC array. A broadcast array of 2 vertical towers with equal currents is 
to have a horizontal plane pattern with a broad maximum of field intensity to the 
north and a null at an azimuth angle of 131° measured counterclockwise from the 
north. Specify the arrangement of the towers, their spacing, and phasing. Calculate 
and plot the field pattern in the horizontal plane. 


Three-tower BC array. A broadcast array with 3 vertical towers arranged in a 
straight horizontal line is to have a horizontal-plane pattern with a broad 
maximum of field intensity to the north and nulls at azimuth angles of 105°, 147° 
and 213° measured counterclockwise from the north. The towers need not have 
equal currents. For the purpose of analysis the center tower (2) may be regarded as 
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2 towers, 2a and 2b, 2a belonging to an array of itself and tower 1 and 2b to an 
array of itself and tower 3. Specify the arrangement of towers, their spacing, cur- 
rents and phasing. Calculate and plot the field pattern in the horizontal plane. 
Four-tower BC array. A broadcast array of 4 vertical towers with equal currents is 
to have a symmetrical 4-lobed pattern in the horizontal plane with maximum field 
intensity to the north, east, south and west and a reduced field intensity to the 
northeast, southeast, southwest and northwest equal to 4 the maximum. Specify the 
array arrangement, orientation, spacing and phasing. Calculate and plot the field 
pattern in the horizontal plane. 


*4-22 Eight-source end-fire array. 


* 4-23 


4-24 


(a) Calculate and plot the field pattern of a linear array of 8 isotropic point sources 
of equal amplitude spaced 0.2/ apart for the ordinary end-fire condition. 

(b) Repeat, assuming that the phasing satisfies the Hansen and Woodyard 
increased-directivity condition. 

(c) Calculate the directivity in both cases by graphical or numerical integration of 
the entire pattern. 


Rectangular current sheet. Calculate and plot the patterns in both planes perpen- 
dicular to a rectangular sheet carrying a current of uniform density and everywhere 
of the same direction and phase if the sheet measures 10 by 20A. What is the 
approximate directivity? 


Twelve-source end-fire array. 

(a) Calculate and plot the field pattern of a linear end-fire array of 12 isotropic 
point sources of equal amplitude spaced 4/4 apart for the ordinary end-fire 
condition. 

(b) Calculate the directivity by graphical or numerical integration of the entire 
pattern. Note that it is the power pattern (square of field pattern) which is to be 
integrated. It is most convenient to make the array axis coincide with the polar 
or z axis of Fig. 3-2 so that the pattern is a function only of 6. 

(c) Calculate the directivity by the approximate half-power beam-width method 
and compare with that obtained in (b). 


*4-25 Twelve-source broadside array. 


4-26 


4-27 


(a) Calculate and plot the pattern of a linear broadside array of 12 isotropic point 
sources of equal amplitude spaced 4/4 apart with all sources in the same phase. 

(b) Calculate the directivity by graphical or numerical integration of the entire 
pattern and compare with the directivity obtained in Prob. 4-24 for the same 
size array operating end-fire. 

(c) Calculate the directivity by the approximate half-power beam-width method 
and compare with that obtained in (5). 


Twelve-source end-fire array with increased directivity. 

(a) Calculate and plot the pattern of a linear end-fire array of 12 isotropic point 
sources of equal amplitude spaced 4/4 apart and phased to fulfill the Hansen 
and Woodyard increased-directivity condition. 

(b) Calculate the directivity by graphical or numerical integration of the entire 
pattern and compare with the directivity obtained in Probs. 4-24 and 4-25. 

(c) Calculate the directivity by the approximate half-power beam-width method 
and compare with that obtained in (5). 


n-source array. Variable phase velocity. Referring to Fig. 4-18, assume that the 
uniform array of n isotropic point sources is connected by a transmission system 
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extending along the array with the feed point. at source 1 so that the phase of 
source 2 lags 1 by wd/v, 3 lags 1 by 2md/v, etc., where v is the phase velocity to the 
right along the transmission system. Show that the far field is given by (4-6-8) 
where w = d,[cos ¢ — (1/p)], where p is the relative phase velocity, that is, p = v/c 
where c is the velocity of light. Show also that p = oo for the broadside case, p = 2 
for the maximum field at @ = 60°, p = 1 for the ordinary end-fire case and p = 
1/[1 + (1/2nd,)] for the increased-directivity end-fire case. 

Continuous array. Variable phase velocity. Consider that the array of discrete 
sources in Fig. 4-18 is replaced by a continuous array of length L and assume that 
it is energized like the array of Prob. 4-27. Show that the far field for the general 
case of any phase lag 6’ per unit distance along the continuous array is given by 
(4-14-18) where W’ = L, cos ¢ — 6’L = L,[cos ¢ — (1/p)], where p = v/c as in Prob. 
4-27. Show also that for the four cases considered in Prob. 4-27 the p values are the 
same except for the increased-directivity end-fire case where p = 1/[1 + (1/2L,)]. 


Binomial distribution. Use the principle of pattern multiplication to show that a 
linear array with binomial amplitude distribution has a pattern with no minor 
lobes. 


Two-source array. Show that for a 2-source array the field patterns 
2 
ee ces stl and iF ="2)/ cos v 
sin (w/2) 2 
are equivalent. 


Directivity of ordinary end-fire array. Show that the directivity of an ordinary end- 
fire array may be expressed as 


D= eee 
1 + (A/2and) 9° [(n — k)/k] sin (4rkd/A) 
k=1 
Note that 
sin aml cae w 
——— i ne) 2k) cos 2h — 
sin (y/2) 2, 2 
Directivity of broadside array. Show that the directivity of a broadside array may 


be expressed as 


n 

D = as a ete RS Ee ce 

1 + (A/nnd) 9° [(n — k)/k] sin (22kd/A) 
er 


=i 
Phase center. Show that the phase center of a uniform array is at its centerpoint. 


Three-source array. The center source of a 3-source array has a (current) amplitude 
of unity. For a sidelobe level 0.1 of the main-lobe maximum field, find the Dolph- 
Tchebyscheff value for the amplitude of the end sources. The source spacing 
a= Aj2. 


End-fire arrays. 4/2 spacing. The following BASIC program provides antenna field- 
pattern graphs in polar and rectangular coordinates for an array of 4 sources as 
illustrated in Fig. P4-35. Using modifications of this program, produce graphs of 
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the patterns for a larger number of sources spaced 4/2 apart with end-fire phasing, 
such as (a) 5 sources, (b) 6 sources, (c) 8 sources and (d) 12 sources. 


(a) 


(d) 


Figure P4-35 End-fire array of 4 sources with A/2 spacing. Field patterns in polar and rec- 
tangular coordinates. 


END-FIRE ARRAY N=4 d=A/2 

POLAR PLOT 

10 HOME 

20 HGR 

30 HCOLOR =3 

40 FOR A=.02 TO 3.12 STEP .01 

50 R=15 * SIN(6.28 * (COS(A) — 1))/SIN(1.57 « (COS(A) —1)) 
60 HPLOT 138+R * COS(A),79 +R * SIN(A) 

61 HPLOT 138+R * (-COS(A)),79 + R * SIN(A) 

70 NEXT A 

RECTANGULAR PLOT (POLAR PLOT STEPS 10 60 61 70 OMITTED) 
60 HPLOT A +: 30,R+75 

61 HPLOT (A+ 3.16) * 30,-R+75 

70 NEXT A 


See also App. B. 

4-36 End-fire arrays. 1/4 spacing. Repeat Prob. 4-35 for the case where the spacing is 4/4 
instead of 4/2. The patterns in this case will be unidirectional instead of bidirec- 
tional as with 4/2 spacing. 

4-37 Two-element interferometer. Using a computer as in the above problems, produce 
graphs of the field patterns of 2 isotropic in-phase sources with spacings of (a) 84, 
(b) 164 and (c) 322. 

*4-38 Two sources in phase. Two isotropic point sources of equal amplitude. and same 
phase are spaced 2A apart. (a) Plot a graph of the field pattern. (b) Tabulate the 
angles for maxima and nulls. 

4-39 Two sources in opposite phase. Two isotropic sources of equal amplitude and 
opposite phase have 1.54 spacing. Find the angles for all maxima and nulls. 
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4-40 Broadside arrays. 4/2 spacing. The following BASIC program provides antenna 


4-4] 


4-42 


4-43 


*4-44 


field-pattern graphs in polar and rectangular coordinates for an array of 4 sources 
as illustrated in Fig. P4-40. Using modifications of this program, produce graphs of 
the patterns for a larger number of in-phase sources spaced 4/2 apart, such as (a) 6 
sources, (b) 8 sources and (c) 12 sources. 


Broadside 


(d) 


Figure P4-40 Broadside array of 4 sources with 4/2 spacing. Field patterns in polar and 
rectangular coordinates. 


BROADSIDE ARRAY N=4_  d=A/2 

POLAR PLOT 

10 HOME 

20 HGR 

30 HCOLOR =3 

40 FOR A=.02 TO 6.26 STEP .01 

50 R=15 * SIN(6.28 « COS(A))/SIN(1.57 * COS(A)) 
60 HPLOT 138 +R * COS(A),79+R * SIN(A) 

70 NEXT A 

RECTANGULAR PLOT (POLAR PLOT STEPS 10 60 70 OMITTED) 
60 HPLOT A * 30,R+75 

70 NEXT A 


See also App. B. 


Three unequal sources. Three isotropic in-line sources have 4/4 spacing. The middle 
source has 3 times the current of the end sources. If the phase of the middle source 
is 0°, the phase of one end source +90° and the phase of the other end source 
— 90°, make a graph of the normalized field pattern. 


Long broadside array. Show that the HPBW of a long uniform broadside array is 
given (without approximation) by 50.8°/L,, where L, = L/A = length of array in 
wavelengths. 

Phase center of 2-source array. An array consists of 2 isotropic point sources, one at 
the origin and one at a distance of 4/2 in the x direction. If the source at the origin 


has twice the amplitude (field) of the other source, find the position of the phase 
center of the array. 


24-source end-fire array. A uniform linear array has 24 isotropic point sources with 
a spacing of 4/2. If the phase difference 6 = —x/2 (ordinary end-fire condition), 
calculate exactly (a) the HPBW, (b) the first sidelobe level, (c) the beam solid angle, 
(d) the beam efficiency, (e) the directivity and (/) the effective aperture. 
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4-45 Stray factor and directive gain. The ratio of the main beam solid angle Q,, to the 
(total) beam solid angle Q, is called the main beam efficiency. The ratio of the 
minor-lobe solid angle Q,, to the (total) beam solid angle 9, is called the stray 
factor. It follows that Qy/Q, + Q,,/Q, = 1. Show that the average directive gain 
over the minor lobes of a highly directive antenna is nearly equal to the stray 
factor. The directive gain is equal to the directivity multiplied by the normalized 
power pattern [=DP,(0, ¢)], making it a function of angle with the maximum 
value equal to D. 


4-46 Power patterns. Write and run power-pattern programs for Probs. 4-35 and 4-40. 


4-47 End-fire array with increased gain. Write and run normalized field- and power- 
pattern programs for end-fire arrays with d = 4/4, 6 = —(2nd/A) — (x/n) for n = 4, 
8, 12 and 16. 

4-48 Grating lobe pattern. Write and run field-pattern programs for broadside arrays 
with d = A for n = 4, 8, 12 and 16. With d > A, grating lobes appear. 


CHAPTER 
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THE 
ELECTRIC 
DIPOLE 
AND THIN 
LINEAR 
ANTENNAS 


5-1 THE SHORT ELECTRIC DIPOLE. Since any linear antenna may 
be considered as consisting of a large number of very short conductors connected 
in series, it is of interest to examine first the radiation properties of short conduc- 
tors. From a knowledge of the properties of short conductors, we can then 
proceed to a study of long linear conductors such as are commonly employed in 
practice. 

A short linear conductor is often called a short dipole. In the following 
discussion, a short dipole is always of finite length even though it may be very 
short. If the dipole is vanishingly short, it is an infinitesimal dipole. 

Let us consider a short dipole such as shown in Fig. 5-la. The length L is 
very short compared to the wavelength (L < 1). Plates at the ends of the dipole 
provide capacitive loading. The short length and the presence of these plates 
result in a uniform current J along the entire length L of the dipole. The dipole 
may be energized by a balanced transmission line, as shown. It is assumed that 
the transmission line does not radiate and, therefore, its presence will be disre- 
garded. Radiation from the end plates is also considered to be negligible. The 
diameter d of the dipole is small compared to its length (d < L). Thus, for pur- 
poses of analysis we may consider that the short dipole appears as in Fig. 5-1b. 
Here it consists simply of a thin conductor of length L with a uniform current IJ 


200 


5-2 THE FIELDS OF A SHORT DIPOLE 201 


ip gs 
Transmission 
line 
~4@ Figure 5-1 A short dipole antenna (a) and 


(a) (b) its equivalent (b). 


and point charges q at the ends. The current and charge are related by 


aa! (1) 


5-2 THE FIELDS OF A SHORT DIPOLE. Let us now proceed to 
find the fields everywhere around a short dipole. Let the dipole of length L be 
placed coincident with the z axis and with its center at the origin as in Fig. 5-2. 
The relation of the electric field components, E,, E, and E,, is then as shown. It 
is assumed that the medium surrounding the dipole is air or vacuum. 

In dealing with antennas or radiating systems, the propagation time is a 
matter of great importance. Thus, if a current is flowing in the short dipole of 
Fig. 5-3, the effect of the current is not felt instantaneously at the point P, but 
only after an interval equal to the time required for the disturbance to propagate 
over the distance r. We have already recognized this in Chap. 4 in connection 
with the pattern of arrays of point sources, but here we are more explicit and 
describe it as a retardation effect. 


Figure 5-2 Relation of dipole to coordinates. 
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Figure 5-3a Geometry for short dipole. - 


Accordingly, instead of writing the current I as’ 
I = Io ele (1) 


which implies instantaneous propagation of the effect of the current, we introduce 
the propagation (or retardation) time as done by Lorentz and write 


[ a = Io ejalt— (icy) (2) 


where [J] is called the retarded current. Specifically, the retardation time r/c 
results in a phase retardation wr/c = 2nfr/c radians = 360° fr/c = 360° t/T, where 
T = 1/f=time of one period or cycle (seconds) and f= frequency (hertz, 
Hz = cycles per second). The brackets may be added as in (2) to indicate explic- 
itly that the effect of the current is retarded. 

Equation (2) is a statement of the fact that the disturbance at a time t and 
at a distance r from a current element is caused by a current [J] that occurred at 
an earlier time t — r/c. The time difference r/c is the interval required for the 
disturbance to travel the distance r, where c is the velocity of light 
(=300 Mm s~*). 

Electric and magnetic fields can be expressed in terms of vector and scalar 
potentials. Since we will be interested not only in the fields near the dipole but 
also at distances which are large compared to the wavelength, we must use retar- 
ded potentials, i.e., expressions involving t — r/c. For a dipole located as in Fig. 
5-2 or Fig. 5-3a, the retarded vector potential of the electric current has only one 
component, namely, A,. Its value is 


ye ale | gers (3) 


° 4m J_pa Ss 


1 It is assumed that we take either the real (cos wt) or imaginary (sin wt) part of e/”. 
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Figure 5-3b Relations for short dipole 
when r > L. 


where [J] is the retarded current given by 


[ 7 — ie ejoalt — (s/c)] (3 a) 


In (3) and (3a), 


z = distance to a point on the conductor 
I) = peak value in time of current (uniform along dipole) 
Uo = permeability of free space = 4x x 10 Hemi 


If the distance from the dipole is large compared to its length (r > L) and if the 
wavelength is large compared to the length (A > L), we can put s =r and neglect 
the phase differences of the field contributions from different parts of the wire. 
The integrand in (3) can then be regarded as a constant, so that (3) becomes 


4 ies if if ejalt— (ric) 


4 
; Arr 4) 
The retarded scalar potential V of a charge distribution is 
1 
sea ears | (p] dt (5) 
4té& Jy S 


where [p] is the retarded charge density given by 
[0] = po eit 6 (6) 


and dt = infinitesimal volume element 


&) = permittivity or dielectric constant of free space = 8.85 x 107 eg 10 a: 


Since the region of charge in the case of the dipole being considered is confined 
to the points at the ends as in Fig. 5-1b, (5) reduces to 


y = {lal ta} 3 


Ame ( Sy S> 
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From (5-1-1) and (3a), 


I 
[q] = {ca TREN Ge | ema dt = sl (8) 
Substituting (8) into (7), 
ibe ejolt —(s1/c)] giolt — (s2/0)] 
EE 9 


Referring to Fig. 5-3b, when r > L, the lines connecting the ends of the dipole 
and the point P may be considered as parallel so that 


if 
She Me ey te (10) 
it 
and S> St wages 6 (11) 
Substituting (10) and (11) into (9) and clearing fractions, we have 
sb ejalt — (r/c)] 
z ATE, j@ 
eloni2e cos (Tr 4 (L/2) cos 6] — eadt@hi2o cas 80 (1/2) eosmes 
a ena eee ean cee eT 


G 


where the term I? cos* 6/4 in the denominator has been neglected in comparison 
with r? by assuming that r > L. By de Moivre’s theorem (12) becomes 


“f Dy eC OU ie aiincosse rebar aL cos 0 i B One 
= ————— | | cos ———_ ————-_|{r+—= 
4n€ jor? 2c : 2c 2 


Hb Nb, 0 L 
- Seg OOS Utyie AROSE r——cos 0 (13) 
2c 2c 2 


If the wavelength is much greater than the length of the dipole (A > L), then 


wL cos @ nL cos @ 
os ————— = cos ————__ & 


~ 1 14 
2c af A ie 
ib, 0 iG, 6 : | 
and sino ee (15) 
Ne 2¢ 
Introducing (14) and (15) into (13), the expression for the scalar potential then 
reduces to 
I,L cos @ e@tt-@/ol (4 | : 
y = eee (t+ 25) (16) 
ATE) C Be AO g 


Equations (4) and (16) express the vector and scalar potentials everywhere due to 
a short dipole. The only restrictions are that r > L and 1 > L. These equations 
give the vector and scalar potentials at a point P in terms of the distance r to the 
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Ay 


A, 
Figure 5-4 Resolution of vector potential into A, and 
A, components. 


point from the center of the dipole, the angle 0, the length of the dipole L, the 
current on the dipole and some constants. 

Knowing the vector potential A and the scalar potential V, the electric and 
magnetic fields may then be obtained from the relations 


E = —jwmA — VW (17) 
1 
and = VEX (18) 
Ll 
It will be desirable to obtain E and H in polar coordinates. The polar 
coordinate components for the vector potential are 
A =fA, + 64, + 6A, (19) 


Since the vector potential for the dipole has only a z component, A, = 0, and A, 
and A, are given by (see Fig. 5-4) 


Ay =A, cos 0 (20) 
A, = —A, sin 6 (21) 
where A, is as given by (4). In polar coordinates the gradient of V is 
fy aa ae aor epee ei 
or r 00 r sin 60 dd 
Calculating now the electric field E from (17), let us first express E in its 
polar coordinate components. Thus, 


(22) 


E = a, Vibe + ag Eo + a, Fy (23) 
From (17), (19) and (22) the three components of E are then 

OV 

E-= —JoA,— ~~ (24) 
or 

1 0V 
Ens JOAN ae 25 
r) JWAg a6 (25) 
[ec 
=—j —_ —— — 26 
er bees a ener 9) 


In (26), A, = 0. The second term is also zero since V in (16) is independent of @ 
so that 0V/d¢ = 0. Therefore, E, = 0. Substituting (20) into (24) and (21) into 
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(25), we have 


- OV 
E, = —j@A, cos 0 — an (27) 
: 1 6V 
and E, =j@A, sin 0 — = (28) 


Introducing now the values of A, from (4) and V from (16) into (27) and (28) and 
performing the indicated operations, we obtain 


Pe etcos Ore Galea 1 
2TE Cr Or 
To EB sin8 eel Cine 1 
E, = 22 30 
ang : Ane, Cor cr ha ao 


In obtaining (29) and (30) the relation was used that jp & = 1/c?, where 
c = velocity of light. 

Turning our attention now to the magnetic field, this may be calculated by 
(18). In polar coordinates the curl of A is 


Posty llotsinge) Ao 4,) 
Va} a0 ad 
6 dA,  a(r sin O)Ay e | Oro) _ 0A, G1) 
rsin@| dd or r or 06 


Since A, = 0, the first and fourth terms of (31) are zero. From (4) and (20) and 
(21) we note that A, and A, are independent of ¢, so that the second and third 
terms of (31) are also zero. Thus, only the last two terms in (31) contribute, so 
that V x A, and hence also H, have only a @ component. Introducing (20) and 
(21) into (31), performing the indicated operations and substituting this result into 
(18), we have 


Io L sin 8 elt! fig 1 
EL | =H ee ore raga 32 
pet Z An cr a r? C8. 
and H, = H, =0 (33) 


Thus, the fields from the dipole have only three components E,, E, and Hy. 
The components E,, H, and H, are everywhere zero. 

When r is very large, the terms in 1/r? and 1/r? in (29), (30) and (32) can be 
neglected in favor of the terms in 1/r. Thus, in the far field E, is negligible, and we 
have effectively only two field components, E, and Hz, given by 


7 i jolt — (r/c)] : 
Eo a Jol L sin 8 eh 0 =j Io BL sin @ eJolt — (r/c) (34) 
4né9c?r 4né, cr 
Jol Lisipgie! Colas nie ae 
and Ay, =————__ = j -2 Q eialt -(r/c)] 
g 4ncr ! 4nr ecten bal (35) 
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Figure 5-5 Near- and far-field patterns of E, and 
Dipole Dipole H, components for short dipole (a) and near-field 
(a) (b) pattern of E, component (b). 


Taking the ratio of E, to H, as given by (34) and (35), we obtain 


fo _ 1 _ /Ho_ 3779 (36) 
Hy E/e Eo 


This is the intrinsic impedance of free space (a pure resistance). 

Comparing (34) and (35) we note that E, and H, are in time phase in the far 
field. We note also that the field patterns of both are proportional to sin 6. The 
pattern is independent of ¢, so that the space pattern is doughnut-shaped, being 
a figure-of-revolution of the pattern in Fig. 5-Sa about the axis of the dipole. 
Referring to the near-field expressions given by (29), (30) and (32), we note that 
for a small r the electric field has two components E, and E,, which are both in 
time-phase quadrature with the magnetic field, as in a resonator. At intermediate 
distances, E, and E, can approach time-phase quadrature so that the total elec- 
tric field vector rotates in a plane parallel to the direction of propagation, thus 
exhibiting the phenomenon of cross-field. For the E, and H, components, the 
near-field patterns are the same as the far-field patterns, being proportional to 
sin 9 (Fig. 5-5a). However, the near-field pattern for E, is proportional to cos @ as 
indicated by Fig. 5-5b. The space pattern for E, is a figure-of-revolution of this 
pattern around the dipole axis. 

Let us now consider the situation at very low frequencies. This will be 
referred to as the quasi-stationary, or dc, case. Since from (8), 


[1] = [pet 19! = jog] (37) 


(29) and (30) can be rewritten as 


Vis Oras 1 
Ee [q]L cos ¢ ae oe (38) 
2TEo Claes 
[q]L sin 0 ATR a | 
(yen ef Mr ig a 39 
ane : Ane C*r nF cr? oe Gy 


The magnetic field is given by (32) as 


pee [I]L sin 0 (2 i 5) (40) 


An Cran 


208 5 THE ELECTRIC DIPOLE AND THIN LINEAR ANTENNAS 


Table 5-1 Fields of a short electric dipolet 


Component General expression Far field Quasi-stationary 
[PE cos'0 7 1 1 4o L cos 8 
E, Seema Peer Pee eee 0 SP aT = 
QE Chime JOE 2neor 
a [I]L sin 6 / jw 1 1 L]Ljo sin @ = j60n[J] sin@L  qoL sin 0 
; Ane Cr cre jar? 4néyc?r r A Aner? 
a [I]L sin @ [jw . 1 LI]Ljo sin @  j[I] sin 8 L I, L sin 6 
‘ An cor 4ncr a), A 4nr? 


+ The restriction applies that r > L and A> L. The quantities in the table are in SI units, that is, E in volts per 
meter, H in amperes per meter, J in amperes, r in meters, etc. [I] is as given by (37). Three of the field components of 
an electric dipole are everywhere zero, that is, 


E,=H,=H,=0 


r 


At low frequencies, m approaches zero so that the terms with @ in the 
numerator can be neglected. As w — 0, we also have 


Lq] = qo Ce qo (41) 
and Ors dhe (42) 


Thus, for the quasi-stationary, or dc, case, the field components become, from 
(38), (39) and (40), 


QoL cos 0 

Pain 2nEgr 2) 
go L sin 0 

Dera ar 4) 
I) L sin 0 

H lie reer (45) 


The restriction that r > L still applies. 

The expressions for the electric field, (43) and (44), are identical to those 
obtained in electrostatics for the field of two point charges, +g) and — qo; 
separated by a distance L. The relation for the magnetic field, (45), may be recog- 
nized as the Biot-Savart relation for the magnetic field of a short element carry- 
ing a steady or slowly varying current. Since in the expressions for the 
quasi-stationary case the fields decrease as 1/r? or 1/r?, the fields are confined to 
the vicinity of the dipole and there is negligible radiation. In the general expres- 
sions for the fields, (38), (39) and (40), it is the 1/r terms which are important in 
the far field and hence take into account the radiation. 

The expressions for the fields from a short dipole developed above are sum- 
marized in Table 5-1. 

If we had been interested only in the far field, the development beginning 
with (5) could have been much simplified. The scalar potential V does not con- 
tribute to the far field, so that both E and H may be determined from A alone. 
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Thus, from (17), E and H of the far field may be obtained very simply from 


|E| = E, = —j@A, (45a) 
and |H|=H Regis noe (45b) 


WihleteRZ i+ /iflo/fo = 377.Q 


H, may also be obtained as before from (18) and EF, from H,. Thus, 


1 
H, =|H| =— |v x A} (45¢) 
Ho 
and neglecting terms in 1/r’, 
Z 
E, = ZH, =—|Vx Al (45d) 
Ho 


Equation (30) for the 8 component of the electric field may be reexpressed 
as 


I,eL,Z sin O[ 1 
=e ee ° 9 ie) 
Eo ; Ex 360° r, + 90 


1 1 
Pee OUT, + 0 a, {—360° r, — 90° Viner 46 
# Anr? ute 817r3 : (Vm™") (46) 


where L, = L/A 
roe t A 
Za =atd f) 
The restrictions apply that 


TL eolamun Llg ) 


re L (r, > L,) (47) 
If we let 
1 
AS) S00 rt 0” 
2r, 
B [—360° r, + 0° 
SS 2 fs 
Anr? 
G : [—360° r,— 90° 
= —— /— — 
82773 
(46) becomes 


joot : 
Reser oiZ SOU (AtB+O) (48) 


The magnitudes of the components A, B and C are shown in Fig. 5-6 as a 
function of r, (distance in wavelengths). For r, greater than the radian distance 
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— Energy 
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stored 


5 © 


Components A, B, C of E, 


9S 
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distance radiated 


0.01 


0.01 100 


Figure 5-6 Variation of the magnitudes of the components of E, of a short electric dipole as a 
function of distance (r/A). The magnitudes of all components equal z at the radian distance 1/(27). At 
larger distances energy is mostly radiated, at smaller distances mostly stored. 


[1/(2x)], component A of the electric field is dominant, for r , less than the radian 
distance component C of the electric field is dominant, while at the radian dis- 
tance only B contributes (=z) because although | A| =| B| = | C| =" Arandee 
are in phase opposition and cancel. 

Equation (32) for the ¢ component (only component) of the magnetic field 
may be reexpressed as 


pelo eel esingg 


1 1 
£0 SE ped SU | eae eae pts cea REY Sy e1 (49 
H, ; Ee 360° r, + 90 + Fa = 300 nt0°| (49) 


The restrictions of (47) apply. 

For r, greater than the radian distance the first component of the magnetic 
field (in brackets) is dominant, for r, less than the radian distance the second 
component of the magnetic field is dominant, while at the radian distance both 
components are equal (=z) and in phase quadrature. 
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Note that the ratio of E, to Hy, as given by the ratio of (46) to (49), is an 
impedance whose value becomes exactly equal to Z, the intrinsic impedance of 
space (~ 377 Q), for r, > 1/(27). 

For the special case where 6 = 90° (perpendicular to the dipole in the xy 
plane of Fig. 5-2) and at r, > 1/(27), 


Ip L 
eel eas eee} (50) 
while at r, < 1/(2n), 
Io L 
a= ra (50a) 


which is identical to the relation for the magnetic field perpendicular to a short 
linear conductor carrying direct current as given by (45). 

The magnetic field at any distance r from an infinite linear conductor with 
direct current is given by 


is 
2nr 


= (50) 


which is Ampere’s law." 

Remarkably, the magnitude of the magnetic field in the equatorial plane 
(9 = 90°) in the far field of an oscillating 4/2 dipole is identical to (505) (Ampere’s 
law). It is assumed that the current distribution on the 4/2 dipole is sinusoidal. 
This is discussed in more detail in Sec. 5-5. The above magnetic field relations are 
summarized in Table 5-2. 

Rearranging the three field components of Table 5-1 for a short electric 
dipole, we have 


[IJL,Z cos@| 1 an 
Sed No Danii 51 
: A Qnr? scree An?r OD) 
Cie Z sin 0 1 eral 
= ——+@§_ —_ | j— —j— 52 
Eg A i 2r, a Anr? J 827r3 eo) 
EVES TN Ch a ol 1 
HH, = ——_ | j — 
é i a cee 2) 


We note that the constant factor in each of the terms in brackets differs from the 
factors of adjacent terms by a factor of 27, as do the constant factors in A, B and 
C of (48). 


1 See, for example, J. D. Kraus, Electromagnetics, 3rd ed., McGraw-Hill, 1984, p. 170. 


PA PARR nyt: ELECTRIC DIPOLE AND THIN LINEAR ANTENNAS 


Table 5-2 Magnetic fields from dipoles and _ linear 


conductorst 
Ot hiates fab, af 
Short oscillating dipole |Hy| = a3 (A m~’) 
at lr, > 1/(27) 
TS AS CL 
: : ~ Io L ear 
Short oscillating dipole |Hy|= ae (A m~*) 
at r, < 1/(2n) ses 
tS Lo Ak> L 
: Io L =f 

Short linear conductor = (A m“’) 

; é 4nr 
with direct current 
rE 

BOS Atty Io 
4/2 oscillating dipole, |H,| =— (A m7?) 
2nr 
far field 
a Io 

Infinite linear conductor Hy = — (Ampere’s law) (A m~?) 
with direct current 2nr 
at anyr 


+ Magnetic field at distance r from dipoles and linear conductors (in direction 
perpendicular to dipole, in xy plane of Fig. 5-2) with current I ae 


At the radian distance [r, = 1/(27)], (51), (52) and (53) reduce to 


2/2 Te 2 COs ibe 


a 45, 54 

E, ; ls #8 

Be nm[LI]L,Z sin 6 (55) 
A 

ee eee sin 8 145° (56) 


The magnitude of the average power flux or Poynting vector in the @ direc- 
tion is given by 


S, =4 Re BE, H} =4E,_H, Re 1/—90° = 5E, H, cos (—90°) = (57) 


indicating that no power is transmitted. However, the product E , H, represents 
imaginary or reactive energy that oscillates back and forth from electric to mag- 
netic energy twice per cycle. 

In like manner the magnitude of the power flux or Poynting vector in the 
r direction is given by 


t 


382 


Se — +E, Ay COS (— 45°) = Ey Ay (58) 


indicating energy flow in the r direction. 
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Much closer to the dipole [r, « 1/(27)], but with the restrictions of (47) still 
applying, (51), (52) and (53) reduce approximately to 


ey [I]L,Z cos @ 


ro 
ae! MUNA ps eT 
hii AZ sin 0 
jee i cs es ald 
: 827 Ar? oO) 
(I\L, sin ¢ 
(8 ead mere acca 
M AnAr? (61) 


From these equations it is apparent that S, = S, = 0. However, the pro- 
ducts E,H, and E,H, represent imaginary or reactive energy oscillating back 
and forth but not going anywhere. Thus, close to the dipole there is a region of 
almost complete energy storage. 

Remote from the dipole [r, > 1/(2z)], (51), (52). and (53) reduce approx- 
imately to 


E,=0 (62) 
_ ,UJL,Z sin 6 

Ht 2Ar, oo) 
_ , UL, sin 6 

adi 2Ar , on 


Since E, = 0, there is no energy flow in the @ direction (S, = 0). However, 
since E, and H, are in time phase, their product represents real power flow in the 
outward radial direction. This power is radiated. 

The Poynting vector or power flux around a short dipole antenna is shown 
by means of vectors in Fig. 5-7a. The length of the vectors is proportional to the 
Poynting vector magnitude. Double-ended vectors indicate imaginary or reactive 
power (vars per square meter) while single-ended vectors represent real power 
flow (watts per square meter) in the direction indicated. 

The region near the dipole is one of stored energy (reactive power) while 
regions remote from the dipole are ones of radiation. The radian sphere at r, = 
1/(2n) marks a zone of transition from one region to the other with a nearly equal 
division of the imaginary and real (radiated) power. 

The region close to the dipole may be likened to a spherical resonator 
within which pulsating energy is trapped, but with some leakage which is radi- 
ated. There is no exact boundary to this resonator region, but. if we arbitrarily 
put it at the radian distance a qualitative picture may be sketched as in Fig. 5-7b. 


5-3 RADIATION RESISTANCE OF SHORT ELECTRIC 
DIPOLE. Let us now calculate the radiation resistance of the short dipole of 
Fig. 5-1b. This may be done as follows. The Poynting vector of the far field is 
integrated over a large sphere to obtain the total power radiated. This power is 
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Figure 5-7a Power flux vectors at three distances near a short dipole antenna. Double-ended vectors 
indicate reactive power (vars per square meter) while single-ended vectors represent real power (watts 
per square meter). At the innermost distance [r, = 1/(2z)?], the power is almost entirely imaginary 
(reactive) with stored energy oscillating from electric to magnetic twice per cycle. At the outermost 
distance, the power is almost entirely real and flowing radially outward as radiation. At the radian 
sphere [r, = 1/(27)], the condition is in transition with energy pulsating in the 0 direction and also 
radiating in the radial direction. Some stored energy (not shown) is also pulsating in the radial direc- 
tion. Note that for proper scale, vectors at the innermost distance should be 10000 times larger while 
at the outermost distance they should be 100 times smaller. The three radial distances are not to scale. 
The other quadrants are mirror images. 
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Figure 5-7b Sketch suggesting that within the radian sphere the situation is like that inside a reson- 
ator with high-density pulsating energy accompanied by leakage which is radiated. 
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then equated to I*R where / is the rms current on the dipole and R is a resist- 
ance, called the radiation resistance of the dipole. 
The average Poynting vector is given by 


S = +4 Re (E x H*) (1) 


The far-field components are E, and H, so that the radial component of the 
Poynting vector is 


S, = 4 Re E, H¥ (2) 


where E, and H@ are complex. 
The far-field components are related by the intrinsic impedance of the 


medium. Hence, 
E 


5, = Re ZH,Hg = 41H,)* Re Z = 41H* | (4) 
é 


Thus, (2) becomes 


The total power P radiated is then 


‘4 dock Ll PH 5. Atos Seali: 5 
= || S,ds= |H,|?r? sin 0 d0 dd (5) 
DANCE Ui 


where the angles are as shown in Fig. 5-2 and | H,| is the absolute value of the 
magnetic field, which from (5-2-35) is 


wl, L sin 6 
el 4ncr iS) 
Substituting this into (5) we have 
To [2 
P= 3 mee | “| sin 0 dé dd (7) 


The double integral equals 87/3 and (7) becomes 


_ [HBL (8) 
eile 27 


This is the average power or rate at which energy is streaming out of a sphere 
surrounding the dipole. Hence, it is equal to the power radiated. Assuming no 
losses, it is also equal to the power delivered to the dipole. Therefore, P must be 
equal to the square of the rms current J flowing on the dipole times a resistance 
R, called the radiation resistance of the dipole. Thus, 


uB IRE _ (Io) 9 
if 12x -(s)e ie 
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Ko fe bale (10) 
6 67 


For air or vacuum ./p/e = ./Mo/&9 = 377 = 1202 Q so that (10) becomes’ 


Solving for R,, 


DS 2 
Ree sor() ~ 80n7L? = 790L? — (Q) (11) 


As an example suppose that L, = 75. Then R, = 7.9 Q. If L, = 0.01, then 
R, = 0.08 Q. Thus, the radiation resistance of a short dipole is small. 

In developing the field expressions for the short dipole, which were used in 
obtaining (11), the restriction was made that 2 > L. This made it possible to 
neglect the phase difference of field contributions from different parts of the 
dipole. If L, = 4 we violate this assumption, but, as a matter of interest, let us 
find what the radiation resistance of a 4/2 dipole is, when calculated in this way. 
Then for L, = 4, we obtain R, = 197 Q. The correct value is 168 Q (see Prob. 
5-3), which indicates the magnitude of the error introduced by violating the 
restriction that 2 > L to the extent of taking L = 1/2. 

It has been assumed that with end-loading (see Fig. 5-1a) the dipole current 
is uniform. However, with no end-loading the current must be zero at the ends 
and, if the dipole is short, the current tapers almost linearly from a maximum at 
the center to zero at the ends, as in Fig. 2-12b, with an average value of 5 of the 
maximum. Modifying (8) for the general case where the current is not uniform on 


the dipole, the radiated power is 
U bole IZ 
W 12 
- [poe 12x Ci ae 


where I, = amplitude of average current on dipole (peak value in time) 


The power delivered to the dipole is, as before, 
Bolo Rk, a W) (13) 
where I, = amplitude of terminal current of center-fed dipole (peak value in time) 


Equating the power radiated (12) to the power delivered (13) yields, for free space 
(uu = My and € = &o), a radiation resistance 


R, = 790( 5 ‘V1 (Q) (14)? 


* ./Uo/Eo = 376.73 Q. 377 and 120n are convenient approximations. 
* As already given by (2-20-3). See also footnote accompanying (2-20-3). 
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For a short dipole without end-loading, we have I,, = 41), as noted above, and 
(14) becomes 


R,=197L2—(Q) (15) 


5-4 THE FIELDS OF A SHORT DIPOLE BY THE HERTZ 
VECTOR METHOD. In Sec. 5-2 the fields of a short dipole were obtained 
by a method involving the use of vector and scalar potentials. Another equivalent 
method which is sometimes employed makes use of the Hertz vector. Since this 
method is frequently found in the literature, it will be of interest to use it to find 
the fields of a short electric dipole. The fields so obtained are identical with those 
found by the vector-scalar potential method, indicating the equivalence of the 
two procedures. 

The retarded vector potential of any electric-current distribution is given by 


SAS PEAT 


A= 
4n Jy r 


(1) 


where the retarded current density [J] is given by 


[J] aie 1B ejolt— (icy) (2) 
Multiplying numerator and denominator by ¢, (1) may be written as 
oll 
Ate ie 3 
He (3) 
where 
oll 1 [J] 


etree tee ata (4) 


where t represents time and t volume. The quantity II is the retarded Hertz 
vector or retarded Hertzian potential. Since [J] is the only time-dependent quan- 
tity on the right-hand side of (4), we have for the retarded Hertz vector 


1 1 J 
re i Olde ere ee dius| LN 


Sony, (5) 
4ne Jy =o Anejo Jy r 
Since 
ll=II, ejolt—(/c)] 
we obtain from (3) 
A = jouell (6) 
and eee (7) 


WE 
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If the retarded Hertz vector is known, both E and H everywhere can be 
calculated from the relations 


E = w*yell + V(V - TD) (8) 
H = joweV x Il (9) 


Thus, E and H are derivable from a single potential function, II. Substituting (7) 
into (8) and (9), these relations may be also reexpressed in terms of A alone. Thus, 


E = —joA ——— V(V - A) (10) 
Cpe 


1 
ey cen (11) 
Ll 


Let us now find the retarded Hertz vector for a short electric dipole. The 
vector potential for the dipole has only a z component as given by (5-2-4). There- 
fore, from (7) the Hertz vector has only a z component given by 

iT. Lel@lt- @/9l 
Il, = — JAD ase ave (12) 
4nrwe 
In polar coordinates TI has two components, obtained in the same way as the 
components of A in (5-2-20) and (5-2-21). Thus, 


II = fT, cos 6 — 6H, sin 0 (13) 


Substituting (12) into (13), and this in turn in (9) and performing the indicated 
operations, yields the result that 

| IjLsin@/jo 1 
mst(e.3 


fa (14) 


4n Char 
This result is identical with that obtained previously in (5-2-32). We could have 
anticipated this result since substituting (7) into (9) gives (11), from which (5-2-32) 
was obtained. 

Substituting (12) into (13) and this in turn in (8) then gives the electric field 
E everywhere. The expressions for the two components, E, and E,, so obtained 
are identical with those arrived at in (5-2-29) and (5-2-30) by the use of vector and 
scalar potentials. 


5-5 THE THIN LINEAR ANTENNA. In this section expressions for the 
far-field patterns of thin linear antennas will be developed. It is assumed that the 
antennas are symmetrically fed at the center by a balanced two-wire transmission 
line. The antennas may be of any length, but it is assumed that the current dis- 
tribution is sinusoidal. Current-distribution measurements indicate that this is a 
good assumption provided that the antenna is thin, 1.e., when the conductor 
diameter is less than, say, 1/100. Thus, the sinusoidal current distribution approx- 
imates the natural distribution on thin antennas. Examples of the approximate 
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( Lf Figure 5-8 Approximate natural-current 


3) n 2 distribution for thin, linear, center-fed 
antennas of various lengths. 


No| > 


natural-current distributions on a number of thin, linear center-fed antennas of 
different length are illustrated in Fig. 5-8. The currents are in phase over each 4/2 
section and in opposite phase over the next. 

Referring to Fig. 5-9, let us now proceed to develop the far-field equations 
for a symmetrical, thin, linear, center-fed antenna of length L. The retarded value 
of the current at any point z on the antenna referred to a point at a distance s is 


2 
[I] = I sin E (5 + 2) jose (1) 


In (1) the function 


is the form factor for the current on the antenna. The expression (L/2) + z is used 
when z < 0 and (L/2) — z is used when z > 0. By regarding the antenna as made 
up of a series of infinitesimal dipoles of length dz, the field of the entire antenna 
may then be obtained by integrating the fields from all of the dipoles making up 


To 
distant 
point 


Figure 3-9 Relations for symmetrical, thin, 
linear, center-fed antenna of length L. 
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the antenna. The far fields dE, and dH, at a distance s from the infinitesimal 
dipole dz are (see Table 5-1) 


_ j60nx[T] sin 6 dz 


2 

dE 5 (2) 
_ jl] sin @ dz 

Ss on 2sA sc 


Since Eg = ZH, = 120nH,g, it will suffice to calculate Hy. The value of the mag- 
netic field H, for the entire antenna is the integral of (3) over the length of the 
antenna. Thus, 


L/2 
He | iH, (4 
=) by[P4 


Now introducing the value of [J] from (1) into (3) and substituting this into (4) 
we have | 


jlo sin 6 e”* O° et Hie EE zi 
H, =————— pe ae ( eae jaz/c d 
ie yh es a 7 oe te Z 


a 2 | 
[EG pa 


In (5), 1/s affects only the amplitude, and hence at a large distance it may be 
regarded as a constant. Also at a large distance, the difference between s and r 
can be neglected in its effect on the amplitude although its effect on the phase 
must be considered. Further, from Fig. 5-9, 


s=r—zcos@ (6) 


Substituting (6) into (5) and also r for s in the amplitude factor, (5) becomes 


jy sin 9 et-wlN (00 Fan (L | 
H, = ——-——T—_. Sin | ee Ho cos @)z/e g 
ob ip eas eA z)le Z 


ee ELIE (5 )] re 
+ sin | — {| — —z | leX@cos%2/¢ dz} (7) 
Mabie | 


Since B = w/c = 2n/A and B/4n = 1/(2A), (7) may be rewritten as 


Tp l ously) 01 no ee ip 
H = ejbz cos 8 
o= re ae sin | B 5 +2z]| dz 


+ [vem cones LG = :)| ic} (8) 


ax 5 OG > 
fe sin (c + bx) dx = ae La sin (c + bx) — b cos (c + bx)] (9) 


The integrals are of the form 
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where for the first integral 


a = jf cos 0 
b= 6 
Gale 2 
For the second integral a and c are the same as in the first integral, but b = —f. 


Carrying through the two integrations, adding the results and simplifying yields 


_ jlo] | cos [(BL cos 8)/2] — cos (BL/2) 
le 2mr sin 0 | ae 
Multiplying H, by Z = 1207 gives E, as 
nee j60[Io] E [(BL cos 6/2] — COS od 11) 
r sin 0 


where [Io] = Ip ef? 


Equations (10) and (11) are the expressions for the far fields, H, and E,, of a 
symmetrical, center-fed, thin linear antenna of length L. The shape of the far-field 
pattern is given by the factor in the brackets. The factors preceding the brackets 
in (10) and (11) give the instantaneous magnitude of the fields as functions of the 
antenna current and the distance r. To obtain the rms value of the field, we let 
[I,] equal the rms current at the location of the current maximum. There is no 
factor involving phase in (10) or (11), since the center of the antenna is taken as 
the phase center. Hence any phase change of the fields as a function of 6 will be a 
jump of 180° when the pattern factor changes sign. 

As examples of the far-field patterns of linear center-fed antennas, three 
antennas of different lengths will be considered. Since the amplitude factor is 
independent of the length, only the relative field patterns as given by the pattern 
factor will be compared. 


5-5a Case 1. 1/2 Antenna. When L = 1/2, the pattern factor becomes 


_ cos [(z/2) cos 0] 


1s 
sin 6 


(12) 


This pattern is shown in Fig. 5-10a. It is only slightly more directional than the 
pattern of an infinitesimal or short dipole which is given by sin 6. The beam 
width between half-power points of the 4/2 antenna is 78° as compared to 90° for 
the short dipole. 3 
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Figure 5-10 Far-field patterns of A/2, full-wave 
and 3A/2 antennas. The antennas are center-fed 
and the current distribution is assumed to be 
sinusoidal. 


5-5b Case 2. Full-Wave Antenna. When L = 4, the pattern factor becomes 


__ cos (z cos 8) + 1 


E 13 
sin 0 (13) 
This pattern is shown in Fig. 5-10b. The half-power beam width is 47°. 
S-5e Case 3. 34/2 Antenna. When L = 32/2, the pattern factor is 
_ cos (372 cos 6) (14) 


sin @ 


The pattern for this case is presented in Fig. 5-10c. With the midpoint of the 
antenna as phase center, the phase shifts 180° at each null, the relative phase of 
the lobes being indicated by the + and — signs. In all three cases, (a), (b) and (c), 
the space pattern is a figure-of-revolution of pattern shown around the axis of the 
antenna. 
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Figure 5-11 Symmetrical center-fed dipole with sinusoidal 
current distribution. The field component E, at any distance 
can be expressed as the sum of 3 components radiating from 
the ends and the center of the dipole. 


5-5d_ Field at any Distance from Center-Fed Dipole. The geometry for the 
field at the point P from a symmetrical center-fed dipole of length L with sinu- 
soidal current distribution is presented in Fig. 5-11. The maximum current is I. 
It may be shown that the z component of the electric field at the point P is given 
by 


Ti Zoe se51 — JBs2 L e 4Br 
pee nee aa oe Coe (15) 
An Sy S5 ra tg 
The ¢ component of the magnetic field at the point P (Fig. 5-11) is given by 
JI =F aq bi =? 
H, = —_—_ JBsi i ag LnSap jpr 16 
: ric NG sa Naa 9, 


Whereas the other field equations for oscillating dipoles given in this 
chapter apply only with the restrictions of (5-2-47), (15) and (16) apply without 
distance restrictions. Equations (15) and (16) are reminiscent of the pulsed center- 
fed dipole of Fig. 2-24 in that the field at P is made up of 3 field components, one 
from each end of the dipole and one from the center. 

If P lies on the y axis (@ = 90°) and the dipole is 4/2 long, (15) becomes 


Da — 360° — 90° (V m_') (17) 
ary Serer: ae nie 5 


and (16) becomes 


I 
H, =— [-360° /# +724+90° (Am) (18) 
2ur 


where r, = r/A 
Ze 31) 0) 
I, = maximum current = terminal current 
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At a large distance the ratio of E, as given by (17) to Hy, as given by (18) is 


E 
7. = Z = 377 Q = intrinsic impedance (resistance) of space (19) 
p 


The magnitude of H, is 
Io 
jabea|) Ame 2 
Hjl==- (m4) (20) 


as given in Table 5-2. 


5-6 RADIATION RESISTANCE OF 1/2 ANTENNA. To find the 
radiation resistance, the Poynting vector is integrated over a large sphere yielding 
the power radiated, and this power is then equated to (I ix ee where Ro is 
the radiation resistance at a current maximum point and I, is the peak value 
in time of the current at this point. The total power P radiated was given in 
(5-3-5)' in terms of H, for a short dipole. In (5-3-5), | H,| is the absolute value. 
Hence, the corresponding value of Hy, for a linear antenna is obtained from 
(5-5-10) by putting | j[/>]| = I>). Substituting this into (5-3-5), we obtain 


p= 18 |” * {cos [(BL/2) cos 8] — cos (BL/2)}? 


us 0 sin 6 


d0 do (1) 


GL SOSIUUE (2) cose esc 


= 3012 : (2) 
0 sin 0 
Equating the radiated power as given by (2) to I2 R,/2 we have 
Ip Ro 
|B = 
5 (3) 
7 L/2 0] — j bf oar 
Pied Ro = 60 | £08 LBL/2) cos 6] = 00s (BLI2)}? ag hs 


0 sin 6 


where the radiation resistance Ry is referred to the current maximum. In the case 
of a 4/2 antenna this is at the center of the antenna or at the terminals of the 
transmission line (see Fig. 5-8). 

Proceeding now to evaluate (4), let 


u = cos 0 and du = —sin 6 d@ (5) 
by which (4) is transformed to 


Ree =60 | gues AEG? es ees Ligis a SA ey (6) 


‘P= [[S-ds=4/n/e [f |H,|? ds 
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However, 


1 1 1 1 1 
l-u (l+ufi-uw 2\l+u 1-u 
Also putting k = BL/2, (6) becomes 


Ry = 30 ie es ku — cos k)? fh (cos ku — cos a Sh 
= bu l—u 
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(8) 


This integral gives the radiation resistance for a thin linear antenna of any length 
L. For the special case being considered where L = 4/2, we have k = 1/2. Thus, in 


the case of a thin 4/2 antenna, (8) reduces to 


Ry = 30 cos? (1u/2) cos? (u/2) - 
fe 1l+u l—u 


Now in the first term let 


d 
ee aris — ie and dus Bee 
Tl 
and in the second term let 
/ d / 
on and i eee 
Tl 16 


Noting also that (v — )/2 = (x — v’)/2, Eq. (9) becomes 


2 Zz 54 ) 
Ry = 60 | ey 
O 


But cos? (x/2) = 4(1 + cos x) so that 


2n i 28] 
Ry = 30 | Hes iy = 39 | 1—cosv | 
0 vD 


0 v 
The last integral in (13) is often designated as Cin (x). Thus, 


A Lee 
cin (= | —— = do = In yx — Ci () 
0) 


= 0.577 + In x — Ci (x) 
where y = e° = 1.781 or In y = c = 0.577 = Euler’s constant 
The part of this integral given by 
Cis in x — Cini (x) 
is called the cosine integral. The value of this integral is given by 


x2 4 6 


ci) =| se healed eae 


7 hy le OAS ve 


00 


(9) 


(10) 


(11) 


(12) 


(13) 


(14) 


(15) 


(16) 
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Figure 5-12a Cosine integral. 
When x is small (x < 0.2), 
Ci (x) ~ In yx = 0.577 + In x (17) 
When x is large (x > 1), | 
Gi Ge ES : (18) 


A curve of the cosine integral as a function of x is presented in Fig. 5-12a. It is to 
be noted that Ci (x) converges around zero at large values of x. From (16) and 
(14) we obtain Cin (x) as an infinite series, 
ESA ea nee 
Ci eae 
in (x) 19 


ee ara one ae | a 


While discussing Cin (x) and Ci (x), mention may be made of another inte- 
gral which commonly occurs in impedance calculations. This is the sine integral, 
Si (x), given by 


sia) =| ee eee eee (20) 
gure ! 
When x is small (x < 0.5), 

Si (x) ~ x (21) 
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Figure 5-12b Sine integral. 


When x is large (x > 1), 


COS X 


Si (x) ~ ; x (22) 


x 
A curve of the sine integral as a function of x is presented in Fig. 5-12b. It is to be 
noted that Si (x) converges around z/2 at large values of x. 

Returning now to (13), this can be written as 


Ry = 30 Cin (27) = 30 x 2.44 = 739 (23) 


This is the well-known value for the radiation resistance of a thin, linear, center- 
fed, 4/2 antenna with sinusoidal current distribution. The terminal impedance 
also includes some inductive reactance in series with Ry (see Chap. 10). To make 
the reactance zero, i.e., to make the antenna resonant, requires that the antenna 
be a few per cent less than 4/2. This shortening also results in a reduction in the 
value of the radiation resistance. 


5-7 RADIATION RESISTANCE AT A POINT WHICH IS NOT 
A CURRENT MAXIMUM. If we calculate, for example, the radiation 
resistance of a 34/4 antenna (see Fig. 5-8) by the above method, we obtain its 
value at a current maximum. This is not the point at which the transmission line 
is connected. Neglecting antenna losses, the value of radiation resistance so 
obtained is the resistance Ry which would appear at the terminals of a transmis- 
sion line connected at a current maximum in the antenna, provided that the 
current distribution on the antenna is the same as when it is center-fed as in 
Fig. 5-8. Since a change of the feed point from the center of the antenna may 
change the current distribution, the radiation resistance Ry is not the value which 
would be measured on a 34/4 antenna or on any symmetrical antenna whose 
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4 


mah 


Figure 5-13 Relation of current J, at transmission-line terminals to current 
I, at current maximum. 


length is not an odd number of 4/2. However, Ry can be easily transformed to the 
value which would appear across the terminals of the transmission line connected 
at the center of the antenna. 

This may be done by equating (5-6-3) to the power supplied by the trans- 
mission line, given by /{R,/2, where J, is the current amplitude at the terminals 
and R, is the radiation resistance at this point (see Fig. 5-13). Thus, 


ib 


+ Ro (1 


where Rj is the radiation resistance calculated at the current maximum. Thus, the 
radiation resistance appearing at the terminals is 


Rie (72) R, (2) 


The current J, at a distance x from the nearest current maximum, as shown in 
Fig. 5-13, is given by | 


Lis Tp icost Bx (3) 


where J, = terminal current 
Ty = maximum current 


Therefore, (2) can be expressed as 


Ro 
~~ cos? Bx 


1 (4) 
When x = 0, R, = Ro; but when x = 4/4, R, = oc if Ro # 0. However, the radi- 
ation resistance measured at a current minimum (x = 4/4) is not infinite as would 
be calculated from (4), since an actual antenna is not infinitesimally thin and the 
current at a minimum point is not zero. Nevertheless, the radiation resistance at 
a current minimum may in practice be very large, i.e., thousands of ohms. 


5-8 FIELDS OF A THIN LINEAR ANTENNA WITH A 
UNIFORM TRAVELING WAVE. The foregoing discussion has been 
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current 


Distance along antenna 


Relative 

phase 
angle pees citecton Figure 5-14 Current ampli‘ude and phase relations 
(lag) along an antenna carrying a single uniform traveling 


Distance along antenna wave. 


confined to the case of antennas with sinusoidal current distributions. This 
current distribution may be regarded as the standing wave produced by two 
uniform (unattenuated) traveling waves of equal amplitude moving in opposite 
directions along the antenna. If, however, only one such wave is present on the 
antenna, the current distribution is uniform. The amplitude is a constant along 
the antenna, and the phase changes linearly with distance as suggested by 
Fig. 5-14. 

The condition of a uniform traveling wave on an antenna is one of con- 
siderable importance, as this condition may be approximated in a number of 
antenna systems. For example, a single-wire antenna terminated in its character- 
istic impedance, as in Fig. 5-15a, may have essentially a uniform traveling wave.’ 
This type of antenna is often referred to as a Beverage or wave antenna. A ter- 
minated rhombic antenna (Fig. 5-15b) may also have essentially a single traveling 
wave. The Beverage and rhombic antennas are discussed further in Chap. 16. 
Other types of antennas that have, in the first approximation, a single outgoing 
traveling wave, are a long monofilar axial-mode helical antenna and a long, thick 
linear antenna as illustrated in Fig. 5-15c and d. These antennas have no termina- 
ting impedance but behave in a similar way to terminated antennas. Thus, the 
thick linear conductor has a current distribution similar to a thin terminated 
linear conductor, and the patterns are similar if the conductor diameter is not too 
large. The results for a traveling wave on a linear conductor can be applied to a 
helix, as shown in Chap. 7, by considering that the helix consists of a number of 
short linear segments. On the linear antennas, the phase velocity of the traveling 
wave is substantially equal to the velocity of light. However, the phase velocity 
along the conductor of a monofilar axial-mode helical antenna may differ appre- 
ciably from the velocity of light. Hence, to make the results applicable to any of 
the antenna types shown in Fig. 5-15, the fields from an antenna with a traveling 


1 Since the fields of an antenna are not confined to the immediate vicinity of the antenna, it is not 
possible to provide a nonreflecting termination with a lumped impedance. However, a lumped imped- 
ance may greatly reduce reflections at the termination. 
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(a) Terminated single wire antenna 
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Terminated rhombic antenna 


(c) Long helical antenna 


(d) Long thick linear antenna Figure 5-15 Various antennas having essentially 
a single traveling wave. 


wave will be developed for the general case where the phase velocity v of the 
wave along the conductor may have any arbitrary value.’ 

Proceeding now to find the field radiated by a traveling wave on a thin 
linear conductor, let us consider a conductor of length b coincident with the z 
axis and with one end at the origin of a cylindrical coordinate system (p, €, z) as 
in Fig. 5-16. It is assumed that a single, uniform traveling wave is moving to the 
right along the conductor. 

Since the current is entirely in the z direction, the magnetic field has but one 
component H,. The ¢ direction is normal to the page at P in Fig. 5-16, and its 
positive sense is outward from the page. The magnetic field H, can be obtained 
from the Hertz vector ITI. Since the current is entirely in the z direction, the Hertz 


' A. Alford, “A Discussion of Methods Employed in Calculations of Electromagnetic Fields of Radi- 
ating Conductors,” Elec. Commun., 15, 70-88, July 1936. Treats case where velocity is equal to light. 

J. D. Kraus and J. C. Williamson, “Characteristics of Helical Antennas Radiating in the Axial Mode,” 
J. App. Phys., 19, 87-96, January 1948. Treats general case. 

J. Grosskopf, “Uber die Verwendung zweier Lésungsansdtze der Maxwellschen Gleichungen bei der 
Berechnung der electromagnetischen Felder strahlender Leiter,” Hochfrequenztechnik und Electro- 
akustik, 49, 205-211, June 1937. Treats case where velocity is equal to light. 
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Figure 5-16 Relation of conductor of length b 


——>- 
Wave with single traveling wave to cylindrical coor- 
direction : 

Conductor dinate system. 


vector has only a z component. Thus, 


oll 
H, = joeV x 1), = —joe —— (1) 
op 
where IT, is the z component of the retarded Hertz vector at the point P, as given 
by 
1 sv 
n, ==—— | LO ae, @) 
A4njwé Jo 1 
ie P24 
where [1] = I sin a t — rman (3) 


where z, = a point on the conductor 
v 

and = pc or p= (4) 
c 


In (4), p is the ratio of the velocity along the conductor v to the velocity of light c. 
This ratio will be called the relative phase velocity. 

All the conditions required for calculating the magnetic field due to a single 
traveling wave on the linear conductor are contained in the relations (1) through 
(4). That is, if [I] in (3) is substituted into (2) and IT, from this equation into (1) 
and the indicated operations performed, we obtain the field H,. Let us now 
proceed to carry through this calculation. To do this, let 


if Z 


Tap este = (5) 
Now since 
=([2—2,)? +p (6) 
we have 


JUN, ae uel 


dz. lire pe 


(7) 
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Equation (2) now becomes 


TGa es sin ju 
= ——__ I 8 
*  Anjwe [ z—2Z,—(r/p) ; (8) 
where the new limits are 
b 
ee he and ae eee (9) 
Cc Coen 
Introducing (8) into (1) we have 
jee we {" sin wu 
Aes ri (10) 
° An 6p Jy, 2-21 —(r/p) 


Confining our attention now to the far field, i.e., at a large distance r, which is 
very much larger than b, the quantity z, can be neglected and the denominator of 
the integrand considered to be a constant z — (r/p). Therefore (10) becomes 


Tecmo == wu, + cos ma (41) 
z — (r/p) 


Performing the differentiation with respect to p, (11) becomes 


pe Iop ‘ — (r/p)\(sin mu, — sin wu,) + [A/(2mp)]|(cos mu, — cos a (12) 
> dar [z — (r/p)]? 


At arbitrarily large distances, 1.e., where 


; 
sh ne 


and for the case where 
sin mu, — sin mu, #0 
(12) reduces to 


Io sin d 


sana A (sin wu, — sin wuy) (13) 


where the relations have been introduced for r > b that 


mo LS 


= cos d and : = sin d (14) 


Introducing the values of u, and u, into (13) from (9) and by trigonometric 
manipulation, (13) can be put in the form 


Iop sin @ aelRCOD 
Hae oe) Se ere 
$ 2nr, ' — pcos ¢ ec Ee Laos | 


; b 
EC 4 “) a 7 (1 — pcos 6)| (15) 
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(a) (d) (c) 
Figure 5-17 Far-field patterns of linear 4/2 antenna carrying a uniform traveling wave (to right) for 


three conditions of relative phase velocity (p = 1.0, 0.8 and 0.6). The tilt angle t and the half-power 
beam widths are indicated for each pattern. 


Equation (15) gives the instantaneous magnetic field at large distances from 
the linear antenna carrying a single traveling wave of amplitude J,, in terms of 
the distance r,, direction angle @, relative phase velocity p, radian frequency @, 
conductor length b, time t and velocity of light c. The distant or far electric field 
E, is obtained from H, by Ey = HZ, where Z = 377 Q. 

In (15) the shape of the field pattern is given by the expression in the braces 
{ }. The expression indicated as an angle / gives the phase of the field referred 
to the origin of the coordinates (see Fig. 5-16) as the phase center. The relative 
phase pattern at a constant distance is given by the right-hand term, [wb/(2pc)] 
(1 — pcos @). 

Several examples will now be considered to illustrate the nature of the field 
patterns obtained on linear conductors carrying a uniform traveling wave. 


5-8a Case 1. Linear 1/2 Antenna. Let us consider a linear antenna, 1/2 long 
as measured in free-space wavelengths. Thus, assuming that p = 1, the phase 
velocity along the antenna is equal to that of light and the pattern calculated 
from (15) is as shown by Fig. 5-17a. The difference between this pattern and that 
for a linear 4/2 antenna with a sinusoidal current distribution or standing wave 
(Fig. 5-10a) is striking. The lobes are sharper and also tilted forward in the case 
of the traveling wave antenna (Fig. 5-17a). The tilt is in the direction of the trav- 
eling wave. The tilt angle t of the direction of maximum radiation is 25° and the 
beam width between half-power points is about 60°. This is in contrast to t = 0 
and a beam width of 78° for the 4/2 antenna with a sinusoidal current distribu- 
tion or standing wave. 
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Figure 5-18 Far-field pattern of linear 5A antenna 
carrying a uniform traveling wave (p = 1). 


As the phase velocity of the traveling wave on the //2 antenna is reduced, 
the tilt angle is increased and the beam width reduced further, as illustrated by 
the patterns of Fig. 5-17b and c, which are for the cases of p = 0.8 and p = 0.6 
respectively. 


5-8b Case 2. Linear Antenna 5A Long. The field pattern for a 5A linear 
antenna with a single traveling wave is presented in Fig. 5-18 for the case where 
p=1 (that is, v=c). This pattern is typical of those for long, terminated 
antennas, the radiation being beamed forward in a cone having the antenna as its 
axis. The tilt angle for this antenna is about 68°. 


5-8c Case 3. Linear Antennas 1/2 to 25/4 Long. As the length of the antenna 
is increased the tilt angle increases further, reaching about 78° (12° from antenna) 
when the length is 204 for p = 1. The variation of the angle of the conical beam 
from the antenna is shown in Fig. 5-19 as a function of the antenna length for a 
wave traveling at the velocity of light (p = 1). Note that a in Fig. 5-19 is the 
complement of the tilt angle t, that is, a = 90° — t. 
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Figure 5-19 Angle « of main beam maximum from a linear traveling wave antenna as a function of 
antenna length in wavelengths (L,) with v = c (p = 1) for antennas 1/2 to 25/ long. 
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PROBLEMS’ 
*5-1 Electric dipole. 
(a) Two equal static electric charges of opposite sign separated by a distance L 
constitute a static electric dipole. Show that the electric potential at a distance r 
from such a dipole is given by 


L cos 8 
y — gh cos 8 
Amer 


where Q is the magnitude of each charge and @ is the angle between the radius r 
and the line joining the charges (axis of dipole). It is assumed that r is very large 
compared to L. 

(b) Find the vector value of the electric field E at a large distance from a static 
electric dipole by taking the gradient of the potential expression in part (a). 


5-2 2, antenna. The instantaneous current distribution of a thin linear center-fed 
antenna 2A long is sinusoidal as shown in Fig. P5-2. 
(a) Calculate and plot the pattern of the far field. 
(b) What is the radiation resistance referred to a current loop? 
(c) What is the radiation resistance at the transmission-line terminals as shown? 
(d) What is the radiation resistance 4/8 from a current loop? 


i Sameer) 
Figure P5-2 2, antenna. 


*5.3 1/2 antenna. Assume that the current is of uniform magnitude and in phase along 
the entire length of a 4/2 thin linear element. 
(a) Calculate and plot the pattern of the far field. 
(b) What is the radiation resistance? 
(c) Tabulate for comparison: 
1. Radiation resistance of part (b) above 
2. Radiation resistance at the current loop of a 4/2 thin linear element with 
sinusoidal in-phase current distribution 
3. Radiation resistance of a 4/2 dipole calculated by means of the short dipole 
formula 
(d) Discuss the three results tabulated in part (c) and give reasons for the differ- 
ences. 


5-4 /2 antennas in echelon. Calculate and plot the radiation-field pattern in the plane 
of two thin linear 4/2 antennas with equal in-phase currents and the spacing 
relationship shown in Fig. P5-4. Assume sinusoidal current distributions. 


1 Answers to starred (*) problems are given in App. D. 
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Figure P5-4 4/2 antennas in echelon. 


1A antenna with standing wave. Calculate the field pattern in the plane of the 1A 
antenna shown in Fig. P5-5. Assume that the current distribution on each wire is 
sinusoidal and that all currents are in phase. Plot the pattern. 


ey 

/2 Aes 
JS 

Figure P5-5_ 1/ antenna with bee wave. 


1A and 10/ antennas with traveling waves. 

(a) Calculate and plot the far-field pattern in the plane of a thin linear element 1/ 
long, carrying a single uniform traveling wave for 2 cases of the relative phase 
velocity p = 1 and 0.5. 

(b) Repeat for the single case of an element 10A long and p = 1. 


Isotropic antenna. Radiation resistance. An omnidirectional (isotropic) antenna has a 
field pattern given by E=10J/r (V m~'), where I = terminal current (A) and 
r = distance (m). Find the radiation resistance. 


Short dipole. For a thin center-fed dipole 4/15 long find (a) directivity D, (b) gain G, 
(c) effective aperture A,, (d) beam solid angle Q, and (e) radiation resistance R,. 
The antenna current tapers linearly from its value at the terminals to zero at its 
ends. The loss resistance is 1 2. 

Conical pattern. An antenna has a conical field pattern with uniform field for zenith 
angles (0) from 0 to 60° and zero field from 60 to 180°. Find exactly (a) the beam 
solid angle and (b) directivity. The pattern is independent of the azimuth angle (@). 


Conical pattern. An antenna has a conical field pattern with uniform field for zenith 
angles (6) from 0 to 45° and zero field from 45 to 180°. Find exactly (a) the beam 
solid angle, (b) directivity and (c) effective aperture. (d) Find the radiation resistance 
if the field E = 5 V m“? at a distance of 50 m for a terminal current J = 2 A (rms). 
The pattern is independent of the azimuth angle (¢). 


Directional pattern in 6 and @. An antenna has a uniform field pattern for zenith 
angles (6) between 45 and 90° and for azimuth (¢) angles between 0 and 120°. If 
E=3 Vm‘ at a distance of 500 m from the antenna and the terminal current is 
5 A, find the radiation resistance of the antenna. E = 0 except within the angles 
given above. 


Directional pattern in 6 and ¢. An antenna has a uniform field E = 2 V m“* (rms) 
at a distance of 100 m for zenith angles between 30 and 60° and azimuth angles @ 
between 0 and 90° with E = 0 elsewhere. The antenna terminal current is 3 A (rms). 
Find (a) directivity, (b) effective aperture and (c) radiation resistance. 


*§-13 
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Directional pattern with back lobe. The field pattern of an antenna varies with 
zenith angle (6) as follows: E,, (= Enormatizea) = 1 between 6 = 0° and 6 = 30° (main 
lobe), E, =0 between 6 = 30° and 6=90° and E,=4 between 6 =90° and 
= 180° (back lobe). The pattern is independent of azimuth angle (¢). (a) Find the 
exact directivity. (b) If the field equals 8 V m~* (rms) for 6 = 0° at a distance of 
200 m with a terminal current J = 4 A (rms), find the radiation resistance. 
Short dipole. The radiated field of a short-dipole antenna with uniform current is 
given by |E| = 30BI(I/r) sin 0, where | = length, J = current, r = distance and 
6 = pattern angle. Find the radiation resistance. 
Equivalence of pattern factors. Show that the field pattern of an ordinary end-fire 
array of a large number of colinear short dipoles as given by (4-6-8), multiplied by 
the dipole pattern sin ¢, is equivalent to (5-8-15) for a long linear conductor with 
traveling wave for p = 1. 


Relation of radiation resistance to beam area. Show that the radiation resistance of 
an antenna is a function of its beam area Q, as given by 


where S = Poynting vector at distance r in direction of pattern maximum 
I = terminal current 


Cross-field. Find the locations in the field of a short dipole where circular cross-field 
exists. 


CHAPTER 


This chapter is devoted to the loop antenna. First, the field pattern of a small 
loop is derived very simply by considering that the loop is square and consists of 
four short linear dipoles. The same field equations are then developed by a some- 
what longer method based on the assumption that the small loop is equivalent to 
a short magnetic dipole. Finally, the general case of the loop antenna with 
uniform current is treated for loops of any size. Although most of the develop- 
ment concerns circular loops, square loops are also discussed, and it is shown 
that the far fields of circular and square loops of the same area are the same when 
they are small but different when they are large in terms of wavelength. 


6-1 THE SMALL LOOP. A very simple method of finding the field 
pattern of a small loop is treated in this section. Consider a circular loop of 
radius a with a uniform in-phase current as suggested by Fig. 6-1a. The radius a 
is very small compared to the wavelength (a < 4). Suppose now that the circular 
loop is represented by a square loop of side length d, also with a uniform in- 
phase current, as shown in Fig. 6-1b. In this way, the loop can be treated as four 
short linear dipoles, whose properties we have already investigated in Chap. 5. 
Let d be chosen so that the area of the square loop is the same as the area of the 
circular loop; that is, 


d* = na? (1) 


If the loop is oriented as in Fig. 6-2, its far electric field has only an E, 
component. To find the far-field pattern in the yz plane, it is only necessary to 
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(a) (b) Figure 6-1 Circular loop (a) and square loop (b). 


consider two of the four small linear dipoles (2 and 4). A cross section through 
the loop in the yz plane is presented in Fig. 6-3. Since the individual small dipoles 
2 and 4 are nondirectional in the yz plane, the field pattern of the loop in this 
plane is the same as that for two isotropic point sources as treated in Sec. 4-2. 
Thus, 


|p Tage OPO cade any Ce a ad (2) 
where Ey, = electric field from individual dipole and 
= in 0 =d, nid (3) 
It follows that 
Ey = —2jEgo sin € sin ) (4) 


The factor j in (4) indicates that the total field E, is in phase quadrature with the 
field Eyo of the individual dipole. This may be readily seen by a vector construc- 
tion of the type of Fig. 4-1b of Chap. 4. Now if d <« A, (4) can be written 


Figure 6-2 Relation of square loop to coordi- 
nates. 
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Figure 6-3 Construction for finding far field of dipoles 2 and 4 of square loop. 


The far field of the individual dipole was developed in Chap. 5, being given in 
Table 5-1. In developing the dipole formula, the dipole was in the z direction, 
whereas in the present case it is in the x direction (see Figs. 6-2 and 6-3). The 
angle @ in the dipole formula is measured from the dipole axis and is 90° in the 
present case. The angle 6 in (5) is a different angle with respect to the dipole, 
being as shown in Figs. 6-2 and 6-3. Thus, we have for the far field Ego of the 
individual dipole 


60z[ 1] L 
0a aes (6) 


where [J] is the retarded current on the dipole and r is the distance from the 
dipole. Substituting (6) in (5) then gives 


60x[I]Ld, sin 6 
Ey a in (7) 


However, the length L of the short dipole is the same as d, that is, L = d. Noting 
also that d, = 2md/A and that the area A of the loop is d?, (7) becomes 


120x7[I] sin 6 A 
Deana ®) 
This is the instantaneous value of the E, component of the far field of a small 
loop of area A. The peak value of the field is obtained by replacing [J] by I, 
where I is the peak current in time on the loop. The other component of the far 
field of the loop is H,, which is obtained from (8) by dividing by the intrinsic 
impedance of the medium, in this case, free space. Thus, 


5 Es E: mI] sin 0 cA (9) 
° "1207 r ye 
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6-2 THE SHORT MAGNETIC DIPOLE. EQUIVALENCE TO A 
LOOP. Another method of treating the small loop is by making use of its 
equivalence to a short magnetic dipole. Thus, a small loop of area A and carrying 
a uniform in-phase electric current J is replaced by an equivalent magnetic dipole 
of length / as shown in Fig. 6-4a. The magnetic dipole is assumed to carry a 
fictitious magnetic current I,,. 

The relation between the loop and its equivalent magnetic dipole will now 
be developed. The moment of the magnetic dipole is q,,/ where q,, is the pole 
strength at each end as in Fig. 6-4b. The magnetic current is related to this pole 
strength by 


dq 
[2 1 
mn Moa (1) 
where I,, = Ino 2” : 
Integrating (1) with respect to time, 
Lin 
jou 


The magnetic moment of the loop is JA. Equating this to the moment of the 
magnetic dipole, we have 


Ont =a (3) 
Substituting (2) in (3), 
je 
ae ae (4) 
JOU 
This may be reexpressed as 
; Rae Bele 
I, (= —joplA = = jf 5 WA = pict. 12 (5) 
eee 
or Ln! = —j240n*I a (6) 
In retarded form (6) is 
paves oe A 
Un]! = —j240n° Lt] | (7) 


where ee | = 1 er eolt—(r/c)] 


ea = is eiolt— (ric)] 


f vue + Qn 
qm | It 
r tee 
4m Figure 6-4 (a) Relation of small loop of area A to short 


(a) (b) magnetic dipole of length /. (b) Short magnetic dipole. 
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Equations (6) and (7) relate a loop of area A and carrying a current J to its 
equivalent magnetic dipole of length / carrying a fictitious magnetic current I,,. 


6-3 THE SHORT MAGNETIC DIPOLE. FAR FIELDS. In this 
section the far fields of a short magnetic dipole will be calculated. Then applying 
the equivalence relation between a loop and magnetic dipole developed in Sec. 
6-2, we obtain the far field of a small circular loop. 

The method of finding the fields of a short magnetic dipole is formally the 
same as that employed in Sec. 5-2 to find the far field of a short electric dipole. 
The only difference is that electric current J is replaced by a fictitious magnetic 
current /,, and that E is replaced by H. Then with the magnetic dipole oriented 
as in Fig. 6-5, the retarded vector potential F of the magnetic current is 


a li72 I 
petal (6 LS ei ce Und gv? g A“t m4) (1) 
An r 4m J-y2 1 


The vector potential F has only a z component F,. Introducing the value of the 
retarded current 


I at i] 72 eJolt— (ric) 
_ Hino | re aagp (2) 


“ata ie r 


Ifr >] and 4 > 1, the phase difference of the contributions of the various current 
elements of length dz along the magnetic dipole can be neglected. Hence, the 
integrand in (2) may be regarded as a constant, and (2) becomes 


U I 6 JeJolt— C/o] 
m 


Oe 
‘ Arr (3) 
The electric field E is obtained from F by the relation 
1 
Bexar (4) 
Ll 


Figure 6-5 Relation of short magnetic dipole to 
coordinates. 
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Resolving F, into its spherical or polar coordinate components F, and F, and 
taking the curl of F as in (4), the E, component of the electric field is found to be 


TP iisin 6 (jo. 1 
jie = eee aes | fe 
4 An cr a r? (>) 


This is the only component of the electric field produced by a magnetic dipole 
oriented as in Fig. 6-5. It is interesting to note that (5) is identical with the 
expression for H, developed for a short electric dipole, provided that E in (5) is 
replaced by H and I,, by I (see Table 5-1). 

The relation of (5) applies at any distance from the magnetic dipole, provid- 
ed only that r>/ and 1 >I. At a large distance r the second term of (5) can be 
neglected, and (5) becomes 


Fu wloolisim Oi Sie eeined at 
E, = = —™—__- 6 
& 4ncr 2r A (6) 


This is the far electric field from a short magnetic dipole of length / and carrying 
a fictitious magnetic current J,,. The far magnetic field H, of the magnetic dipole 
is related to E, by the intrinsic impedance of the medium, in this case, free space. 
Hence 


— JU) sin Ol 
shite 240nr A (7) 


Substituting (6-2-7) for the moment [J,,]/ in (6) and (7), we obtain 


120n7[J] sin 0 A 
Salles ee REE 8) 


_ mI] sin 6 A 


d H 
an 6 r j2 (9) 


These are then the far-field equations in a plane perpendicular to a small 
loop of area A carrying a current I. They are identical with (6-1-8) and (6-1-9) 
developed in Sec. 6-1 by the method using a square loop of four short linear 
electric dipoles. The field pattern in the plane of a circular loop with uniform 
current is by symmetry a circle. The far-field pattern in the plane of a small 
square loop with uniform current may also be shown to be a circle (Prob. 6-6). 
Thus, it appears that the far fields of small circular and square loops are identical 
provided that both have the same area. 

Both E, and H, vary as the sine of the angle 6 measured from the polar axis 
as illustrated in Fig. 6-6. The fields are independent of @. Hence, the space pat- 
terns are figures-of-revolution of the pattern of Fig. 6-6 around the polar axis, the 
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Figure 6-6 Far-field pattern for a small loop. 


form being that of a doughnut. This pattern is identical in shape to that of a 
short electric dipole oriented parallel to the polar or z axis. 


6-4 COMPARISON OF FAR FIELDS OF SMALL LOOP AND 
SHORT DIPOLE. It is of interest to compare the far-field expressions for a 
small loop with those for a short electric dipole. The comparison is made in 
Table 6-1. The presence of the operator j in the dipole expressions and its 
absence in the loop equations indicate that the fields of the electric dipole and of 
the loop are in time-phase quadrature, the current J being in the same phase in 
both the dipole and loop. This quadrature relationship is a fundamental differ- 
ence between the fields of loops and dipoles. See Prob. 6-9. 

The formulas in Table 6-1 apply to a loop oriented as in Fig. 6-2 and a 
dipole oriented parallel to the polar or z axis. The formulas are exact only for 
vanishingly small loops and dipoles. However, they are good approximations for 
loops up to 4/10 in diameter and dipoles up to 4/10 long. 


6-5 THE LOOP ANTENNA. GENERAL CASE. The general case of a 
loop antenna with uniform, in-phase current will now be discussed. The size of 
the loop is not restricted to a small value compared to the wavelength as in the 


Table 6-1 Far fields of small electric dipoles and 


loops 
Field Electric dipole Loop 
j60x[I] sin 0 2 
Electric Ee ebb Aohey lf Joe 120n' [4] sin @ A 
r A r ye 
; JL sin 6 L nm[I] sin 0 A 
Magnetic H, =———_ - H, = cab. 
% 4 2r A f r j2 
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To point P 
in xz plane 


Figure 6-7. Loop of any radius a with rela- 
tion to coordinates. 


preceding sections but may assume any value. The method of treatment follows 
that given by Foster.’ 

Let the loop of radius a be located with its center at the origin of the 
coordinates as in Fig. 6-7. The current J is uniform and in phase around the loop. 
Although this condition is readily obtained when the loop is small, it is not a 
natural condition for large loops energized at a point. For loops with perimeters 
of about 1/4 or larger, phase shifters of some type must be introduced at intervals 
around the periphery in order to approximate a uniform, in-phase current on the 
loop. Assuming that the current is uniform and in phase, the far-field expressions 
will be derived with the aid of the vector potential of the electric current. The 
vector potential will first be developed for a pair of short, diametrically opposed 
electric dipoles of length a dq, as in Fig. 6-7. Then integrating over the loop, the 
total vector potential is obtained, and from this the far-field components are 
derived. 

Since the current is confined to the loop, the only component of the vector 
potential having a value is A,. The other components are zero: A, = A, = 0. The 
infinitesimal value at the point P of the ¢ component of A from two diametrically 


1 Donald Foster, “Loop Antennas with Uniform Current,” Proc. IRE, 32, 603-607, October 1944. A 
discussion of circular loops of circumference less than 4/2 (C, < 4) with nonuniform current distribu- 
tion is given by G. Glinski, “Note on Circular Loop Antennas with Nonuniform Current Distribu- 
tion,” J. Appl. Phys., 18, 638-644, July 1947. 
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26a cos nae 
Figure 6-8 Cross section in xz plane 
Perimeter of loop through loop of Fig. 6-7. 


opposed infinitesimal dipoles is 


(1) 


where dM is the current moment due to one pair of diametrically opposed infini- 
tesimal dipoles of length, a dd. In the @ = 0 plane (Fig. 6-7) the ¢ component of 
the retarded current moment due to one dipole is 


[I]a dd cos (2) 


where [J] = I, e/@!~/! and I is the peak current in time on the loop. 

Figure 6-8 is a cross section through the loop in the xz plane of Fig. 6-7. 
Referring now to Fig. 6-8, the resultant moment dM at a large distance due to a 
pair of diametrically opposed dipoles is 


dM = 2j[I]a dd cos ¢ sin (3) 


where w = 2fa cos @¢ sin @ radians 
Introducing this value for W into (3) we have 

dM = 2j[I]a cos ¢ [sin (Ba cos ¢ sin @)] dd (4) 
Now substituting (4) into (1) and integrating, 


= ot f sin (Ba cos ¢ sin @) cos do (5) 
or A, = Jult a J,(Ba sin 6) (6) 


2r 


6-6 FAR-FIELD PATTERNS OF CIRCULAR LOOP ANTENNAS WITH UNIFORM CURRENT 247 


where J, is a Bessel function of the first order and of argument (fa sin 6). The 
integration of (5) is performed on equivalent dipoles which are all situated at the 
origin but have different orientations with respect to @. The retarded current [J] 
is referred to the origin and, hence, is constant in the integration. 

The far electric field of the loop has only a ¢ component given by 


Substituting the value of A, from (6) into (7) yields 
pol I ja 
E,= 5 J ,(Ba sin 80) (8) 
P 
60 I 
or Rae ee J,(Ba sin 8) (9) 


This expression gives the instantaneous electric field at a large distance r 
from a loop of any radius a. The peak value of E, is obtained by putting [J] = 
I), where I, is the peak value (in time) of the current on the loop. The magnetic 
field H, at a large distance is related to E, by the intrinsic impedance of the 
medium, in this case, free space. Thus, 


Ball] 
2r 


Hy J ,(Ba sin 6) (10) 
This expression gives the instantaneous magnetic field at a large distance r from a 
loop of any radius a. 


6-6 FAR-FIELD PATTERNS OF CIRCULAR LOOP ANTENNAS 
WITH UNIFORM CURRENT. The far-field patterns for a loop of any size 
are given by (6-5-9) and (6-5-10). For a loop of a given size, fa is constant and the 
shape of the far-field pattern is given as a function of @ by 


JC, sin 6) (1) 
where C, is the circumference of the loop in wavelengths. That is, 
2na 
ean loan, Ba (2) 


The value of sin 6 as a function of 0 ranges in magnitude between zero and unity. 
When @ = 90°, the relative field is J,(C,), and as @ decreases to zero, the values of 
the relative field vary in accordance with the J, curve from J,(C,) to zero. This is 
illustrated by Fig. 6-9 in which a rectified first-order Bessel curve is shown as a 
function of C, sin 0. 

As an example, let us find the pattern for a loop 1/ in diameter (C, = 1 = 
3.14). The relative field in the direction 0 = 90° is then 0.285. As @ decreases, the 
field intensity rises, reaching a maximum of 0.582 at angle 0 of about 36°. As 6 
decreases further, the field intensity also decreases, reaching zero at 0 = 0°. The 
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Figure 6-9 Pattern chart for loops with uniform current as given by first-order Bessel curve as a 
function of C, sin 0. 
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Figure 6-10 Far-field patterns of loops of 0.1, 1, 1.5, 5 and 8A diameter. Uniform in-phase current is 
assumed on the loops. 
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pattern in the other four quadrants is symmetrical, the complete pattern being as 
presented in Fig. 6-10b. 

It is possible to obtain the pattern by a graphical construction. This is 
illustrated for the case we have just considered of C, = x by the auxiliary circle 
quadrant in Fig. 6-9. The angle @ is laid off around the arc of the circle. The 
radius of the circle is equal to C, sin 90° = C,, which in this case is 2. The field 
in the direction 6 = 60°, for instance, is then given by drawing a perpendicular to 
the axis of the abscissa and continuing this perpendicular until it intersects 
the J, curve, giving a value of relative field, in this case, of 0.443, as shown in 
Fig. 6-9. 

Turning now to a consideration of loops of other size, it is to be noted from 
Fig. 6-9 that the maximum field is in the direction 0 = 90° for all loops which are 
less than 1.844 in circumference (less than 0.5854 in diameter). As an example, the 
pattern for a loop 4/10 in diameter is presented in Fig. 6-10a. The pattern is 
practically a sine pattern as would be obtained with a very small loop. 

By way of contrast, the pattern for a loop 5A in diameter is shown in Fig. 
6-10d. In this case, which is typical for large circular loops with uniform current, 
the maximum field is in a direction nearly normal to the plane of the loop, while 
the field in the direction of the plane of the loop is small. 

All patterns in Fig. 6-10 are adjusted to the same maximum. The space 
patterns for the five cases in Fig. 6-10 are figures-of-revolution of the patterns 
around the polar axis. It is to be noted that the field exactly normal to the loop is 
always zero, regardless of the size of the loop. 


6-7 THE SMALL LOOP AS A SPECIAL CASE. The relations of 
(6-5-9) and (6-5-10) apply to loops of any size. It will now be shown that for the 
special case of a small loop, these expressions reduce to the ones obtained pre- 
viously. 

For small arguments of the first-order Bessel function, the following 
approximate relation can be used:! 


Fix) = 5 (1 


where x is any variable. When x = 4, the approximation of (1) is about 1 percent 
in error. The relation becomes exact as x approaches zero. Thus, if the perimeter 
of the loop is 4/3 or less (C, < 4), (1) may be applied to (6-5-9) and (6-5-10) with 
an error which is about 1 percent or less. Equations (6-5-9) and (6-5-10) then 


‘ For small arguments, the J, curve is nearly linear (see Fig. 6-9). The general relation for a Bessel 
function of any order n is J,(x) ~ x"/n! 2", where |x| < 1. 


250 6 THE LOOP ANTENNA 


Figure 6-11 Loop and transmission line. 


become 
rst 60zBa[I]Ba sin 0 | _ 120n*[] sin 0 A 2) 
ae 2r r ,? 
_ Ba[i]pa sin @ _ xi] sin @ A 3 
6 Ar r ie (3) 


These far-field equations for a small loop are identical with those obtained in 
earlier sections (see Table 6-1). 


6-8 RADIATION RESISTANCE OF LOOPS.! To find the radiation 
resistance of a loop antenna, the Poynting vector is integrated over a large sphere 
yielding the total power P radiated. This power is then equated to the square of 
the effective current on the loop times the radiation resistance R,: 


(1) 


where I, = peak current in time on the loop. The radiation resistance so 
obtained is the value which would appear at the loop terminals connected to the 
transmission line, as shown in Fig. 6-11. The situation shown in Fig. 6-11 occurs 
naturally only on small loops. However, it will be assumed that the current is 
uniform and in phase for any radius a, this condition being obtained by means of 
phase shifters, multiple feeds or other devices (see Fig. 16-19). The average Poyn- 
ting vector of a far field is given by 


=4|/H/?ReZ (2) 


where | H | is the absolute value of the magnetic field and Z is the intrinsic imped- 


* The procedure follows that given by Donald Foster, “Loop Antennas with Uniform Current,” Proc. 
IRE, 32, 603-607, October 1944. 
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ance of the medium, which in this case is free space. Substituting the absolute 
value of H, from (6-5-10) for | H'| in (2) yields 


15 Te) 
Stee ae J2(Ba sin 6) (3) 
The total power radiated P is the integral of S, over a large sphere; that is, 

Pe Aches 

a {| S, ds = 15n(Bal,)* | | Ji(Ba sin @) sin 6 dé dd (4) 
Once 

or P = 30x(Bal,)” | Ji(Ba sin @) sin 6 d0 (5) 

0 


In the case of a loop that is small in terms of wavelengths, the approx- 
imation of (6-7-1) can be applied. Thus (5) reduces to 


15 . 
P => n*(Ba)*l3 | sin? 6 dO = 10n2B*a*I? (6) 
0 
Since the area A = za”, (6) becomes 


P = 10844212 (7) 


Assuming no antenna losses, this power equals the power delivered to the loop 
terminals as given by (1). Therefore, 


[2 
R, = = 108*A?7I2 (8) 
A Zz 
and Rv=31 i71(4) =197C7 (Q) (9) 
A 22 
or Rom 3k 200( 5) (Q) (10) 


This is the radiation resistance of a small single-turn loop antenna, circular or 
Square, with uniform in-phase current. The relation is about 2 percent in error 
when the loop perimeter is 1/3. A circular loop of this perimeter has a diameter of 
about 4/10. Its radiation resistance by (10) is nearly 2.5 Q. 

The radiation resistance of a small loop consisting of one or more turns is 
given by’ 


A Pa 
R31 200(n ‘) (Q) 


where n = number of turns 


1A. Alford and A. G. Kandoian, “Ultrahigh-Frequency Loop Antennas,” Trans. AIEE, 59, 843-848, 
1940. 
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Let us now proceed to find the radiation resistance of a circular loop of any 
radius a. To do this we must integrate (5). However, the integral of (5) may be 
reexpressed. Thus, in general,’ 


nT 1 2x 
| J?(x sin 6) sin 6 d@ = | J,(y) dy (11) 
0 0 


where y is any function 
Applying (11) to (5) we obtain 


2Ba 


ee 30n?pal3 | . 


10) 


J(y) dy (£2) 


Equating (12) and (1) and putting fa = C, yields 


PX EH 


R, = 60n°C, | Jo{y)dy — (Q) (13) 


6) 


This is the radiation resistance as given by Foster for a single-turn circular loop 
with uniform in-phase current and of any circumference C,. 
When the loop is large (C, > 5), we can use the approximation 


{ IQ) dy = 1 (14) 


so that (13) reduces to 


iM 
A 


For a loop of 104 perimeter, the radiation resistance by (15) is nearly 6000 . 
For values of C, between 4 and 5 the integral in (13) can be evaluated using 
the transformation 


RY = 00neG 002 a0 (15) 


2C, 2Ca 
| J(y) dy = | Joly) dy — 2J,(2C,) (16) 


where the expressions on the right of (16) are tabulated functions.’ 
For perimeters of over 5A (C, > 5) one can also use the asymptotic develop- 


ment, 
ax 1 Hs 11 M4 
4) dy=~1— in | 2x — — a 2x - ET 
{ 2(y) dy Ure sin ( x ;) ae We ( x *) | (17) 


where x = Ba=C, 


* G.N. Watson, A Treatise on the Theory of Bessel Functions, Cambridge University Press, London, 
1922. 


The integral involving J, for the interval 0 < x < 5 (where x = C,) is given by A. N. Lowan and M. 
Abramowitz, J. Math. Phys., 22, 2-12, May 1943; and also by Natl. Bur. Standards Tech. Memo 20. 
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For small values of x, one can use a series obtained by integrating the 
ascending power series for J,. Thus, 


ox x3 x2 x* x x8 
\ UUM a ( Sel Seu MIRO PATGR0 aie 


When x = C, = 2 (perimeter of 2A), the result with four terms is about 2 percent 
in error. This same percentage error is obtained with one term when the perim- 
eter is about 1/3. ae | 

A graph showing the radiation resistance of single-turn loops with uniform 
current as a function of the circumference in wavelengths is presented in Fig. 
6-12. The data for the curve are based on Foster’s formulas as given above. 
Curves for the approximate formulas of small and large loops are shown by the 
dashed lines. 


6-9 DIRECTIVITY OF CIRCULAR LOOP ANTENNAS WITH 
UNIFORM CURRENT. The directivity D of an antenna was defined in 
(2-8-1) as the ratio of maximum radiation intensity to the average radiation 
intensity. The maximum radiation intensity for a loop antenna is given by r? 
times (6-8-3). The average radiation intensity is given by (6-8-5) divided by 4z. 
Thus, the directivity of a loop is 


aS 26 LIUG, sin Oa es 


D =~" TR* Jaly) dy ©) 
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Directivity 


Figure 6-13. Directivity of circular 
loop antenna with uniform, in-phase 
current as a function of loop circum- 
ference in wavelengths, C,. (After D. 


Foster, ‘Loop Antennas’ with 
Uniform Current,” Proc. IRE, 32, 
Loop Circumference, C, 603-607, October 1944.) 


This is Foster’s expression for the directivity of a circular loop with uniform 
in-phase current of any circumference C,. The angle 6 in (1) is the value for 
which the field is a maximum. 

For a small loop (C, < 4), the directivity expression reduces to 


D = 3 sin? @=3 (2) 


since the field is a maximum at 6 = 90°. The value of 3:is the same as for a short 

electric dipole. This is to be expected since the pattern of a short dipole is the 

same as for a small loop. | 
For a large loop (C, > 5), (1) reduces to 


D= 2C ,LJi(C, sin G) ax (3) 


From Fig. 6-9 we note that for any loop with C, > 1.84, the maximum value of 
J,(C, sin 9) is 0.582. Thus, the directivity expression of (3) for a large loop 
becomes 


D = 0.68C, (4) 


The directivity of a loop antenna as a function of the loop circumference C, is 
presented in Fig. 6-13. Curves based on the approximate relations of (2) and (4) 
for small and large loops are indicated by dashed lines. 


6-10 TABLE OF LOOP FORMULAS. The relations developed in the 
preceding sections are summarized in Table 6-2. The general and large loop for- 
mulas are based on Foster’s results. 


6-11 SQUARE LOOPS. It was shown in Sec. 6-3 that the far-field patterns 
of square and circular loops of the same area are identical when the loops are 
small (A < 47/100). As a generalization, we may say that the properties depend 
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Table 6-2 Formulas for circular loops with uniform current 


Small loopt 
General expression A < 47/100 Large loop 
Quantity (any size loop) Cre Ci, >5 


60n[1]C,J.(C, sin 0)  120n?[] sin 0 A 


Far Ey : : 2 Same as general 
I]C, J,(C, sin 0 I] sin 6 A 
Far Hg Aa ule A cae = Same as general 
2r r Ae 
2C, A 2 a 
Radiation 6077C, | J 4(y) dy 31 20“) = 197C7 3720 ite 592C, 
10) 


resistance, Q 


2C,[J>AC, sin 6 3 
Directivity 2CiLSi(Cy Sin Imax = 4.25 : = 0.68C, 


JorJ aly) dy - 


A = area of loop; C, = circumference of circular loop, wavelengths. 

+ The small loop formulas apply not only to circular loops but also to square loops of area A and in 
fact to small loops of any shape having an area A. The formula involving C, applies, of course, only 
to a circular loop. See Sec. 16-9 about simulating uniform current on a large loop. 


only on the area and that the shape of the loop has no effect when the loop is 
small. However, this is not the case when the loop is large. The pattern of a 
circular loop of any size is independent of the angle @ but is a function of 6 (see 
Fig. 6-2). On the other hand, the pattern of a large square loop is a function of 
both 6 and @. Referring to Fig. 6-14, the pattern in a plane normal to the plane of 
the loop and parallel to two sides (1 and 3), as indicated by the line A4’, is simply 
the pattern of two point sources representing sides 2 and 4 of the loop. The 
pattern in a plane normal to the plane of the loop and passing through diagonal 
corners, as indicated by the line BB’, is different. The complete range in the 


Figure 6-14 Large square loop. 
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TH S Figure 6-15 Pattern of square loop 
with uniform, in-phase current. The 
loop is 4.444 on a side. The pattern is in 


a plane normal to the plane of the loop 
and through the line AA’ of Fig. 6-14. 


pattern variation as a function of @ is contained in this 45° interval between AA’ 
and BB’ in Fig. 6-14. - 

An additional difference of large circular and square loops is in the @ pat- 
terns. For instance, Fig. 6-10d shows the pattern as a function of @ for a circular 
loop 5A in diameter. By way of comparison, the pattern for a square loop of the 
same area is presented in Fig. 6-15. The square loop is 4.44, on a side. The 
pattern is in a plane perpendicular to the plane of the loop and parallel to the 
sides (plane contains AA’ in Fig. 6-14). Comparing Figs. 6-10d and 6-15, we note 
that the pattern lobes of the circular loop decrease in magnitude as @ approaches 
90° while the lobes of the square loop are of equal magnitude. This illustrates the 
difference of the Bessel function pattern of the circular loop and the trigonomet- 
ric function pattern of the square loop. In the above discussion, uniform in-phase 
currents are assumed. 


6-12 RADIATION EFFICIENCY, Q, BANDWIDTH AND 
SIGNAL-TO-NOISE RATIO. In Sec. 2-10 we noted that the gain G of an 
antenna with respect to an isotropic source is identical with the antenna’s direc- 
tivity D provided no losses other than radiation are present. For the more 
general case we write as in (2-10-1) that 


G=kD (1) 
where k = efficiency factor (0 < k < 1), dimensionless 


For a lossless antenna, k = 1, but with ohmic losses k is less than 1. 
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If an antenna has a radiation resistance R, and a loss resistance R,, then its 
(radiation) efficiency factor 


eee tees 
arg e (2) 
and the gain 
R,  41Agm 47 Aemk 
GPE. Be mine dae SS (3) 
R, + RK,” A A 


For antennas which are small compared to the wavelength, the radiation 
resistance R, is small and, if ohmic losses R; are significant, radiation efficiency is 
reduced. Thus, short dipoles and small loops may be inefficient radiators when 
losses are present. For example, when R, = R, the radiation efficiency is 50 
percent; only half of the power input to the antenna is radiated, the other half 
being dissipated as heat in the antenna structure. 

An rf wave entering a conductor attenuates to 1/e of its surface value in a 
distance 6 given by’ 


1 
ce 


= (4) 
af SRG: 


1 


where f = frequency, Hz 
py = permeability of medium, H m~ 


o = conductivity of medium, U m“! 


It is assumed that o > we. The induced current density in the conductor also 
attenuates in the same way. This means that the current density associated with a 
wave traveling along a conductor is greatest close to the surface, the so-called 
skin effect. The quantity 6 is referred to as the //e depth of penetration. It follows 
that the rf resistance of a round wire or solid cylindrical conductor is equivalent 
to the dc resistance of a hollow tube of the same material of wall thickness 6. It is 
assumed that the wire or conductor diameter is much larger than 6. Thus, 
assuming that the perimeter or circumference L is much smaller than the wave- 
length so that the current is essentially uniform around the loop, the ohmic (or 
loss resistance) of a small loop antenna is given by 


R, = ean Giee gotta (Q) (5) 


where L = loop length (perimeter or circumference), m 
d = wire or conductor diameter, m 


1 J. D. Kraus, Electromagnetics, 3rd ed., McGraw-Hill, 1984, pp. 447-451. 
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From (6-8-10) the radiation resistance of a small loop is 
A 2 
R, ~ 31 200( 5) ~ 197CZ (6) 
where A = loop area (square or circular), m7 


C, = C/A, where C = circumference of circular loop 


Assuming that the loop’s inductive reactance is balanced by a capacitor, the ter- 
minal impedance will be resistive and equal to 


Rp heey (7) 
and the radiation efficiency, or ratio of power radiated to input power, will be 
1 
[fee 
1 a (R,/R,) 


For a 1-turn copper-conductor circular loop (perimeter L=C) in air 
(i= Stix 107 Oa spi= 4 LO aes) 
R,;, 3430 


R, CPga, 2 a 


(8) 


r 


where C = circumference of loop, m 
Sun: = frequency, MHz 
d = wire (or conductor) diameter, m 


For small square loops of side length / (L = 41), we may take C = 3.5]. 


Example. Find the radiation efficiency of a 1-m diameter loop (C = z m) of 10-mm 
diameter copper wire at (a) 1 MHz and (b) at 10 MHz. 


Solution 
(a) From (9), 


R, 3430 
— = ——————_,, = 11 000 10 
Re GORA AIIOS Y 
and the radiation efficiency 
1 
k = ——_—_—-=9 x 10° — 40.5 dB 10 
T1000 Heke pa aati ) oe! 
(b) At 10 MHz we have 
k = 0.22 (or —6.6 dB) (11) 


The radiation efficiency as a function of frequency for a small single-turn 
copper loop in air is shown in Fig. 6-16. It is assumed that the loop is small 
compared to the wavelength (C < 4) and that the wire or conductor diameter is 
small compared to the loop circumference (d « C). Dielectric losses are neglected. 
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Figure 6-16 Radiation efficiency factor as a 


ae : 10 function of frequency for a 1-m diameter 
single-turn copper loop in air (C=7m, 


Frequency, MHz d = 10 mm). 


In spite of the low efficiency of a small loop, there are many applications 
where such loops are useful in receiving applications provided the received 
signal-to-noise ratio is acceptable as discussed later in this section [see (19)]. 

For loops with n turns, R, increases in proportion to n* while R, increases 
in proportion to n. Hence, for multiturn loops (9) becomes 


Sea (12) 
R, C°fmuznd 

and the radiation efficiency k is increased by a factor which approaches n if R;,/R, 
is large. In (12) the effect of capacitance between turns has been neglected but if 
the turns are spaced sufficiently and are few in number, (12) can be a useful 
approximation. 

The radiation efficiency of a multiturn loop or coil antenna can be 
increased by introducing a ferrite rod into the coil as in Fig. 6-17. Here the coil 
(horizontal to receive vertical polarization) serves the function of both an antenna 
and also (with a series capacitor) of the resonant circuit for the first (mixer) stage 
of a broadcast receiver (500 to 1600 kHz). 

The radiation resistance of a ferrite loaded loop or coil is given by 


A 2) 
R, = 3120042," 5) = 197p2n?C+ = (Q) (13) 
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Figure 6-17 Ferrite rod antenna 
and associated tuned circuit of recei- 
ver front-end mixer stage. 


and the loss resistance (due to the ferrite rod) by 


” 


: a 
Ry = fis = Mom 5) (14) 


= 
27 
© 
Loe 3 
O 
cy, 
l 


frequency, Hz 
Ler = effective relative permeability of ferrite rod, dimensionless 


Hu, = real part of relative permeability of ferrite material, dimensionless 

uu; = imaginary part of relative permeability of ferrite material, dimension- 
less 

jign Are x LO) | PE 

n = number of turns 

a = ferrite rod cross-sectional area, m? 

! = length of ferrite rod, m 


Because of its open geometry (as contrasted to a closed core or ring) a 
ferrite rod with a relative permeability yu, will have a smaller effective relative 
permeability p,, (due to demagnetization effect). Typically for a rod with yu, = 250 
and a length-diameter ratio of 10, the effective relative permeability is about 50. 

The ohmic loss resistance R, of the coil is as given by (5). The radiation 
efficiency factor for the ferrite rod coil antenna is then 


R, 1 


| gpa Persne Es Bele Bae RU ls ath ol ore 0 ss 2 oe 
R, + Ry + Re P+ RE + R//R,] 


(15) 
Dielectric loss is neglected. 


Knowing the total resistance (R, + R, + R,) of the ferrite rod antenna, one 
can calculate the Q and bandwidth of the tuned circuit of which it is a part. The 
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Q (ratio of energy stored to energy lost per cycle) is given by 
a 
R,+Ry + Ry . Afgp 


where f, = center frequency, Hz 
= jt, n*aptp/t = inductance, H* 
Afup = bandwidth at half-power, Hz 


(16) 


Example. The multiturn ferrite rod antenna of a broadcast receiver has 10 turns of 
1 mm diameter enameled copper wire wound on a ferrite rod 1 cm in diameter and 
10 cm long. The ferrite rod p, = yw, — pw” = 250 — j2.5. Take p,, = 50. At 1 MHz find 
(a) the radiation efficiency, (b) the Q and (c) the half-power bandwidth. 


Solution 

(a) From (13), R, = 1.91 x 10°* Q. From (14), Ry = 0.31 Q. From (4), 6 = 7 x 10a? 
m. Thus, the ratio d/d = 14.3 so we can use (5) (times n), which makes R,; = 
0.0262. Accordingly, (R, +R,)/R,=1790 and k=1/1790 = 5.6 x LO 
(Dielectric losses are neglected.) 

(b) From (16), Q = 162. 

(c) From (16), Afyp = 6.170 kHz. 


Although 6.17 kHz is adequate front-end selectivity for the 10-kHz channel 
spacing of the broadcast band, the low aperture efficiency of less than 0.06 
percent makes it uncertain whether the sensitivity is adequate. To determine this, 
a calculation of the signal-to-noise ratio for a typical application is required. 
From the Friis transmission formula (2-25-5), the power received from a trans- 
mitter of power P, at a distance r is 


coal P, Ag At 


pos 
r r-,2 


(W) (17) 


where A,, = effective aperture of transmitting antenna, m? 
A,, = effective aperture of receiving antenna, m7? 


For a small loop receiving antenna, D = 3 so 


iby 
Ae, = (m*) (18) 
4n 
where k = radiation efficiency factor 
The signal-to-noise ratio (S/N) is given by 
a =— (dimensionless) (19) 
Nea 


1 Distinguish between L for inductance in (16) and L for length in (5). 


262 6 THE LOOP ANTENNA 


where P, = received power, W 


N = kT,,, Af [from (17-3-8)] 
At 1 MHz, T;,, is dominated by the sky (antenna) temperature T,, so taking 
T;,; = T, we have for this case 
Nak Tey (20) 


where k = Boltzmann’s constant = 1.38 x 10°77 JK7™} 
T, = sky background temperature, K 
Af = bandwidth, Hz 


Distinguish between k in (20) for Boltzmann’s constant and k in (18) for the 
radiation efficiency factor. 


Example. Find the S/N ratio for a receiver with the ferrite rod antenna of the above 
example at a distance of 100 km from a 1-MHz 10-kW broadcast station with an 
omnidirectional antenna. Take the receiver band width as Af = 10* Hz. 


Solution. Assuming that the radiation pattern of the transmitting antenna fills a 
half-sphere, its directivity is 2 and, hence, 
Dye 


tien 
ean 


A (m”) 


From the previous example, k = 5.6 x 10~* so from (17) and (18) 
Po sOm kW. 
Taking the 1-MHz sky background temperature T, ~ 10!° K, 
Nt=—1e380x 10672 10521 Oe nla Oey 
Therefore, the signal-to-noise ratio at the receiver input is 


S 10°° 


N14 10-9 = 714 or 28.5 dB 


which is adequate for AM reception. 


Thus, an antenna which is less than 0.06 percent efficient is adequate for 
AM reception under the circumstances of the above example. Even smaller, less- 
efficient ferrite rod antennas may be satisfactory and are used in popular low-cost 
pocket-size radios. However, the very low efficiency makes the antenna unsuit- 
able for transmission except under the special circumstances of low power and 
short range. 

Formulas for radiation resistance, loss resistance and radiation efficiency of 
small loop antennas and also formulas for Q, bandwidth and signal-to-noise ratio 
are summarized in Table 6-3. 
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Table 6-3 Radiation resistance, loss resistance and radiation 
efficiency of small loop antennas and also formulas for Q, band- 
width and signal-to-noise ratiot 


Reference equation 


Quantity Formula for units 
A 2 
Radiation resistance, R= 31 200 =) (Q) (6-8-10) 
single turn A 
Radiation resistance, Re=197C7,(Q) (6-8-9) 
single turn 
L 
Loss resistance, Ra ia Jo (Q) (6-12-5) 
n-turn d ahd 
se 1 
Radiation efficiency, k = ————_ (6-12-8) 
n-turn 1 + (R,/R,) 
R 3430 
R,/R, ratio, n-turn + = —___ (6-12-12) 
R Ci. nd 
copper conductor r MHz 
Ww 
Loss resistance, n-turn R,=2 ad Be Q 6-12-14 
; : Yes Ther 7 Ho® = (Q) (6-12-14) 
ferrite rod antenna r 
ae 1 
Radiation efficiency, k = —_—__—_—_—_ (6-12-15) 
n-turn ferrite rod 1+ [(R, + R,V/R,] 
antenna 
Tok 
Q = bela (6-12-16) 
Rohe + Ry 
Jo 
Bandwidth AL = re (6-12-16) 
Signal-to-noise SP, Pi Aude (6-12-17), (6-12-19) 
ratio N Ne? 7772 AL and (6-12-20) 


+ L in third row for loss resistance is perimeter length whereas L in eighth row for Q is 
inductance [see (6-12-16)]. 


PROBLEMS’ 
6-1 The 34/4 diameter loop. Calculate and plot the far-field pattern normal to the plane 
of a circular loop 34/4 in diameter with a uniform in-phase current distribution. 
*6-2 The 1, square loop. Calculate and plot the far-field pattern in a plane normal to the 
plane of a square loop and parallel to one side. The loop is 1A on a side. Assume 
uniform in-phase currents. 


1 Answers to starred (*) problems are given in App. D. 
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*6-7 


6-8 


6-9 
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The 4/10 diameter loop. What is the maximum effective aperture of a thin loop 
antenna 0.14 in diameter with a uniform in-phase current distribution? 


Radiation resistance of loop. What is the radiation resistance of the loop of Prob. 
6-1? 

Pattern, radiation resistance and directivity of loops. A circular loop antenna with 
uniform in-phase current has a diameter D. What is (a) the far-field pattern 
(calculate and plot), (b) the radiation resistance and (c) the directivity for each of 
three cases where (1) D = 1/4, (2) D = 1.5/4 and (3) D = 8A? 

Small square loop. Resolving the small square loop with uniform current into four 
short dipoles, show that the far-field pattern in the plane of the loop is a circle. 


Circular loop. A circular loop antenna with uniform in-phase current has a diam- 
eter D. Find (a) the far-field pattern (calculate and plot), (b) the radiation resistance 
and (c) the directivity for the following three cases: (1) D = 4/3, (2) D = 0.754 and 
(3); D=27. 

Small-loop resistance. (a) Using a Poynting vector integration, show that the radi- 
ation resistance of a small loop is equal to 3202*(A/A”)? Q where A = area of loop 
(m7). (b) Show that the effective aperture of an isotropic antenna equals 1?/4z. 

Loop and dipole for circular polarization. If a short electric dipole antenna is 
mounted inside a small loop antenna (on polar axis, Fig. 6-6) and both dipole and 
loop are fed in phase with equal power, show that the radiation is everywhere 
circularly polarized with a pattern as in Fig. 6-6. 


CHAPTER 


i 


Wise 
HELICAL 
ANTENNA 


7-1 INTRODUCTION. In 1946, a few months after joining the faculty at 
Ohio State University, I attended an afternoon lecture on traveling-wave tubes 
by a famous scientist who was visiting the campus. In these tubes an electron 
beam is fired down the inside of a long wire helix for amplification of waves 
traveling along the helix. The helix is only a small fraction of a wavelength in 
diameter and acts as a guiding structure. After the lecture I asked the visitor if he 
thought a helix could be used as an antenna. “No,” he replied, “I’ve tried it and 
it doesn’t work.” The finality of his answer set me thinking. If the helix were 
larger in diameter than in a traveling-wave tube, I felt that it would have to 
radiate in some way, but how, I did not know. I determined to find out. 

That evening in the basement of my home I wound a 7-turn helical coil of 
wire 1/4 in circumference and fed it via coaxial line and ground plane from my 
12-cm oscillator (Fig. 7-1). I was thrilled to find that it produced a sharp beam of 
circularly polarized radiation off its open end. 

Next I wound other helices with larger and smaller diameters, noting little 
change in behavior. Adding more turns, however, resulted in sharper beams. 
Although my invention/discovery had come quickly, I realized then that much 
work would be required to understand this remarkable antenna. Actually it took 
years of extensive measurements and calculations. I published many articles, a 
few with students to whom I had assigned studies of specific properties of the 
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Figure 7-1 The first axial-mode helical antenna (1946). When I rotated the hand-held dipole there 
was no change in response, indicating circular polarization. 


antenna.’ I also derived equations suitable for engineering design purposes and 
summarized them in Chap. 7 of the first edition of Antennas. 

The steps taken to unravel the mystery of the helix went something like 
this. The input impedance was measured and found to be essentially resistive and 
constant over a wide bandwidth. This suggested that the helix behaved like a 
terminated (matched) transmission line. This was hard to understand because the 
open end of the helix was completely unterminated. New insights came when we 
measured the current distribution along the helix. This we did by rotating a helix 
and its ground plane while holding a small loop (current probe) under the helical 
conductor (Fig. 7-2). At a low frequency (helix circumference about 2/2) there was 
an almost pure standing wave (VSWR = oo) all along the helix (outgoing and 
reflected waves nearly equal) (Fig. 7-3a), but as the frequency increased, the dis- 


' J. D. Kraus, “ Helical Beam Antenna,” Electronics, 20, 109-111, April 1947. 

J. D. Kraus and J. C. Williamson, “Characteristics of Helical Antennas Radiating in the Axial Mode,” 
J. Appl. Phys., 19, 87-96, January 1948. 

O. J. Glasser and J. D. Kraus, “ Measured Impedances of Helical Beam Antennas,” J. Appl. Phys., 19, 
193-197, February 1948. 

J. D. Kraus, “Helical Beam Antennas for Wide-Band Applications,” Proc. IRE, 36, 1236-1242, 
October 1948. 

J. D. Kraus, “The Helical Antenna,” Proc. IRE, 37, 263-272, March 1949. 

J. D. Kraus, “Helical Beam Antenna Design Techniques,” Communications, 29, 6-9, 34-35, September 
1949. 

T. E. Tice and J. D. Kraus, “The Influence of Conductor Size on the Properties of Helical Beam 
Antennas,” Proc. IRE, 37, 1296, November 1949. 
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Figure 7-2 Helix and ground plane mounted to rotate on the helix axis for current distribution 
measurements along the helical conductor using a loop probe. (After Kraus and Williamson, 
“Characteristics of Helical Antennas Radiating in the Axial Mode,” J. Appl. Phys., 19, 87-96, January 
1948.) As the helix was rotated, the probe was moved horizontally to follow the helical conductor. 


tribution changed dramatically. For a helix circumference of about 1/ three 
regions appeared: near the input end the current decayed exponentially, near the 
open end there was a standing wave over a short distance, while between the 
ends there was a relatively uniform current amplitude (small VSWR) which 
extended over most of the helix (Fig. 7-3b). The decay at the input end could be 
understood as a transition between a helix-to-ground-plane mode and a pure 
helix mode. The reflection of the outgoing wave at the open end also decayed 
exponentially to a much smaller reflected wave, leaving the outgoing wave 
dominant over most of the helix (VSWR small). The small VSWR ripple was 
sufficient, however, to measure the relative phase velocity (=,/49) along the 
helix, which was useful for an understanding of the radiation patterns. The 
current distribution resolved into outgoing and reflected waves is shown in 
Fig. 7-3c. 

Our extensive pattern measurements showed that the end-fire beam mode 
persists over a frequency range of about 2 to 1 centered on the frequency for 
which the circumference is 14. Thus, the diameter I had chosen for the first helix I 
tried was optimum! 

Although the helix is continuous, it can also be regarded as a periodic 
structure. Thus, assuming that an n-turn helix is an end-fire array of n sources, I 
calculated the pattern using the formula (4-6-9) for the ordinary end-fire condi- 
tion. Surprisingly, the measured helix patterns were much sharper. Could the 
helix be operating in the increased-directivity condition? I calculated patterns for 
this condition using the formula (4-6-14) and obtained good agreement with the 
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Figure 7-3 Typical measured current distribution (a) at a frequency below the axial mode of oper- 
ation and (b) at a frequency near the center of the axial mode region. (c) Resolution of currents into 
outgoing and reflected waves. (From Kraus and Williamson, “Characteristics of Helical Antennas 
Radiating in the Axial Mode,” J. Appl. Phys., 19, 87-96, January 1948.) Compare with distribution on 
the long, thick cylindrical conductor in Fig. 9-18. 


measured patterns. Furthermore, this condition persisted over a wide bandwidth, 
indicating that the phase velocity on the helix changes by just the right amount 
to maintain the increased-directivity condition. The phase velocity measurements 
we had made also confirmed this. Thus, the helix locks onto the increased- 
directivity condition and automatically stays locked over the full bandwidth. Not 
only does the helix have a nearly uniform resistive input over a wide bandwidth 
but it also operates as a supergain end-fire array over the same bandwidth! Fur- 
thermore, it is noncritical to an unprecedented degree and is easy to use in arrays 
because of an almost negligible mutual impedance. 

The helix immediately found wide application. I employed it in an array of 
96 11-turn helices in a radio telescope I designed and built with my students in 
1951 (Fig. 7-4). Operating at frequencies of 200 to 300 MHz, the array measured 
50 m in length and had a gain of 35 dB. With it we produced some of the first 
and most extensive maps of the radio sky.! Others employed the helix over a 
wide range of frequencies, some at frequencies as low as 10 MHz (Fig. 7-5). 


' J. D. Kraus, Radio Astronomy, 2nd ed., Cygnus-Quasar, 1986, p. 8-2. 
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Figure 7-6 Fleetsatcom geostationary relay satellite with monofilar axial-mode helical antennas for 
transmission and reception with one as the feed for a dish. These satellites provide global communica- 
tions for the U.S. military forces. (Courtesy TRW Corp.; H. E. King and J. L. Wong, “Antenna System 
for the FleetSatCom Satellites,’’ IEEE International Symposium on Antennas and Propagation, pp. 
349-352, 1977.) 


Following Sputnik the helical antenna became the workhorse of space com- 
munications for telephone, television and data, being employed both on satellites 
and at ground stations. Many USS. satellites, including its weather satellites, 
Comsat, Fleetsatcom (Fig. 7-6), GOES (global environmental satellites), Leasat, 
Navstar-GPS (global position satellites) (Fig. 7-7), Westar and tracking and data- 
relay satellites, all have helical antennas, the latter with arrays of 30. Russian 
satellites also have helical antennas, each of the Ekran class satellites being 
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Figure 7-7 Navstar GPS (global position) satellite with array of 10 monofilar axial-mode helical 
antennas. Eighteen of these satellites are in elliptical orbits around the earth. From them one can 
determine one’s absolute position anywhere on the earth (latitude, longitude and altitude), at any time 
and in any weather, to a precision of a few centimeters and relative position to a few millimeters. 


equipped with an array of 96 helicals. The helical antenna has been carried to the 
Moon and Mars. It is also on many other probes of planets and comets, being 
used alone, in arrays or as feeds for parabolic reflectors, its circular polarization, 
high gain and simplicity making it especially attractive for space applications." 

This short account provides a brief introduction to the helix in which some 
of the experimental and analytical steps taken to understand its behavior are 
outlined. Specifically the helix discussed can be described as a monofilar (one-wire) 
axial-mode helical antenna. Its operation is explained in more detail in the follow- 
ing sections along with treatments of many variants and related forms of helical 
antennas including, later in the chapter, helices with 2 or more wires. 


7-2 HELICAL GEOMETRY. The helix is a basic 3-dimensional geometric 
form. A helical wire on a uniform cylinder becomes a straight wire when 
unwound by rolling the cylinder on a flat surface. Viewed end-on, a helix projects 
as a circle. Thus, a helix combines the geometric forms of a straight line, a circle 
and a cylinder. In addition a helix has handedness; it can be either left- or right- 


handed. 


1 A more detailed personal account of my early work on the helical antenna is given in my book Big 
Ear, Cygnus-Quasar, 1976. 
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The following symbols will be used to describe a helix (Fig. 7-8): 


D = diameter of helix (center to center) 

C = circumference of helix 17D 

S = spacing between turns (center to center) 
a = pitch angle = arctan S/xD 

L = length of 1 turn 

n = number of turns 

A = axial length = nS 

d = diameter of helix conductor 


The diameter D and circumference C refer to the imaginary cylinder whose 
surface passes through the centerline of the helix conductor. A subscript J sig- 
nifies that the dimension is measured in free-space wavelengths. For example, D, 
is the helix diameter in free-space wavelengths. 

If 1 turn of a circular helix is unrolled on a flat plane, the relation between 
the spacing S, circumference C, turn length L and pitch angle « are as illustrated 
by the triangle in Fig. 7-9. 

The dimensions of a helix are conveniently represented by a diameter- 
spacing chart or, as in Fig. 7-10, by a circumference-spacing chart. On this chart 
the dimensions of a helix may be expressed either in rectangular coordinates by 
the spacing S, and circumference C, or in polar coordinates by the length of 1 
turn L, and the pitch angle «. When the spacing is zero, « = 0 and the helix 
becomes a loop. On the other hand, when the diameter is zero, « = 90° and the 
helix becomes a linear conductor. Thus, in Fig. 7-10 the ordinate axis represents 
loops while the abscissa axis represents linear conductors. The entire area 
between the two axes represents the general case of the helix. 

Suppose that we have a 1-turn helix with a turn length of 14(L, = 1). When 
a = 0, the helix is a loop of 14 circumference or of diameter equal to 1/z. As the 
pitch angle « increases, the circumference decreases and the dimensions of the 
helix move along the L, = 1 curve in Fig. 7-10 until, when a = 90°, the “helix ” is 
a straight conductor 1 long. 


Surface of imaginary 
helix cylinder 


| A | Figure 7-8 Helix and associated 
dimensions. 
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Figure 7-9 Relation between circumference, spacing, turn length and 
pitch angle of a helix. 
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Figure 7-10 Helix chart showing the location of different modes of operation as a function of the 
helix dimensions (diameter, spacing and pitch angle). As a function of frequency the helix moves along 
a line of constant pitch angle. Along the vertical axis the helices become loops and along the horizon- 
tal axis they become linear conductors. 
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The helix dimensions for various operational modes are indicated in Fig. 
7-10. Reference to these will be made as we proceed through the chapter. 


7-3 TRANSMISSION AND RADIATION MODES OF MONO- 
FILAR* HELICES. In our discussions it is necessary to distinguish between 
transmission and radiation modes. 

The term transmission mode is used to describe the manner in which an 
electromagnetic wave is propagated along an infinite helix as though the helix 
constitutes an infinite transmission line or waveguide. A variety of different trans- 
mission modes is possible. 

The term radiation mode is used to describe the general form of the far-field 
pattern of a finite helical antenna. Although many patterns are possible, two 
kinds are of particular interest. One is the axial (or beam) mode of radiation (R, 
mode, beam on axis) and the other is the normal mode of radiation (Ry mode, 
radiation maximum perpendicular to axis). 

The lowest transmission mode for a helix has adjacent regions of positive 
and negative charge separated by many turns. This mode is designed as the Th 
transmission mode and the instantaneous charge distribution is as suggested by 
Fig. 7-1la. The Ty mode is important when the length of 1 turn is small com- 
pared to the wavelength (L <A) and is the mode occurring on low-frequency 
inductances. It is also the important transmission mode in the traveling-wave 
tube. Since the adjacent regions of positive and negative charge are separated by 
an appreciable axial distance, a substantial axial component of the electric field is 
present, and in the traveling-wave tube this field interacts with the electron 
stream (Fig. 7-11a). If the criterion L, < 4 is arbitrarily selected as a boundary 
for the T, transmission mode, the region of the helix dimensions for which this 
mode is important is within the T, Ry area in Fig. 7-10. 


* Monofilar = unifilar = one wire = single wire = single conductor (terms used to distinguish the 
one-wire helix from helices with 2 or more wires). 
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Figure 7-12 Patterns of straight conductor, loop and helix compared. J, and J, represent current 
magnitudes of waves traveling in opposite directions on antennas. If I, = J, there is a ptire standing 
wave. If J, =0, only a pure traveling wave is present. (v = velocity of wave along antenna, 
c = velocity of light, C = circumference.) 


A helix excited in the Ty transmission mode may radiate. Let us consider 
the case when the helix is very short (nL < 4) and the current is assumed to be of 
uniform magnitude and in phase along the entire helix. It is theoretically possible 
to approximate this condition on a small, end-loaded helix. However, its radi- 
ation resistance is small. The maximum field from the helix is normal to the helix 
axis for all helix dimensions provided only that nL < A. Thus, this condition is 
called a “normal radiation mode” (R,). Any component of the field has a sine 
variation with @ as shown in Fig. 7-12 (lower left). The space pattern is a figure- 
of-revolution of the pattern shown around the vertical axis. The field is, in 
general, elliptically polarized but for certain helix dimensions may be circularly 
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polarized and for other dimensions, linearly polarized (see Sec. 7-19). The trans- 
mission mode and radiation mode appropriate for very small helices can be 
described by combining the 7, and Ry designations as T, Ry. This designation is 
applied in Fig. 7-10 to the region of helix dimensions near the origin. 

A first-order transmission mode on the helix, designated T,, is possible 
when the helix circumference C in free-space wavelengths is of the order of 1/. 
For small pitch angles, this mode has regions of adjacent positive and negative 
charge separated by approximately 4-turn (or near the opposite ends of a 
diameter) as shown in Fig. 7-11b and also in end view by Fig. 7-11c. It is found 
that radiation from helices with circumferences of the order of 14 (C, ~ 1) anda 
number of turns (n > 1) is a well-defined beam with a maximum in the direction 
of the helix axis. Hence, this type of operation is called the “axial (or beam) mode 
of radiation” with designation R,. The radiation from this monofilar axial mode 
helical antenna is circularly polarized or nearly so. 

The monofilar axial mode of radiation occurs over a range of dimensions as 
indicated by the shaded (7,R,) area in Fig. 7-10; being associated with the T, 
transmission mode, the combined designation appropriate to this region of helix 
dimensions is T, R,. 

Still higher-order transmission modes, T,, T,; and so forth, become per- 
missible for larger values of C,. For small pitch angles, the approximate charge 
distribution around the helix for these modes is as suggested by Fig. 7-11c. 

The axial (7,R,) and normal radiation mode (Ty R,) patterns of a helix are 
compared with the radiation patterns for straight conductors and loops in Fig. 
7-12. It is to be noted that the patterns of a short linear conductor, a small loop 
and a small helix are the same. 


7-4 PRACTICAL DESIGN CONSIDERATIONS FOR’ THE 
MONOFILAR AXIAL-MODE HELICAL ANTENNA.! Before ana- 
lyzing the many facets of the antenna individually, an overall picture will be given 
by describing the performance of some practical designs. 

The monofilar axial-mode helical antenna is very noncritical and one of the 
easiest of all antennas to build. Nevertheless, attention to details can maximize its 
performance. 

The important parameters are: 


1. Beam width 
2. Gain 

3. Impedance 

4. Axial ratio 


* When I first described the helical beam antenna in 1946, there was little chance of ambiguity but 
now there are many variations of the basic type making more explicit names desirable—hence the 
term, monofilar axial-mode helical antenna. Uniform 1-wire end-fire helix or single-conductor helical 
beam antenna are also possible designations while some call it a Kraus-type helix or Kraus coil. 
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Gain and beam width, which are interdependent [G oc (1/HPBW7’)], and 
the other parameters are all functions of the number of turns, the turn spacing (or 
pitch angle) and the frequency. For a given number of turns the behavior of the 
beam width, gain, impedance and axial ratio determines the useful bandwidth. 
The nominal center frequency of this bandwidth corresponds to a helix circum- 
ference of about 14 (C, = 1). For a given bandwidth to be completely useful, all 4 
parameters must be satisfactory over the entire bandwidth. 

The parameters are also functions of the ground plane size and shape, the 
helical conductor diameter, the helix support structure and the feed arrangement. 
The ground plane may be flat (either circular or square) with a diameter or side 
dimension of at least 34/4 or the ground plane (launching structure) may be 
cup-shaped forming a shallow cavity (Fig. 7-135). 

A 2-turn flush-mounted design described by Bystrom and Bernsten' for 
aircraft applications is shown in Fig. 7-13c. These authors found that 2 turns are 
required to obtain satisfactory pattern and impedance characteristics but that no 
significant improvement is obtained with a deeper cavity and a larger number of 
turns since the size of the aperture opening remains the same (like an open-ended 
cylindrical waveguide). 

The deep conical arrangement of Fig. 7-13d is effective in reducing the side- 
and back-lobe radiation.” 

Launching a wave on the helix may also be done without a ground plane, 
producing a back-fire beam (see Fig. 7-56). By slicing the outer conductor of the 
coaxial cable longitudinally and separating it gradually from the inner conductor 
over the first turn or two of the helix, Munk and Peters devised a ground- 
planeless feed that produces a forward end-fire beam.” 

Conductor size is not criticalt and may range from 0.0054 or less to 0.05A 
or more (Fig. 7-14). The helix may be supported by a few radial insulators 
mounted on an axial dielectric or metal rod or tube whose diameter is a few 
hundredths of a wavelength, by one or more longitudinal dielectric rods mounted 
peripherally (secured directly to the helical conductor) or by a thin-wall dielectric 
tube on which the helix is wound. With the latter arrangement the operating 
bandwidth is shifted to lower frequencies so that for a given frequency the 
antenna is smaller. Several of these mounting arrangements are illustrated in 
Fig. 7-15. 


1A, Bystrom, Jr., and D. G. Bernsten, “An Experimental Investigation of Cavity-Mounted Helical 
Antennas,” IRE Trans. Ants. Prop., AP-4, 53-58, January 1956. 


2K. R. Carver, “The Helicone: A Circularly Polarized Antenna with Low Side Lobe Level,” Proc. 
IEEE, 55, 559, April 1967. 

K. R. Carver and B. M. Potts, “Some Characteristics of the Helicone Antenna,” Antennas and Propa- 
gation International Symposium, 1970, pp. 142-150. 

3 B. A. Munk and L. Peters, “A Helical Launcher for the Helical Antenna,” [EEE Trans. Ants. Prop., 
AP-16, 362-363, May 1968. 


4 T. E. Tice and J. D. Kraus, “The Influence of Conductor Size on the Properties of Helical Beam 
Antennas,” Proc. IRE, 37, 1296, November 1949. 
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Figure 7-13. (a) Monofilar axial-mode helical antenna on flat ground plane and (b) in shallow cupped 
ground plane (see also Fig. 7-16c). (c) General-purpose flush-mounted 2-turn monofilar axial-mode 
helical antenna with taper feed for matching to a 50-Q coaxial line (after Bystrom and Bernsten, ref. 1, 
p. 277) (see also Fig. 7-16a and b). (d) Deep conical ground-plane enclosure for reducing side and back 
lobes. (After K. R. Carver, ref. 2, p. 277). 


The helix may be fed axially, peripherally or from any convenient location 
on the ground-plane launching structure with the inner conductor of the coaxial 
line connected to the helix and the outer conductor bonded to the ground plane. 

With axial feed the terminal impedance (resistive) is given within 20 percent 


by 
R=140C, () (1) 
while with peripheral feed Baker! gives its value within 10 percent as 
150 
R= (Q) (2) 


‘ D. E. Baker, “Design of a Broadband Impedance Matching Section for Peripherally Fed Helical 
Antennas,” Antenna Applications Symposium, University of Illinois, September 1980. 
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Figure 7-14 Peripherally fed monofilar axial-mode helical antennas with helix conductors of 0.055, 
0.017 and 0.00424 diameter at center frequency of 400 MHz for determining effect of conductor 
diameter on helix performance. Only minor differences were measured. (After T. E. Tice and J. D. 
Kraus, “ The Influence of Conductor Size on the Properties of Helical Beam Antennas,” Proc. IRE, 37, 
1296, November 1949.) The 0.0554 diameter tubing (4.1 cm diameter) is about the largest size which 
could be bent to the radius of 11 cm (=A/27). 


These relations have the restrictions that 0.8 <C,< 1.2, 12°<a< 14° and 
n> 4. 

With a suitable matching section the terminal impedance (resistive) can be 
made any desired value from less than 50 Q to more than 150 Q. Thus, by bring- 
ing the last 4-turn of the helix parallel to the ground plane in a gradual manner, 
a tapered transition between the 140- or 150-Q helix impedance and a 50-2 
coaxial line can be readily accomplished.’ This can be done with either axially or 
peripherally fed helices but is more convenient with a peripheral feed. Details of a 
suitable arrangement are shown in Fig. 7-16a and b. 

As the helix tubing is brought close to the ground plane, it is gradually 
flattened until it is completely flat at the termination, where it is spaced from the 
ground plane by a dielectric sheet (or slab). The appropriate height h (or thick- 
ness of the sheet) is given by” 


Fa. eI bon titi 
[377/(,/e, Zo)] — 2 


width of conductor at termination 
height of conductor above ground plane (or thickness of 
dielectric sheet) in same units as w 
€, = relative permittivity of dielectric sheet 
Zo = characteristic impedance of coaxial line 


(3) 


where w 
h 


1J. D. Kraus, “A 50-ohm Input Impedance for Helical Beam Antennas,” [EEE Trans. Ants. Prop., 
AP-25, 913, November 1977. 
23. D. Kraus, Electromagnetics, 3rd ed., McGraw-Hill, 1984, pp. 397-398. 
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Figure 7-15 Monofilar axial-mode helical 
antenna supported by axial metal or dielectric 
rod (or tube) with radial insulators (a), by four 
peripheral dielectric rods secured to the helix (b) 
and by a dielectric tube on which the helix is 
wound (c). 


Example. If the flattened tubing width is 5 mm, find the required thickness of a 
polystyrene sheet (¢, = 2.7) for matching to a 50-Q coaxial transmission line. 


Solution. From (3); 


hi es 
[377/(./2.7 x 50)] — 2 


1.9 mm 


A typical peripherally fed monofilar axial-mode helical antenna with cup 
ground-plane launcher matched to a 50-Q line, as in Fig. 7-16a and b, is shown in 


Helix 


tubing Flattened 


tubing 


Dielectric 


: _ . plane 
TAF <— 50-2 coaxial 
A’ connector 
Detailed cross-section through 
AA’ as seen from right. 
Dielectric Flattened 
sheet Ka // tubing 
_fh 
“*— Ground 
plane 
50-0 coaxial 
connector 


sheet 
ie a Ground 


(a) 


(b) 


Figure 7-16 (a) Gradually tapered 
transition from helix to coaxial line 
with detailed cross section at (b). 
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Figure 7-16c Typical peripherally fed monofilar axial-mode helical antenna with cupped ground 
plane matched to a 50-Q coaxial transmission line as in Fig. 7-16a and b. The turn spacing S = 0.225/ 
and the circumference C = 4 at the center frequency. The relative phase velocity p changes automati- 
cally by just the right amount to lock onto end-fire (¢ = 0°) with supergain over a frequency range of 
about one octave. Typical dimensions of the cupped ground plane are a = 0.754 and b = a/2 at the 
center frequency. 


Fig. 7-16c with dimensions given in wavelengths at the center frequency for 
which C, = 1. Support may be an axial rod with radial insulators or one or more 
peripheral rods (Fig. 7-15a and b). 

A monofilar axial-mode helical antenna with flat circular ground plane and 
supported by dielectric members is shown in Fig. 7-17 and one with cupped 
ground plane supported by a dielectric cylinder is illustrated in Fig. 7-18. 

Measured patterns of a 6-turn helix as a function of frequency are presented 
in Fig. 7-19 and patterns at the center frequency (C, = 1) as a function of length 
(number of turns) are shown in Fig. 7-20. 

Based on a large number of such pattern measurements which we made 
during 1948 and 1949, the beam widths were found to be given by the following 
quasi-empirical relations. 


HPBW (half b idth) ae (deg) (4) 
alf-power beam wi ~ ——— 
C,./nS, 
115 
BWEN (beam width between first nulls) ~ (deg) (5) 


Gan ns; 


The HPBW as given by (4) is shown graphically in Fig. 7-21. Dividing the 
square of (4) into the number of square degrees in a sphere (41 253) yields an 
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Figure 7-17 Dielectric-member-supported monofilar axial-mode helical antenna with flat circular 
ground plane. The pitch angle is 12.5°. The axial feed is directly from a 150-Q coaxial cable (no 
matching section required). The conductor tubing is 0.024 in diameter. Note that the open grid of the 
ground plane has both circular and radial conductors. Both are essential. (Built by the author.) 


Figure 7-18 Thin-wall plastic-cylinder-supported 63-turn monofilar axial-mode helical antenna with 
solid metal cupped ground plane. Feeding is via a matching transition from a 50-Q cable connected 
through a fitting mounted on the back of the cup ground plane at a point between the plastic cylinder 
and the lip of the cup. The helix is a flat metal strip bonded to the plastic cylinder. The strip width is 
0.03 (equivalent to a 0.0154 diameter round conductor). The pitch angle is 12.8°. Built by the author 
for UHF TV band operation with VSWR < 2 from channel 25 to 83 (524 to 890 MHz) and less than 
1.2 from channel 27 to 75 (548 to 842 MHz). 
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C,= .66 Cy=.73 C,=.85 Q=.97 CQ=1.09 Cy=1.22 C\= 1.35 
275 MHz 300 MHz 350 MHz 400 MHz 450 MHz 500 MHz 560 MHz 


Figure 7-19 Measured field patterns of monofilar axial-mode helical antenna of 6 turns and 14° 
pitch angle. Patterns are characteristic of the axial mode of radiation over a range of circumferences 
from about 0.73 to 1.224. Both the circumference and the frequency (in megahertz) are indicated. The 
solid patterns are for the horizontally polarized field component (E,) and the dashed for the vertically 
polarized (E,). Both are adjusted to the same maximum. (After Kraus.) 


Figure 7-20 Effect of number of turns on measured field patterns. Helices have 12.2° pitch angle and 
2, 4, 6, 8, 10 turns. Patterns shown are average of measured E, and E, patterns. (After Kraus.) 
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Figure 7-21 Half-power beam width of monofilar axial-mode helical antenna as a function of the 
axial length and circumference in free-space wavelengths and also as a function of the number of turns 
for C, = 1.0 and « = 12.5° (lower scale). (After Kraus.) 


approximate directivity relation:' 
D~ 15C7 7S, (6) 


This calculation disregards the effect of minor lobes and the details of the 
pattern shape. A more realistic relation is 


D ~12C2nS, (7) 


Restrictions are that (4) to (7) apply only for 0.8 < C, < 1.15, 12° < « < 14° and 
n > 3. Note that from (4-8-3), D = 4znS,. 

The measured gains of King and Wong? for 12.8° monofilar axial-mode 
helical antennas are presented in Fig. 7-22 as a function of helix length (L, = nS,) 


‘ It is assumed that the patterns of both field components are of the same shape and are figures-of- 
revolution around the helix axis. 


* H. E. King and J. L. Wong, “Characteristics of 1 to 8 Wavelength Uniform Helical Antennas,” 
IEEE Trans. Ants. Prop., AP-28, 291, March 1980. 
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Figure 7-22 Measured (dashed) gain curves of monofilar axial-mode helical antennas as a function 
of relative frequency for different numbers of turns for a pitch angle of « = 12.8°. (After H. E. King 
and J. L. Wong, ‘Characteristics of 1 to 8 Wavelength Uniform Helical Antennas,” IEEE Trans. Ants. 
Prop., AP-28, 297, March 1980.) Calculated (solid) gain curves are also shown for different numbers of 
turns. 


and frequency. Although higher gains are obtained by an increased number of 
turns, the bandwidth tends to become smaller. Highest gains occur at 10 to 20 
percent above the center frequency for which C, = 1. Although the gains in 
Fig. 7-22 tend to be less than calculated from (7), they were measured on helices 
with 0.08/ diameter axial metal tubes. 

Although pitch angles as small as 2°, as noted by MacLean and Kouyoum- 
jian,’ and as large as 25°, as noted by Kraus, can be used, angles of 12° to 14° 
(corresponding to turn spacings of 0.21 to 0.25A at C, = 1) are optimum. King 
and Wong found that on helices with metal axial tubes, smaller pitch angles (near 
12°) resulted in a slightly higher (1 dB) gain but a narrower bandwidth than 
larger angles (near 14°). 

Turning to other parameters, the pattern, axial ratio and impedance 
(VSWR) performance as a function of frequency for a 6-turn, 14° pitch angle 
monofilar axial-mode helical antenna are summarized in Fig. 7-23. This is the 
same antenna for which the patterns are shown in Fig. 7-19. The half-power 
beam width is taken between half-power points regardless of whether these occur 


1 T. S. M. MacLean and R. G. Kouyoumjian, “The Bandwidth of Helical Antennas,” IRE Trans. 
Ants. Prop., AP-7, S379-386, December 1959. 
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Figure 7-23 Summary of measured performance of 6-turn, 14° monofilar axial-mode helical antenna. 
The curves show the HPBW for both field components, the axial ratio and the VSWR on a 53-Q line 
as a function of the relative frequency (or circumference C,). Trends of (relative) resistance R and 
reactance X are shown in the VSWR inset. Note the relatively constant R and small X for C, > 0.7. 
(After Kraus.) 


on the major lobe or on minor lobes. This definition is arbitrary but is conve- 
nient to take into account a splitting up of the pattern into many lobes of large 
amplitude at frequencies outside the beam mode. Beam widths of 180° or more 
are arbitrarily plotted as 180°. The axial ratio is the value measured in the direc- 
tion of the helix axis. The standing-wave ratio is the value measured on a 53-Q 
coaxial line. A transformer section 1/4 long at the center frequency is located at 
the helix terminals to transform the terminal resistance of approximately 130 to 
53 Q. Considered altogether, these pattern, polarization and impedance charac- 
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teristics represent remarkably good performance over a wide frequency range for 
a circularly polarized beam antenna. 

The onset of the axial mode at a relative frequency of about 0.7 is very 
evident with axial-mode operation, extending from this frequency over at least an 
octave for VSWR and axial ratio and almost an octave for pattern. 

Several arrangements have been proposed to reduce the axial ratio and 
VSWR to even lower values. These include a conical end-taper section by Wong 
and King,’ Donn,” Angelakos and Kajfez> and Jamwal and Vakil,* and a flat 
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Figure 7-24 Reflection coefficient and VSWR for an impedance-matched peripherally fed 10-turn, 
13.8° monofilar axial-mode helical antenna as a function of relative frequency (or circumference C,) 
without spiral termination (solid) and with it (dashed). (After D. E. Baker, “ Design of a Broadband 
Impedance Matching Section for Peripherally Fed Helical Antennas,” Antenna Applications Sympo- 
sium, University of Illinois, September 1980.) 


1J. L. Wong and H. E. King, “Broadband Quasi-Taper Helical Antennas,” JEEE Trans. Ants. Prop., 
AP-27, 72-78, January 1979. 


°C. Donn, “A New Helical Antenna Design for Better On-and-Off Boresight Axial Ratio Per- 
formance,” [EEE Trans. Ants. Prop., AP-28, 264-267, March 1980. 

3 D. J. Angelakos and D. Kajfez, “ Modifications on the Axial-Mode Helical Antenna,” Proc. IEEE, 
55, 558-559, April 1967. 


4K. K. S. Jamwal and R. Vakil, “Design Analysis of Gain-Optimized Helix Antennas for X-band 
Frequencies,” Microwave J., 177-183, September 1985. 
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spiral termination by Baker.’ The flat spiral adds no axial length to the helix. 
The reflection coefficient (or VSWR) as measured by Baker for a 10-turn periph- 
erally fed monofilar axial-mode helical antenna with and without the spiral ter- 
mination is presented in Fig. 7-24. The improvement occurs at relative 
frequencies above 1.1 which, however, is a region where the gain is decreasing. 

A dielectric tube supporting a helical conductor may significantly affect per- 
formance. The magnitude of the effect depends on the dielectric’s properties and 
its geometry, especially the thickness of the tubing wall. For a peripherally fed 
helix supported on a polyvinyl chloride (PVC) tube with ¢, = 2.70, Baker,’ using 
the VSWR as a criterion, found that the relative frequency for the onset of the 
axial mode shifted from 0.72 without the tube to 0.625 with the tube for a ratio of 
1.15. Thus, the effective relative permittivity ¢,,, (with tube) = 1.32 (=1.157), 
making the terminal resistance at the center frequency 130 Q (=150/,/1.32). A 
precision matching section designed by Baker converts this to 50 Q with mea- 
sured VSWR < 1.2 (p, < —20 dB) over a 1.7 to 1 bandwidth. The helix wire is 
wound in a groove of half the wall thickness machined with a computer- 
controlled lathe. All dimensions of the helix, matching section and supporting 
structure are specified in Baker’s design. 


7-5 AXIAL-MODE PATTERNS AND THE PHASE VELOCITY 
OF WAVE PROPAGATION ON MONOFILAR HELICES.’ As a 
first approximation, a monofilar helical antenna radiating in the axial mode may 
be assumed to have a single traveling wave of uniform amplitude along its con- 
ductor. By the principle of pattern multiplication, the far-field pattern of a helix is 
the product of the pattern for 1 turn and the pattern for an array of n isotropic 
point sources as in Fig. 7-25. The number n equals the number of turns. The 
spacing S between sources is equal to the turn spacing. When the helix is long 
(say, nS, > 1), the array pattern is much sharper than the single-turn pattern and 
hence largely determines the shape of the total far-field pattern. Hence, the 
approximate far-field pattern of a long helix is given by the array pattern. 
Assuming now that the far-field variation is given by the array pattern or factor 
and that the phase difference between sources of the array is equal to the phase 
shift over 1 turn length L, for a single traveling wave, it is possible to obtain a 
simple, approximate expression for the phase velocity required to produce axial- 
mode radiation. This value of phase velocity is then used in pattern calculations. 
The array pattern or array factor E for an array of n isotropic point sources 
arranged as in Fig. 7-25 is given by (4-6-8). Thus, 
__ sin (np/2) 


ein (¥/2) ) 


" D. E. Baker, “Design of a Broadband Impedance Matching Section for Peripherally Fed Helical 
Antennas,” Antenna Applications Symposium, University of Illinois, September 1980. 


2 J. D. Kraus, “The Helical Antenna,” Proc. IRE, 37, 263-272, March 1949. 
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To distant 
point 


be So Figure 7-25 Array of isotropic sources, 
Bees Jesse. -Le~<k Je ig ast telix. each source representing 1 turn of the 
1 2 3 4 5 6 7 = axis helix. 
where n = number of sources and 
Ww =S,cos @6+ 0 (2) 
where S, = 22S/A 
In the present case, (2) becomes 
|i 
W = a(S, cos ¢ — =2) (3) 
p 


where p = v/c = relative phase velocity of wave propagation along the helical 
conductor, v being the phase velocity along the helical conductor and c being the 
velocity of light in free space. 

If the fields from all sources are in phase at a point on the helix axis (¢ = 0), 
the radiation will be in the axial mode. For the fields to be in phase (ordinary 
end-fire condition) requires that 


y = —2nm (4) 
wiercun = 0) 1. 2, 3... 


The minus sign in (4) results from the fact that the phase of source 2 is retarded 
by 2zL,/p with respect to source 1. Source 3 is similarly retarded with respect to 
source 2, etc. 

Now putting ¢ = 0 and equating (3) and (4), we have 


When m = 1 and p = 1, we have the relation 
This is an approximate relation between the turn length and spacing required for 


a helix radiating in the axial mode. Since for a helix I? = n*D? + S?, (6) can be 
rewritten as 


ena 
De SOR te EL. / FG (7) 


TT 
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Equation (7) is shown graphically by the curve marked C, = ./2S, + 1 in Fig. 
7-10. The curve defines approximately the upper limit of the axial- or beam-mode 
region. 

When m = 1, (5) is appropriate for a helix operating in the first-order (T;) 
transmission mode. When m = 2, (5) is appropriate for the T, transmission mode, 
etc. A curve for m = 2 is shown in Fig. 7-10 by the line marked C, = 2,/S, + 1. 
Hence, m corresponds to the order of the transmission mode on a helix radiating 
a maximum field in the axial direction. The case of particular interest here is 
where m = 1. 

The case where m = 0 does not represent a realizable condition, unless p 
exceeds unity, since when m=O and p = 1 in (5) we have L=S. This is the 
condition for an end-fire array of isotropic sources excited by a straight wire 
connecting them (« = 90°). However, the field in the axial direction of a straight 
wire is zero so that there can be no axial mode of radiation in this case. 

Returning now to a consideration of the case where m = 1 and solving (5) 
for p, we have 


L, 
= 8 
Sita See 8) 
From the triangle of Fig. 7-9, (8) can also be expressed as 
1 
(9) 


ae sin « + [(cos a)/C, ] 


Equation (9) gives the required variation in the relative phase velocity p as a 
function of the circumference C, for in-phase fields in the axial direction. The 
variation for helices of different pitch angles is illustrated in Fig. 7-26. These 
curves indicate that when a helix is radiating in the axial mode (# < C, < $) the 
value of p may be considerably less than unity. This is borne out by direct mea- 
surements of the phase velocity. In fact, the observed phase velocity is found to 
be slightly less than called for by (8) or (9). Calculating the array pattern for a 
7-turn helix using values of p from (8) and (9) yields patterns much broader than 
observed. The p value of (8) or (9) corresponds to the ordinary end-fire condition 
discussed in Chap. 4. If the increased directivity condition of Hansen and 
Woodyard is presumed to exist, (4) becomes 


pets (22m + =) (10) 
n 


Now equating (10) and (3), putting @ = 0 and solving for p we have 


aig kD lege tobe 
~— S, +m +4 (1/2n) 


For the case of interest m = 1 and 


p (11) 


L, 


eS ch (Onn oe 


P 
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Circumference, C) 


Figure 7-26 Relative phase velocity p for different pitch angles as a function of the helix circum- 
ference C, for the condition of in-phase fields in the axial direction. 


For large values of n, (12) reduces to (8). Equation (12) can also be expressed as 


1 
P~sin a + [(2n + 1)/2n][(cos «)/C,] 


Using p as obtained from (12) or (13) to calculate the array factor yields patterns 
in good agreement with measured patterns. The p value from (12) or (13) also is 
in closer agreement with measured values of the relative phase velocity. Hence, it 
appears that the increased directivity condition is approximated as a natural con- 
dition on helices radiating in the axial mode.” 

Another method of finding the relative phase velocity p on helical antennas 
radiating in the axial mode is by measuring the angle ¢@, at which the first 
minimum or null occurs in the far-field pattern. This corresponds to the first null 
in the array factor, which is at Wo (see Fig. 4-20). Then in this case (4) becomes 


Wy = —(2nm + Wo) (14) 

Now equating (14) and (3) and putting m = 1 and solving for p, we have 
i ai Ae 
P'S, COS by + 1 + (Wo/2n) 


(13) 


(15) 


1 It is to be noted that, as n becomes large, this relation (13) for increased directivity reduces to (9). 

2 The axial mode region is shown by the shaded (7,R,) area in Fig. 7-10. Helices with dimensions in 
this region radiate in the axial mode, and (9), or more properly (13), applies. Outside this region these 
equations generally do not apply. 
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Figure 7-27 Helix showing points 
x c and d at the conductor surface. 


Three relations for the relative phase velocity p have been discussed for 
helices radiating in the axial mode with transmission in the T, mode. These are 
aiven by (9), (13) and (15). 

A fourth relation for p appropriate to the T, and higher-order transmission 
modes on infinite helices has been obtained by Bagby’ by applying boundary 
conditions approximating a helical conductor to a solution of the general wave 
equation expressed in a new coordinate system he called “helicoidal cylindrical 
coordinates.” Bagby’s solution is obtained by applying boundary conditions to 
the two points c and d in Fig. 7-27. His value of the relative phase velocity is 
given by 


C, 
= — + 16 
| P mcosa+hR sin a Bs 
where 
J2(kR) 
hR = tan « rl B) (17) 


Jm—(KR) Jims (KR) 


'C. K. Bagby, “A Theoretical Investigation of Electro-magnetic Wave Propagation on the Helical 
Beam Antenna,” Master’s thesis, Electrical Engineering Department, Ohio State University, 1948. 
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Figure 7-28 Relative phase velocity p as a function of the helix circumference C, for 13° helices. The 
solid curve is measured on a 13°, 7-turn helix. Curves A, and A, are as calculated by Bagby for T, 
and T, transmission modes on an infinite 13° helix. Curves B, and B, are calculated for in-phase 
fields and curves C, and C, for increased directivity for T, and T, transmission modes. Curve D is 
from data by Chu and Jackson as calculated for the T, transmission mode. (After Kraus.) 


where m = order of transmission mode (=1, 2, 3, ...) (m 4 0) 
R = radius of helix cylinder 
kR = ./C? — (hR)* 
h = constant 
J = Bessel function of argument kR 


The variation of p as a function of C, for a 13° helix as calculated by (16) 
and (17) for the case m = 1 is illustrated by the curve A, in Fig. 7-28. A curve for 
the T, transmission mode (m = 1) as calculated for the in-phase condition from 
(9) is shown by B,. A curve for the increased directivity condition on a 13°, 7-turn 
helix, with m = 1, is presented by C,. 

Curves for the T, transmission mode for each of the three cases considered 
above are also presented in Fig. 7-28. In addition, a curve of the measured rela- 
tive phase velocity on a 13°, 7-turn helix is shown for circumferences between 
about 0.4 and 1.5/. It is to be noted that in the circumference range where the 
helix is radiating in the axial mode (3 < C, < 4), the increased directivity curve, 
of the three calculated curves, lies closest to the measured curve.’ The measured 
curve gives the value of the total or resultant phase velocity owing to all modes 


1 The increased directivity curve is the only curve calculated for a helix of 7 turns. The in-phase field 
curve refers to no specific length while Bagby’s curve is for an infinite helix. 
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present (T), T;, etc.) as averaged over the region of the helix between the third 
and sixth turns from the feed end. The vertical lines indicate the spread, if any, in 
values observed at one frequency. In general, each transmission mode propagates 
with a different velocity so that when waves of more than one transmission mode 
are present the resultant phase velocity becomes a function of position along the 
helix and may vary over a considerable range of values." When } < C, < § the 
phase velocity as measured in the region between the third and sixth turns corre- 
sponds closely to that of the 7, transmission mode. The Tj mode is also present 
on the helix but is only important near the ends. When the circumference C, < 4, 
the T) mode may be obtained almost alone over the entire helix and the mea- 
sured phase velocity approaches that for a pure T) mode indicated by curve D in 
Fig. 7-28, based on data given by Chu and Jackson.” This curve indicates that at 
small circumferences the relative velocity of a pure Ty mode wave attains values 
considerably greater than that of light in free space. At C, = 4, curve D has 
decreased to a value of nearly unity, and if no higher-order transmission mode 
were permissible, the phase velocity would approach that of light for large 
circumferences. However, higher-order modes occur, and, when C, exceeds 
about 4, the resultant velocity drops abruptly, as shown by the measured curve 
in Fig. 7-28. This change corresponds to a transition from the Tp to the 7, 
transmission mode. For a circumference in the transition region, such as 0.74, 
both T, and T, modes are of about equal importance. 

When C, is about # or somewhat more, the measured phase velocity 
approaches a value associated with the 7, mode. As C, increases further, the 
relative phase velocity increases in an approximately linear fashion, agreeing 
most closely with the theoretical curve for the increased directivity condition 
(curve C,). When C, reaches about §, a still higher order transmission mode (T)) 
appears to become partially effective, causing further dips in the measured curve. 
However, the radiation may no longer be in the axial mode. 

The formulas given for helical antennas operating in the first-order trans- 
mission mode (m = 1) are summarized in Table 7-1. 

As mentioned above, the approximate far-field pattern of a monofilar helix 
radiating in the axial mode is given by the array factor for n isotropic point 
sources, each source replacing a single turn of the helix (see Fig. 7-25). 

The normalized array factor is 


__. x sin (np/2) 
ja ee 


where Ww = 2z[S, cos ¢ — (L, /p)] 


(18) 


1 J. A. Marsh, “ Measured Current Distributions on Helical Antennas,” Proc. IRE, 39, 668-675, June 
1951. 


? L. J. Chu and J. D. Jackson, “Field Theory of Traveling Wave Tubes,” Proc. IRE, 36, 853-863, July 
1948. 
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Table 7-1 Relative phase velocities for first-order transmission 
mode on helical antennas 


Condition Relative phase velocity 
| OF 1 
In-phase fields (ordinary end-fire) p= == 
S,+1 sina + [(cos «)/C,] 
ee Ly 
Increased directivity Pp 


~ §, + [(2n + 1)/2n] 
1 
~ sin a + [(2n + 1)/2n][(cos a)/C,] 


L 
From first null of measured field pattern p =————_______ 
S, cos dy + (Wo/2n) + 1 
ae ep C 
Helicoidal cylindrical coordinate —— 
Solution cos «+ hR sin « 


where hR is as given by (17) 


The normalizing factor is sin (z/2n) instead of 1/n since the increased directivity 
end-fire condition is assumed to exist (see Sec. 4-6d, Case 3). For a given helix, S, 
and L, are known and p can be calculated from (12) or (13). w is then obtained as 
a function of ¢. From (18), these values of give the field pattern. 

As an illustration, the calculated array factor patterns for a 7-turn, 12° helix 
with C, = 0.95 are shown in Fig. 7-29 for p values corresponding to increased 
directivity and also in-phase fields and for p = 1, 0.9 and 0.725. A measured curve 
(average of E, and E,) is shown for comparison. It is apparent that the pattern 
calculated for the increased-directivity condition (p = 0.76) agrees most closely 
with the measured pattern. The measured pattern was taken on a helix mounted 
on a ground plane 0.88/ in diameter. The calculated patterns neglect the effect of 
a ground plane. This effect is small if the back lobe is small compared to the front 
lobe, as it is for p = 0.802 and p = 0.76. 

The sensitivity of the pattern to the phase velocity is very apparent from 
Fig. 7-29. In particular, we note that as little as a 5 percent difference in phase 
velocity from that required for the increased directivity condition (p = 0.76) pro- 
duces marked changes as shown by the patterns for p = 0.802 (5 percent high) 
and p = 0.725 (5 percent low). 


7-6 MONOFILAR AXIAL-MODE SINGLE-TURN PATTERNS. In 
this section expressions will be developed for the far-field patterns from a single 
turn of a monofilar helix radiating in the axial mode. It is assumed that the single 
turn has a uniform traveling wave along its entire length. The product of the 
single-turn pattern and the array factor then gives the total helix pattern. 

A circular helix may be treated approximately by assuming that it is of 
square cross section. The total field from a single turn is then the resultant of the 
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Figure 7-29 Array factor patterns for 12°, 7-turn helix with C, = 0.95. Patterns are shown for p = 1, 
0.9, 0.802 (in-phase fields or ordinary end-fire condition), 0.76 (increased directivity) and 0.725. A 
measured curve is also presented. All patterns are adjusted to the same maximum. The sensitivity of 
the pattern to phase velocity is evident. A change of as little as 5 percent produces a drastic change in 
pattern, as may be noted by comparing the pattern for p = 0.802 (5 percent high) and the one for 
p = 0.725 (5 percent low) with the one for p = 0.76 which matches the measured pattern. 


fields of four short, linear antennas as shown in Fig. 7-30a. A helix of square 
cross section can, of course, be treated exactly by this method. Measurements 
indicate that the difference between helices of circular and square cross section is 
small. 

Referring to Fig. 7-31, the far electric field components, E,; and E97, in the 
xz plane will be calculated as a function of ¢ for a single-turn helix. 

Let the area of the square helix be equal to that of the circular helix so that 


g 


where g is as shown in Fig. 7-30a. 

The far magnetic field for a linear element with a uniform traveling wave is 
given by (5-8-15). Multiplying (5-8-15) by the intrinsic impedance Z of free space, 
putting y = (32/2) +a+ 4, t=0 and b =g/cos a, we obtain the expression for 
the @ component E,, of the far field in the xz plane due to element 1 of the 
square helix as follows: 


Ey =k 2 sin BA | - “1 pa) (2) 
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Figure 7-30 Square helix used in calculating single-turn pattern. 


T5pZ 


here k = 
where eo 


A =1~—-p cos y 


ee 
~ 2pc cos « 


The expressions for E,,, Ey3, etc., due to elements 2, 3 and 4 of the square turn 
are obtained in a similar way. Since the elements are all dissimilar sources, the 
total @ component, E,,, from a single square turn is obtained by adding the 


Figure 7-31 Field components with relation to single-turn 
helix. 
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fields from the four elements at each angle @ for which the total field is calcu- 
lated. The sum of the fields from the four elements is then 


oor 
Eg7 =k —— sin BA (24 = on 


A 
fo ee sin a sin @ MY Gene oe 508"? g sin 
A” 4pc oc 4 
in L S cos 
ol tae a i fai Ba 9) Pe ented Ue oF eee 
A’ 2DCer LC Z 
sin BA” sin a sin @ 5LOP NO. (35 CSc 
Sa rh ea eee ay oy a eee SOS oe ee 
sae A" are ate : ( Zi n)| (3) 


37 T ' 
where y=—+ 24+ 9, = as + @, y” = arccos (sin a cos @) 


A=1-—pcos), A’'=1-—pcosy’, A” =1—pcosy’” 


When a helix of circular cross section is being calculated, L = xD/cos a in (3), 
while for a helix of square cross section L = 4b. 

If the contributions of elements 2 and 4 are neglected, which is a good 
approximation when both « and ¢ are small, the expression for Ey; is consider- 
ably simplified. Making this approximation, letting k = 1 and r, = constant, we 
obtain 


sin 


Egor = 


sin BA |(— BA) 
Sin ; P 
2% rr sin BA’ /[ —BA’ — 2./xnB+7x(S, cos 6+ ./zD, sin (4) 


Equation (4) applies specifically to helices of circular cross section, so that B in (4) 
1s 


egies 


ty 2p COS a 


(5) 


Equation (4) gives the approximate pattern of the @ component of the far 
field in the xz plane from a single-turn helix of circular cross section. 

In the case of the @ component of the far field in the xz plane, only elements 
2 and 4 of the square turn contribute. Putting k = 1, the magnitude of the 
approximate @ pattern of the far field of a single-turn helix of circular cross 
section can be shown to be 


sin y” sin BA” cos a 
A”(1 — sin? « cos? )1/? 


x sin 4[n(S, cos @ — ./xD, sin o) — 2\/7B] (6) 


where B is as given by (5) and y” and A” are as in (3). 


| Eor| = 2 
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Figure 7-32 Calculated patterns for E,,; and Eg, fields of single turn of a 12° helix. 
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Figure 7-33 Individual E, patterns of ele- 
ments 1 and 3 and total pattern of single 
turn, E,,. The single turn is shown in plan 
view (in the xz plane of Fig. 7-30). The single 
turn and coordinate axes have been rotated 
around the y axis so that the z direction 
| axis (¢ = 0) is toward the top of the page. 


Wave 
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As an example, the E,; and E,; patterns for a single-turn 12° helix with 
C, = 1.07 have been calculated and are presented in Fig. 7-32. Although the two 
patterns are of different form, both are broad in the axial direction (¢ = 0). 

The individual E, patterns of elements 1 and 3 of the single turn are as 
suggested in Fig. 7-33. One lobe of each pattern is nearly in the axial direction, 
the tilt angle t being nearly equal to the pitch angle «. The individual patterns 
add to give the E,, pattern for the single turn as shown (see also Fig. 7-32). 


7-7 COMPLETE AXIAL-MODE PATTERNS OF MONOFILAR 
HELICES. By the principle of pattern multiplication, the total far-field pattern 
of a helix radiating in the axial mode is the product of the single-turn pattern and 
the array factor E. Thus, the total @ component E, of the distant electric field of 
a helix of circular cross section is the product of (7-6-4) and (7-5-18) or 


The total 6 component E, is the product of (7-6-6) and (7-5-18) or 
Eo = Egy E (2) 


As examples, the approximate E, and E, patterns, as calculated by the 
above procedure, for a 12°, 7-turn uniform helix of circular cross section with 
C, = 1.07 are presented in Fig. 7-34 at (a) and (c). The helix is shown at (e), with 
E, in the plane of the page and E, normal to the page. The array factor is shown 
at (b). The single-turn patterns are as presented in Fig. 7-32. The value of p used 
in these calculations is approximately that for the increased directivity condition. 
The product of the single-turn patterns (Fig. 7-32) and the array factor pattern at 
(b) yields the total patterns at (a) and (c). The agreement with the measured pat- 
terns shown at (d) and (/) is satisfactory. 

Comparing the patterns of Figs. 7-32 and 7-34, it is to be noted that the 
array factor is much sharper than the single-turn patterns. Thus, the total Ey, and 
E, patterns (a) and (c) (Fig. 7-34) are nearly the same, in spite of the difference in 
the single-turn patterns. Furthermore, the main lobes of the E, and E, patterns 
are very similar to the array factor pattern. For long helices (say, nS, > 1) it is, 
therefore, apparent that a calculation of only the array factor suffices for an 
approximate pattern of any field component of the helix. Ordinarily the single- 
turn pattern need not be calculated except for short helices. 

The far-field patterns of a helix radiating in the axial mode can, thus, be 
calculated to a good approximation from a knowledge of the dimensions of the 
helix and the wavelength. The value of the relative phase velocity used in the 
calculations may be computed for the increased-directivity condition from the 
helix dimensions and number of turns. 

The effect of the ground plane on the axial-mode patterns is small if there 
are at least a few turns, since the returning wave on the helix and also the back 
lobe of the outgoing wave are both small. Hence, the effect of the ground plane 
may be neglected unless the helix is very short (nS, < 4). 
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Figure 7-34 Comparison of complete calculated patterns (product of single-turn pattern and array 
factor) with measured patterns for a 12°, 7-turn helix with C, = 1.07 radiating in the axial mode. 
Agreement is satisfactory. 


The approximate pattern of an axial-mode helix can be calculated very 
simply, while including the approximate effect of the single-turn pattern, by 
assuming that the single-turn pattern is given by cos g. Then the normalized 
total radiation pattern is expressed by 


CN pea esl: sin (ny/2) 
E= (sin z ) Pama). WD cos d (3) 


where n = number of turns and 
Ww = 360°[S,(1 — cos ¢) + (1/2n)] (4) 
The value of w in (4) is for the increased-directivity condition and is 


obtained by substituting (7-5-12) in (7-5-3) and simplifying. The first factor in (3) 
is a normalizing factor, i.e., makes the maximum value of E unity. 


7-8 AXIAL RATIO AND CONDITIONS FOR CIRCULAR 
POLARIZATION OF MONOFILAR AXIAL-MODE HELICAL 
ANTENNAS.! In this section the axial ratio in the direction of the helix axis 


1 For a general discussion of elliptical and circular polarization see Secs. 2-34 through 2-37; also see 
J.D. Kraus, Radio Astronomy, 2nd ed., Cygnus-Quasar, 1986, chap. 4. 
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Figure 7-35 Field components as viewed from the 
helix axis. 


will be determined, and also the conditions necessary for circular polarization in 
this direction will be analyzed. 

Consider the helix shown in Fig. 7-35. Let us calculate the electric field 
components E, and E,, as shown, at a large distance from the helix in the z 
direction. The helix is assumed to have a single uniform traveling wave as indi- 
cated. The relative phase velocity is p. The diameter of the helix is D and the 
spacing between turns is S. Unrolling the helix in the xz plane, the relations are 
as shown in Fig. 7-36. The helix as viewed from a point on the z axis is as 
indicated in Fig. 7-37. The angle & is measured from the xz plane. The coordi- 
nates of a point Q on the helix can be specified as r, €, z. The point Q is ata 
distance | from the terminal point T as measured along the helix. From the 
geometry of Figs. 7-36 and 7-37, we can write 


h=Isin a 
Zn = 2 sin & 


(1) 


ct 2 rs 
a = arctan —- = arccos — 

7D l 
ro =) cos'a 


where z, is the distance from the origin to the distant point P on the z axis. 
At the point P the ¢ component Ey of the electric field for a helix of an 
integral number of turns n is 


2mn “ 
Ey, = Eo | sin € exp io( eyee + ain — +) dé (2) 
0 Cc Cc pe 


where Eo is a constant involving the current magnitude on the helix. 
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Figure 7-36 Geometry for calculating fields in 
TOSz, the z direction. 


From (1) the last two terms of the exponent in (2) may be rewritten. Thus, 


l si l 1 
sma 1 (tan a - j=" (3) 
G poor rc p cos a C 
where 
1 
qe tana = (4) 
p COS a 


When «= 0, the helix becomes a loop and q=—\1/p. The relation being 
obtained is, thus, a general one, applying not only to helices but also to loops as 
a special case. Equation (2) now reduces to 
2mn 
E, = Eo ellot— Psp) | sin € eK dé (5) 


10) 


where quantities independent of € have been taken outside the integral and where 


OQ. 2h 
Cc 


p= 


1 
and k= prq = LC, (sin a — *) (6) 


Figure 7-37 Helix of Fig. 7-35 as viewed from the positive z axis. 
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On integration (5) becomes 


Ey 


E,= 
ey i 


(c= _ 1) (7) 


where E, = E, ef! —F) 


In a similar way we have for the 9 component E, of the electric field at the 


point P, 
ans Zee | Sites imal 
1S cos ¢ exp | ja| t —- “ + —— — — ] | dé (8) 
5 C (¢ pc 
Making the same substitutions as in (2), we obtain from (8) 
(ake ae 
Ey = 7a (ee — 1) 9) 


The condition for circular polarization in the direction of the z axis is 
E 
—t = 4+j 10 
E, 1 (10) 
The ratio of (7) to (9) gives 


a og oa ea 11 
lee iV k Oe 
Accordingly, for circular polarization in the axial direction of a helix of an inte- 
gral number of turns, k must equal +1. 
Equation (11) indicates that E, and E, are in time-phase quadrature. There- 
fore, the axial ratio AR is given by the magnitude of (11) or 
E 1 1 
Batol ;| =— (12) 
| Eo | jk k 
The axial ratio will be restricted here to values between unity and infinity. Hence, 
if (12) is less than unity, its reciprocal is taken. 
Substituting the value of k from (6) into (12) yields 


AR 


1 
“SEs WP ms 
or AR = L,{ sin a — *) (14) 


Either (13) or (14) is used so that 1 < AR < «. 

From (13) and (14), it appears that the axial ratio can be calculated from the 
turn length L, and pitch angle of the helix, and the relative phase velocity p. If 
we introduce the value of p for the condition of in-phase fields (see Table 7-1), it 
is found that AR = 1. In other words, the in-phase field condition is also the 
condition for circular polarization in the axial direction. 
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This may also be shown by noting that (11) satisfies the condition for circu- 
lar polarization when k = —1, or 


1 
L,\ sina —-}= —-1 ID 
{sin a -*) (15 
Solving (15) for p, we obtain 
=— (16) 
i ere 


which is identical with the relation for in-phase fields (ordinary end-fire 
condition). 

Our previous discussion on phase velocity indicated that p followed more 
closely the relation for increased directivity than the relation for in-phase fields. 
Thus, introducing p in (14) for the condition of increased directivity, we obtain 


2n+ 1 


AR (on axis) = 5 
n 


(17) 


where n is the number of turns of the helix. If n is large the axial ratio approaches 
unity and the polarization is nearly circular.’ 

When I first derived (17) in 1947, it came as a pleasant surprise that the 
axial ratio could be given by such a simple expression. 

As an example, let us consider the axial ratio in the direction of the helix 
axis for a 13°, 7-turn helix. The axial ratio is unity if the relative velocity for the 
condition of in-phase fields is used. By (17) the axial ratio for the condition of 
increased directivity is 15/14 = 1.07. This axial ratio is independent of the fre- 
quency or circumference C, as shown by the dashed line in Fig. 7-38. In this 
figure, the axial ratio is presented as a function of the helix circumference C, in 
free-space wavelengths. 

If the axial ratio is calculated from (13) or (14), using the measured value of 
p shown in Fig. 7-28, an axial ratio variation is obtained as indicated by the solid 
curve in Fig. 7-38. This type of axial ratio versus circumference curve is typical of 
ones measured on helical beam antennas. Usually, however, the measured axial 
ratio increases more sharply as C, decreases to values less than about 3. This 
difference results from the fact that the calculation of axial ratio by (13) or (14) 
neglects the effect of the back wave on the helix. This is usually small when the 
helix is radiating in the axial mode but at lower frequencies or smaller circum- 
ferences (C, < 3) the back wave is important. The back wave on the helix pro- 
duces a wave reflected from the ground plane having the opposite direction of 


1 With circularly polarized feed an AR = 1 can be obtained on the axis for a helix of any length 
according to R. G. Vaughan and J. B. Andersen (“Polarization Properties of the Axial Mode Helix 
Antenna,” [EEE Trans. Ants. Prop., AP-33, 10-20, January 1985). They also deduce the axial ratio as 
a function of the off-axis angle. 
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Figure 7-38 Axial ratio as a 

function of helix circumference 
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field rotation to that produced by the outgoing traveling wave on the helix. This 
causes the axial ratio to increase more rapidly than indicated in Fig. 7-38. 

The foregoing discussion applies to helices of an integral number of turns. 
Let us now consider a long helix where the number of turns may assume non- 
integral values. Hence, the length of the helical conductor will be specified as é 1 
instead of 27n. It is further assumed that k is nearly unity. Thus, (5) becomes 


Ee aati 
Es 2 on | (eik+ iB aly elk 16) dé (18) 
J Jo 


Since k ~ —1,k + 1~ 0, and it follows that 
(Cait Niet ee atmead Innes | aeroan B le (19) 


Now integrating (18) and introducing the condition that k is nearly equal to —1 
and the approximation of (19), we have 


E, ellk-1)e1 _ 4 
E, = -—— | jé, - —_————_ 
od > (ie jee (20) 
Similarly the @ component E, of the electric field is 
E ellk— 1)e1 a 
4 pis pati Be SAR ble SF 
= 3} (ie Th Beit (21) 


When the helix is very long 
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and (20) and (21) reduce to 


(22) 


an a) (23) 


which fulfills the condition for circular polarization. 

Still another condition resulting in circular polarization is obtained when 
(k + 1)&€, = 2m, where m is an integer. This condition is satisfied when either the 
positive or negative sign in k + 1 is chosen but not for both. 

To summarize, the important conditions for circular polarization are as 
follows: 


1. The radiation in the axial direction from a helical antenna of any pitch angle 
and of an integral number of | or more turns will be circularly polarized if 
k = —1 (in-phase fields or ordinary end-fire condition). 


2. The radiation in the axial direction from a helical antenna of any pitch angle 
and a large number of turns, which are not necessarily an integral number, is 
nearly circularly polarized if k is nearly —1. 


7-9 WIDEBAND CHARACTERISTICS OF MONOFILAR 
HELICAL ANTENNAS RADIATING IN THE AXIAL MODE. The 
helical beam antenna! has inherent broadband properties, possessing desirable 
pattern, impedance and polarization characteristics over a relatively wide fre- 
quency range. The natural adjustment of the phase velocity so that the fields 
from each turn add nearly in phase in the axial direction accounts for the persist- 
ence of the axial mode of radiation over a nearly 2 to 1 range in frequency. If the 
phase velocity were constant as a function of frequency, the axial-mode patterns 
would be obtained only over a narrow frequency range. The terminal impedance 
is relatively constant over the same frequency range because of the large attenu- 
ation of the wave reflected from the open end of the helix. The polarization is 
nearly circular over the same range in frequency because the condition of fields in 
phase is also the condition for circular polarization. 

As shown in Fig. 7-39a, the dimensions of a helix in free-space wavelengths 
move along a constant pitch-angle line as a function of frequency. If F, is the 
lower frequency limit of the axial mode of radiation and F the upper frequency 
limit of this mode, then the range in dimensions for a 10° helix would be as 
suggested by the heavy line on the diameter-spacing chart of Fig. 7-39a. The 
center frequency Fy is arbitrarily defined as Fy = (F, + F;)/2. 


1 Or monofilar axial-mode helical antenna. 
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Diameter, D) 


Constant pitch-angle line 


Spacing, S) (a) 


aw, 


— 


Ms ratio 


Diameter, D, 


Figure 7-39 Diameter-spacing 
charts for monofilar helices with 
0.1 0.2 0.3 0.4 0.5 measured performance contours 

Spacing, S, (b) (b) for the axial mode of radiation. 


The properties of a helical beam antenna are a function of the pitch angle. 
The angle resulting in a maximum frequency range F, — F, of the axial mode of 
radiation is said to be an “optimum” pitch angle. To determine an optimum 
angle, the pattern, impedance and polarization characteristics of helical antennas 
may be compared on a diameter-spacing chart as in Fig. 7-39b. The three con- 
tours indicate the region of satisfactory pattern, impedance and polarization 
values as determined by measurements on helices of various pitch angle as a 
function of frequency. The axial length of the helices tested is about 1.61 at the 
center frequency. The pattern contour in Fig. 7-39b indicates the approximate 
region of satisfactory patterns. A satisfactory pattern is considered to be one with 
a major lobe in the axial direction and with relatively small minor lobes. Inside 
the pattern contour, the patterns are of this form and have half-power beam 
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widths of less than 60° and as small as 30°. Inside the impedance contour in 
Fig. 7-396 the terminal impedance is relatively constant and is nearly a pure 
resistance of 100 to 150 Q. Inside the axial ratio contour, the axial ratio in the 
direction of the helix axis is less than 1.25. Note that all contours lie below the 
line for which D, = ./2S, + 1/z. This line may be regarded as an upper limit for 
the beam mode. It is apparent that the frequency range F, — F, is small if the 
pitch angle is either too small or too large. A pitch angle of about 12 or 14° 
would appear to be “optimum” for helices about 1.64 long at the center fre- 
quency. Since the properties of the helix change slowly in the vicinity of the 
optimum angle, there is nothing critical about this value. The contours are arbi- 
trary but are suitable for a general-purpose beam antenna of moderate direc- 
tivity. The exact values of the frequency limits, F, and F,, are also arbitrary but 
are relatively well defined by the close bunching of the contours near the fre- 
quency limits. 

Based on the above conclusions, I constructed a 14°, 6-turn helix and mea- 
sured its properties. The helix has a diameter of 0.31/ at the center frequency 
(400 MHz). The diameter of the conductor is about 0.024. Conductor diameters 
of 0.005 to 0.05A can be used with little difference in the properties of this helix in 
the frequency range of the beam mode.’ 

The measured patterns between 275 and 560 MHz are presented in Fig. 
7-19. It is apparent that the patterns are satisfactory over a frequency range from 
300 MHz (C, = 0.73) to 500 MHz (C, = 1.22). 

A summary of the characteristics of this antenna are given in Fig. 7-23 in 
which the half-power beam width, axial ratio and standing-wave ratio are shown 
as a function of the helix circumference. 


7-10 TABLE OF PATTERN, BEAM WIDTH, GAIN, 
IMPEDANCE AND AXIAL RATIO FORMULAS. Expressions devel- 
oped in the preceding sections for calculating the pattern, beam width, directivity, 
terminal resistance and axial ratio for axial-mode helical antennas are sum- 
marized in Table 7-2. These relations apply to helices for 12° < a < 15°, 3? < 
C, < + and n> 3 or to the more specific restrictions listed in the footnote to the 
table. 


7-11 RADIATION FROM LINEAR PERIODIC STRUCTURES 
WITH TRAVELING WAVES WITH PARTICULAR REFERENCE 
TO THE HELIX AS A PERIODIC STRUCTURE ANTENNA. 
Radiation from continuous linear antennas carrying a traveling wave was dis- 
cussed in Sec. 5-8. Although the helical beam antenna consists of a continuous 


1 Design data for a 12.5° helix are given by J. D. Kraus, “Helical Beam Antenna Design Techniques,” 
Communications, 29, September 1949. 
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Table 7-2 Formulas for monofilar axial-mode helical 
antennas 


Ee (sin ~) su Uv) cos d 
n / sin (W/2) 


Pattern 1 
where yf = 360 s 4(1 — cos d) + =| 
n 


j2- 
Beam width (half-power) HPBW = ———_ 
See restrictions Ci /ns, 
L155 
Beam width (first nulls) BWFN = ——— 
See restrictions C,/ ns; 
Directivity (or gaint) D = 12Ci nS, 
See restrictions 
Terminal resistance R = 140C, Q (axial feed) 
voce MEAG S R = 150/./C,Q (peripheral feed) 
21 4 lee ay PRS 
Axial ratio (on axis) AR = - (increased directivity) 
; ; : 1 
Axial ratio (on axis) ARG VE {sin a— ‘) (p unrestricted) 
Pp 


n = number of turns of helix 
C, = circumference in free-space wavelengths 
S, = spacing between turns in free-space wavelengths 
L, = turn length in free-space wavelengths 
a = pitch angle 
p = relative phase velocity 
¢ = angle with respect to helix axis 
Restriction for beam width and directivity: 0.8 < C, < 1.15; 12°<a< 14°; 
ie: 
Restriction for terminal resistance: 0.8 < C, < 1.2;12°<a<14°;n>4. 


+ Assuming no losses. 


conductor carrying a traveling wave, it is also a periodic structure with period 
equal to the turn spacing as considered in Sec. 7-5. 

Now let us develop the periodic structure approach in a more general way 
which illustrates the relation of helical antennas to other periodic-structure 
(dipole) antennas.’ 

A linear array of n isotropic point sources of equal amplitude and spacing is 
shown in Fig. 7-40 representing a linear periodic structure carrying a traveling 
wave. As discussed previously the phase difference of the fields from adjacent 
sources as observed at a distance point is given by 


y= Fscos $6 (1) 


* Although the helix is a periodic structure, it is continuous. The dipole arrays are discontinuous. 
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To distant 
point 


Bound or 


ided 
gee ave Figure 7-40 Linear array of n isotropic 


Array axis ; 
e*eeee@-- ——*r £point sources of equal amplitude and 
1 2 3 40 (=O) spacing, S, representing a linear periodic 
Velocity, uv structure carrying a traveling wave. 


where S = spacing between sources, m 
Ao = free-space wavelength, m 
@ = angle between array axis and direction of distant point, rad or deg 
6 = phase difference of source 2 with respect to source 1, 3 with respect 
to 2, etc., rad or deg 


We assume that the array is fed by a wave traveling along it from left to 
right via a guiding structure which may, for example, be an open-wire transmis- 
sion line, a waveguide or a helix." The phase constant of the traveling wave is 
given by 


O° 


ee eae atten Oe cite eas) (2) 
Ao P A 


0 oP 


where /, = free-space wavelength, m 
p = v/c = relative phase velocity, dimensionless 
v = wave velocity, ms * 
c = velocity of light, m s~* 


The phase difference between sources is given by 


21 360° 
O55) (fad) 
AoP hoP 


where S = spacing between sources, m 


S (deg) (3) 


In general, for the fields from the n sources to be in-phase at a distant point 
requires that 


YW = 21m (rad or deg) (4) 


where m = mode number = 0, +1, +2, etc. 


1 We assume a uniform traveling wave. Although such a wave is approximated with a monofilar 
axial-mode helix, it is not necessarily realized with the dipole arrays presented in this section without 
the addition of suitable impedance matching networks (not shown). See Sec. 11-10 on Phased Arrays 
and Sec. 16-21 on Leaky Wave Antennas. 
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Introducing (3) and (4) into (1) yields 


On 2 
2nm = S cos $ — 5 = (5) 


Ao P 


or 2nm = BoS cos ¢ — BS (6) 


2n Z 
Where wh j= ni phase constant of free-space wave, rad m * 


0) 
For mode number m = 0, the phase difference of the fields from adjacent sources 


at a distant point is zero; for m = 1, the phase difference is 27; for m = 2, the 
phase difference is 47; etc. 


On vs 
= eT, phase constant of guided wave, rad m™' 
oP 
B.S = electrical distance between sources for a free-space wave, rad 
BS = electrical distance between sources for the guided wave, rad 
B.S cos ¢ = electrical distance between sources for a free-space wave in direction 


of distant point 


From (6) we have 


2mm 


ESE sr (7) 


or cos ¢ = aera as 


(8) 


Let us now consider several examples. 


Example 1 Mode number m = 0. For different relative phase velocities p, the beam 
angles @, as given by (8), are as tabulated: 


Beam 
Relative phase velocity, p cos d wy) direction 
Lio =e) 1 0° End-fire 
©O 0 90° Broadside 
—1(v =c with wave right-to-left) —1 180° Back-fire 
<1 Sail Imaginary No beam 


For the last entry (p < 1), @ is imaginary. This implies that all of the wave energy is 
bound to the array (guided along it) and that there is no radiation (no beam). 


Summary. For p values from +1 to +00 and —o to —1, the beam swings from 
end-fire (¢ = 0°) through broadside (¢ = 90°) to back-fire (6 = 180°). For p values 
between —1 and +1(—1 < p < 1) ¢ is imaginary (no radiation). We note that these 
results are independent of the spacing S. 
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Example 2 Mode number m = —1. Relative phase velocity p = 1 (v =c). Fields 
from adjacent sources have 2x (=360°) phase difference at a distant point in the 
direction of the beam maximum. For different spacings S, the beam angles @, as 
given by (8), are as tabulated: 


Beam 
Spacing S cos d w) direction 
Ao 0 90° Broadsidet 
Aoi2 —1 180° Back-firet 


+ For this case, there are also equal beams end-fire 
(p = 0°) and back-fire (¢@ = 180°). 
{ For this case, there is an equal end-fire lobe 


(p = 0°). 


Summary. For spacings between A,/2 and A, the beam swings between 90 and 180°. 
Larger spacings are required to swing the beam to angles less than 90° but other 
lobes also appear. 


Example 3 Mode number m = —1. Relative phase velocity p = 4 (slow wave). For 
different spacings S, the beam angles @, as given by (8), are as tabulated: 


Spacing S cos d op Beam direction 
Ao 1 0°, 90°, 180° End-fire, broadside 


and backfire 
aie 0 90° Broadside 
Ao/3 —1 180° Back-fire 


Summary. For spacings between /,/3 and A, the beam swings from back-fire (180°) 
through broadside (90°) to end-fire (0°), but for S = A, broadside and back-fire lobes 
also appear. For spacings greater than A, or less than /,/3, @ is imaginary (no 
beam). 


Example 4 Mode number m = —1. Relative phase velocity p = + (slow wave). For 
different spacings S, the beam angles ¢, as given by (8), are as tabulated: 


Beam 
Spacing S cos d wy) direction 
Ao/4 1 0° End-fire 
AQ/5 0 90° Broadside 


Ao/6 —1 180° Back-fire 
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Example 3 


Example 4 


Spacing in free-space wavelengths, S/Xo 


fe) Figure 7-41 Relation of spacing and 

0° 30° 60° 90° 120° 150° 180° beam angle for linear arrays with trav- 
End- Broad- Back-  ¢ling waves of relative phase velocities 
fire side fire 


p= 1, 4 and 4 (Examples 2, 3 and 4) 
Beam angle, ¢ all with mode number m = —1. 


Summary. For spacings between /)/4 and A,/6 the beam swings from end-fire, 
through broadside to back-fire. For spacings less than A,)/6 or more than /,/4, @ is 
imaginary (no beam). 


The results of Examples 2, 3 and 4 are shown graphically in Fig. 7-41. 

Another way of analyzing an array, and periodic structures in general, is to 
plot the electrical spacing ByS of the free-space wave (as ordinate) versus the 
electrical spacing BS of the guided wave traveling along the array (as abscissa). 
Dividing both coordinates by 27, we obtain S/A, as ordinate and S/(pA9) = S/A as 
abscissa (where A = pA, = wavelength on the array). This type of S-S diagram’ is 
presented in Fig. 7-42, illustrating the three arrays of Examples 2, 3 and 4 (shown 
also in the S-@ diagram of Fig. 7-41). 

For a relative phase velocity p = 1, S/A = S/A), and the array operates 
along the p = 1 line (at 45° to the axes). Back-fire occurs at S/Ay = + and broad- 
side at S/A, = 1 (Example 2). 

For a relative phase velocity p = 4, the array operates along the p = 3 line 
with back-fire at S/A, = 4, broadside at S/A, = 4 and end-fire at S/A) = 1 at right 
edge of diagram (Example 3). 


! Some authors use k for B, and refer to the graph as a k-f diagram, also called a Brillouin diagram 
after Leon Brillouin, Wave Propagation in Periodic Structures, McGraw-Hill, 1946. 
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For a relative phase velocity p = 4, the array operates along the p = ¢ line 
with back-fire at S/A, =+4, broadside at S/A, =+4 and end-fire at S/Aj =% 
(Example 4). For a higher mode number m= —2, the array again produces 
beams swinging from back-fire at S/Ay = 4, through broadside at S/d) = $ to 
end-fire at S/A, = 4 (off diagram at right). 

Let us consider several more examples of traveling-wave periodic-structure 
arrays. On an S-S diagram each type of array occupies a unique location or niche 
which is characteristic of the antenna’s behavior. Differences between arrays are 
clearly evident from their locations on the diagram. 


Example 5 Scanning array of dipoles with S = A, at center frequency (Fig. 7-43). 
Beam scanning is by shifting frequency. Physical element spacing is constant. Array 
is fed from the left end with a 2-wire transmission line (p = 1). The mode number 
m = —1, so (8) becomes 


(9) 


At the center frequency S=4A, and from (9) cos¢=0 and ¢=90° (beam 
broadside). Halving the frequency makes S = 4,/2 and ¢ = 180° (beam back-fire). 
Doubling the frequency makes S = 2A, and ¢ = 60° (only 30° beyond broadside). 
To swing the beam further toward end-fire requires a further increase in frequency. 
The position of this scanning array is shown in Fig. 7-42 (line labeled Examples 2 
and 5). It is to be noted that there are other lobes present not given by (9). 


Example 6 Scanning array of alternately reversed dipoles with S = 4,/2 at center 
frequency (Fig. 7-44): Beam scanning is by shifting frequency. Physical element 
spacing is constant. Array is fed from the left end with a 2-wire transmission line 


(p = 1). The mode number m = — 3, so (8) becomes 
| Q= 1 (10) 
EEA OLTD, 


At the center frequency S$ = A,/2 and from (10) cos 6 =0 and ¢ = 90° (beam 
broadside). Halving the frequency makes S = /,/4 and ¢ = 180° (beam back-fire). 
Doubling the frequency makes S = A), swinging the beam to ¢ = 60°. The position 
of this scanning array is shown in Fig. 7-42. 


Example 7 Scanning array of dipoles with S = /,/2 at center frequency with slow 
wave (p = 4) (Fig. 7-45). Beam scanning is by shifting frequency. Physical element 


Dipoles 


1 2 Example 5 3 cee a 


Figure 7-43 Scanning array of dipoles with S = A, at center frequency, relative phase velocity 
p=1(v=c) and mode number m= —1. The beam angle ¢ (with respect to dipole 1) is 
outward from the page. (Example 5.) 
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Dipoles 


Figure 7-44 Scanning array of alternately 
reversed dipoles with S = A,/2 at center fre- 
quency, relative phase velocity p=1 and 


mode number m= —4. The beam angle @¢ 
(with respect to dipole 1) is outward from the 
Example 6 page. (Example 6.) 


spacing is constant. Array is fed from the left end by a 2-wire transmission line with 


line length 2S between dipoles so that p = 4. The mode number m = —1, so (8) 
becomes 
Dg (11) 
cos @¢ = 2 —-—— 
S/4o 


At the center frequency S = /,/2 and from (11) ¢ = 90° (béam broadside). Reducing 
the frequency so S = 1,/3 makes ¢ = 180° (beam back-fire). Doubling the frequency 
makes S = A, and ¢ = 0° (beam end-fire). The position of this scanning array is 
shown in Fig. 7-42 (line labeled Examples 3 and 7). 


Example 8 Scanning array of alternately reversed dipoles with S = 4,/4 at center 
frequency with slow wave (p = 3) (Fig. 7-46). Beam scanning is by shifting frequency. 
Physical element spacing is constant. Array is fed from the left end by a 2-wire 
transmission line with line length 2S between dipoles so that p=4. The mode 
number m = —34, so (8) becomes 


1 
2S/Ap 


cos @ = 2 (12) 


At the center frequency S = 4,/4 and from (12) ¢ = 90° (beam broadside). Decreas- 
ing the frequency to 4 makes S = /,/6 and ¢ = 180° (beam back-fire). Doubling the 
frequency makes S = j,/2 and ¢ = 0° (beam end-fire). The position of this scanning 
array is also shown in Fig. 7-42. 


Dipoles 


Aa NO 


Example 7 


Figure 7-45 Scanning array of dipoles with S = /,/2 at center frequency, relative phase veloc- 
ity p = 4 (slow wave) and mode number m = — 1. (Example 7.) 
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Dipoles 


Example 8 


Figure 7-46 Scanning array of alternately reversed dipoles with S = A,/4 at center frequency, 
relative phase velocity p = 4 (slow wave) and mode number m = —4.(Example 8.) 


Now let us consider the monofilar helical antenna in comparison to the 
above examples of other periodic structure arrays with traveling waves. 


Example 9 Monofilar axial-mode helical antenna with turn-spacing S = A/4 and 
circumference C = A, at center frequency (Fig. 7-47). As discussed in Sec. 7-5, the 
monofilar axial-mode helical antenna operates in the increased-directivity condition 
resulting in a supergain end-fire beam (¢ = 0°). The mode number m= —1 and 
from (5) we have for @ = 0° that 


In --=— S-—= (13) 


where n = number of turns 
p = (v/c) sin a = relative phase velocity of wave in direction of helix axis (not 
along the helical conductor as in Sec. 7-5) 
a” = pitch angle 


Rearranging (13) we obtain 


1 
Eee a 
2n = S/Ao 
For large n, 
1 


p (15) 


Teepe) 


Ground plane 


Figure 7-47 Monofilar axial-mode 

—— MATOTOrererere Teeny & helical antenna which locks on end-fire 

Ue direction (¢= 0°) with increased directivity over 
Coaxial S (p=0°) more than an octave frequency range by 
line an automatic shift in relative phase 


velocity p (see Fig. 7-42). The mode 
Example 9 number m = —1. / 
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Thus, end-fire (6 = 0°) with S=4A,/4 requires that p= 0.20. If the frequency 
decreases so that S = A,/5 (a 25 percent change in frequency) we have from (5) that 


cos @ = —- — —— = — —5=0 (16) 
p ; 


making ¢ = 90° (beam broadside). However, with frequency change the beam does 
not swing broadside but remains locked on end-fire (¢ = 0°) because the phase veloc- 
ity changes automatically by just the right amount to not only compensate for the 
frequency change but also to provide increased directivity and supergain. This is one of 
the very remarkable properties of the monofilar axial-mode helical antenna. 

The increased-directivity condition involves not only the turn spacing S but 
also the number of turns n. However, for large n the difference in p for the two 
end-fire conditions is small. Thus, for large n we find from (15) that p values range 
from about 0.25 for S = 4,/3 through 0.20 for S =1,/4 to 0.167 for S = /,/5, 
locking the beam on end-fire with supergain over a frequency range of about 2 to 1, 
which is in marked contrast to the beam-swinging of the scanning arrays discussed 
above. The position of the monofilar helical antenna over a 2 to | frequency range is 
shown in Fig. 7-42 for n = 4, 8 and 16 turns. For very large n, the position moves 
along the end-fire line which intersects S/A = 1 on the S/A, = 0 axis. We note that 
while other arrays move along constant p lines as the frequency changes, the mono- 
filar axial-mode helical antenna moves along a constant beam-angle (end-fire) line, 
cutting across lines of constant p value. 

Another remarkable property and great advantage of the monofilar helical 
antenna is that the input impedance is an almost constant resistance over an octave 
bandwidth, the resistance being easily set at any convenient value from 50 to 150 Q. 
This is in contrast to the large impedance fluctuations of the above dipole arrays 
with change in frequency. 


7-12 ARRAYS OF MONOFILAR' AXIAL-MODE HELICAL 
ANTENNAS. With arrays of monofilar axial-mode helical antennas the 
designer must strike a balance between the number and length of helices needed 
to achieve a desired gain. As discussed in Sec. 4-8 the choice is between more 
lower-gain antennas and fewer higher-gain antennas appropriately spaced. As an 
illustration consider the following problem. 


Example. Design a circularly polarized antenna using one or more end-fire elements 
to produce a gain of 24 dB for operation at a given wavelength /. 


Solution. The highest end-fire gain is obtained with the increased-directivity condi- 
tion which is automatic with monofilar axial-mode helical antennas. From (7-4-7) 
for « = 12.7° and C, = 1.05, the required length of a single helix is 


202 


———_,, = 19/ 1 
12x52 ”) 


| DS ye 


requiring an 80-turn helix (Fig. 7-48a). 
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Figure 7-48 Single monofilar axial-mode helix with 80 turns (a) compared with an array of 
four 20-turn helices (b), an array of nine 9-turn helices (c) and sixteen 5-turn helices (d) for 
worked example. All have 24 dB gain. Note also that the product of the number of helices and 
number of turns for each array equals 80 (+1). See Sec. 4-8. 


A more compact configuration results if four 20-turn helices are used in a 
broadside array. Assuming uniform aperture distribution, the effective aperture of 
each helix is 


YPN AE VE (2) 


Assuming a square aperture, the side length is 2.24, (=,/5.0). With each helix 
placed at the center of its aperture area, the spacing between helices is 2.24A (Fig. 
7-48b). 

A third configuration results if nine 9-turn helices are used in a broadside 
array (Fig. 7-48c). 
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Figure 7-49 Resistive (R) and 
reactive (X) components of the 
mutual impedance of a pair of 
same-handed 8-turn monofilar 
axial-mode helical antennas of 12° 


40 pitch angle as a function of the 
separation distance (center-to- 

30 center) in wavelengths. Helix cir- 
0 cumference C,=1. Conductor 
20 diameter is 0.016/. Self-impedance 


Zy, = 140 +j0 QO. (After. E. ‘A. 
Blasi, “Theory and Application of 


. eee the Radiation Mutual Coupling 

O = Factor,’ M.S. thesis, Electrical 

04 05 0.6 0.7 0:3 0.9 1.0 Engineering Department, Ohio State 
Separation, \ University, 1952.) 


A fourth possible configuration results if sixteen 5-turn helices are used in a 
broadside array with a spacing of 1.12/ between helices (Fig. 7-484). 

Which of the above configurations should be used? The decision will depend 
on considerations of support structure and feed connections. The single helix has a 
single feed point and a small ground plane but is very long. The other configu- 
rations have larger ground planes but are more compact. The 4- and 16-helix con- 
figurations have the advantage that the helices can be fed by a symmetrical 
corporate structure. Also the 16-helix configuration can be operated as a phased 
array. 


With the multiple-helix arrays the mutual impedance of adjacent helices is a 
consideration. Figure 7-49 shows the resistive and reactive components of the 
mutual impedance of a pair of same-handed 8-turn monofilar axial-mode helical 
antennas as a function of the separation distance in wavelengths (C, = 1, « = 12°) 
as measured by Blasi.’ At spacings of a wavelength or more, as is typical in helix 
arrays, the mutual impedance is only a few percent or less of the helix self- 
impedance (140 Q resistive). Thus, in designing the feed connections for a helix 
array the effect of mutual impedance can often be neglected without significant 
consequences. As examples, let us consider the feed systems for two helix arrays, 
one with 4 helices and the other with 96 helices. 


7-12a Array of 4 Monofilar Axial-Mode Helical Antennas. This array, 
shown in Fig. 7-50a, which I constructed in 1947, has four 6-turn, 14° pitch angle 
helices mounted with 1.54 spacing on a 2.5 x 2.54 square ground plane.* The 
helices are fed axially through an insulated fitting in the ground plane. Each feed 


1 E. A. Blasi, “Theory and Application of the Radiation Mutual Coupling Factor,” M.S. thesis, Elec- 
trical Engineering Department, Ohio State University, 1952. 

2 J. D. Kraus, “Helical Beam Antennas for Wide-Band Applications,” Proc. IRE, 36, 1236-1242, 
October 1948. 
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Figure 7-50 (a) Constructional details for broadside array of four 6-turn, 14° monofilar axial-mode 
helical antennas. Dimensions are in wavelengths at the center frequency. (b) Measured performance of 
4-helix array of (a) showing beam widths, axial ratio and VSWR on a 53-Q line as a function of 


frequency. (After J. D. Kraus, “Helical Beam Antennas for Wide-Band Applications,” Proc. IRE, 36, 
1236-1242, October 1948.) 
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point is connected on the back side of the ground plane to a junction point at the 
center of the ground plane. Each conductor acts as a single-wire versus ground- 
plane transmission line with a spacing between wire and ground plane which 
tapers gradually so that the approximately 140 Q at each helix is transformed to 
200 Q at the junction. The four 200-Q lines in parallel yield 50 Q at the junction 
which is fed through an insulated connector to a 50-Q coaxial fitting on the front 
(helix) side of the ground plane. Since the taper sections are about 1/ long, the 
arrangement provides a low VSWR on the S0-Q line connected to the junction 
over a wide bandwidth. Beam width, axial ratio and VSWR performance of the 
array are presented in Fig. 7-50b. The array gain at the center frequency 
(800 MHz) is about 18.5 dB and at 1000 MHz about 21.5 dB. 


7-12b Array of 96 Monofilar Axial-Mode Helical Antennas. This array, 
shown in Fig. 7-4, which I designed and constructed in 1951,’ has 96 11-turn 
12.5° pitch angle helices mounted on a tiltable flat ground plane 40/ long by 5A 
wide for operation at a center frequency of 250 MHz. Each helix is fed by a 
150-Q coaxial cable. Equal-length cables from each helix of one bay or group of 
12 helices are connected in parallel to one end of a 2/ long tapered transition 
section which transforms the 12.5-Q (=150/12) resistive impedance to 50 Q. 
Equal-length 50-Q coaxial cables then connect the transition section of each bay 
to a central location resulting in a uniform in-phase aperture distribution with 
low VSWR over a wide bandwidth. The array produces a gain of about 35 dB at 
the center frequency of 250 MHz (A = 1.2 m) and increased gain at higher fre- 
quencies. At 250 MHz the beam is fan shaped with half-power beam widths of 1 
by 8°. 


7-13 THE MONOFILAR AXIAL-MODE HELIX AS A PARA- 
SITIC ELEMENT (see Fig. 7-51) 


Helix-helix (Fig. 7-51a). If the conductor of a 6-turn monofilar axial-mode 
helical antenna is cut at the end of the second turn, the antenna continues to 
operate with the first 2 turns launching the wave and the remaining 4 turns 
acting as a parasitic director. 


Polyrod-helix (Fig. 7-51b). By slipping a parasitic helix of several turns over a 
linearly polarized polyrod antenna, it becomes a circularly polarized antenna. 


Horn-helix (Fig. 7-51c). By placing a parasitic helix of several turns in the 
throat of a linearly polarized pyramidal horn antenna without touching the horn 
walls, the horn radiation becomes circularly polarized. 


1 J. D. Kraus, “The Ohio State Radio Telescope,” Sky and Tel., 12, 157-159, April 1953. 
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Corner-helix (Fig. 7-51d). A parasitic helix in front of a corner-reflector 
antenna results in a circularly polarized antenna. 


The 2-wire-line-helix (Fig. 7-51e). If a parasitic helix of many turns is slipped 
over a 2-wire transmission line without touching it (helix diameter slightly greater 
than line spacing), it is reported that the combination becomes a linearly po- 
larized end-fire antenna with E parallel to the plane of the 2-wire line.* 


' G. Broussaud and E. Spitz, “Endfire Antennas,” Proc. IRE, 49, 515-516, February 1961. 
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Helix-helix (Fig. 7-51f). If a parasitic helix is wound between the turns of a 
driven monofilar axial-mode helical antenna without touching it (diameters the 
same), Nakano et al. report that the combination gives an increased gain of 
about 1 dB without an increase in the axial length of the antenna. The increased 
gain occurs for helices of any number of turns between 8 and 20. The parasitic 
helix may be regarded as a director for the driven helix.’ 


Helix lens (Fig. 7-51g). A monofilar axial-mode helical antenna (or, for that 
matter, any end-fire antenna) acts as a lens. An array of parasitic helices of 
appropriate length arranged in a broadside configuration can operate as a large 
aperture-lens antenna (see Fig. 14-22). 


7-14 THE MONOFILAR AXIAL-MODE HELICAL ANTENNA 
AS A PHASE AND FREQUENCY SHIFTER. The monofilar axial- 
mode helical antenna is a simple, beautiful device for changing phase or fre- 
quency. Thus, if the monofilar axial-mode helical antenna in Fig. 7-52 is 
transmitting at a frequency F, rotating the helix on its axis by 90° will advance 
the phase of the radiated wave by 90° (or retard it, depending on the direction of 
rotation). Rotating the helix continuously f times per second results in radiation 
at a frequency F + f depending on the direction of rotation (see also Sec. 18-10). 


Trans- 


mitter 


Figure 7-52 The monofilar axial- 
mode helical antenna as a_phase- 
shifting device. 


As an application, consider the 3-helix lobe-sweeping antenna of Fig. 7-53. 
All helices are of the same hand. By rotating helix 1 clockwise and helix 3 
counterclockwise with helix 2 at the center stationary, a continuously swept lobe 
is obtained as suggested in the figure. In operation a small lobe appears about 
30° to the left, then grows in amplitude while sweeping to the right, reaching a 
maximum at 0° (at right angles to the array). Sweeping further to the right, the 
lobe decreases to a small amplitude at an angle of about 30° and simultaneously 
a small lobe appears at 30° to the left and the process is repeated, giving a contin- 
uously sweeping lobe (left to right) which crosses the 0° direction n times per 


1H. Nakano, T. Yamane, J. Yamauchi and Y. Samada, “Helical Antenna with Increased Power 
Gain,” IEEE AP-S Int. Symp., 1, 417-420, 1984. 

H. Nakano, Y. Samada and J. Yamauchi, “Axial Mode Helical Antennas,” JEEE Trans. Ants. Prop., 
AP-34, 1143-1148, September 1986. 
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Figure 7-53 Array of 3 right-handed monofilar axial- 
mode helical antennas with outer 2 rotating in opposite 
directions to produce a continuously sweeping lobe. 


minute for a helix rotation speed of n revolutions per minute. By using more 
helices, the beam width of the swept lobe can be made arbitrarily small. 

I designed, built and operated one of these 3 helix arrays in 1957 for observ- 
ing radio emissions from the planet Jupiter at frequencies of 25 to 35 MHz.! 
Each helix had 3 turns and was 3 m in diameter. 

Another application of phase-shifting with a helix is discussed in the next 
section in connection with helices for linear polarization. 


7-159 LINEAR POLARIZATION WITH MONOFILAR AXIAL- 
MODE HELICAL ANTENNAS. If two monofilar axial-mode helical 
antennas are mounted side by side and fed equal power, the radiation on axis will 
be linearly polarized provided the helices are of opposite hand but otherwise 
identical (Fig. 7-54a). With switch 1 right, switch 2 left and switch 3 up, polariz- 
ation is linear. Rotating one of the helices on its axis 90° rotates the plane of 
linear polarization by 45°. Rotating one helix through 180° rotates the plane of 
linear polarization 90°. With switches 1 and 3 left, as in the figure, the polariz- 
ation is LCP (left-handed circular polarization). With switches 2 and 3 right, 
the polarization is RCP (right-handed circular polarization). Thus, the two 
helices can provide either left or right circular polarization or any plane of linear 
polarization. 


‘J. D. Kraus, “Planetary and Solar Radio Emission at 11 Meters Wavelength,” Proc. IRE, 46, 266— 
274, January 1958. 
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Figure 7-54 ‘ moive for producing left circular polarization (LCP), right circular polariz- 
ation (RCP) or any plane of linear polarization (LP). (b) Two helices of opposite hand in series for 
producing linear polarization (LP). 
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Another method of obtaining linear polarization is to connect a left- and a 
right-handed helix in series as in Fig. 7-54b. 

A third method has already been discussed in Sec. 7-13 (2-wire-line-helix). 

Elliptical polarization approaching linear polarization can be obtained by 
flattening a helix so that its cross section is elliptical instead of circular. 


7-146 MONOFILAR AXIAL-MODE HELICAL ANTENNAS AS 
FEEDS. Figure 7-55 shows a driven helix feeding an array of crossed dipoles 
acting as directors for producing circular polarization. Although this arrange- 
ment has less gain and bandwidth than a full helix of the same length the crossed 
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f 4 Figure 7-55 Monofilar axial-mode helical 
Driven Crossed antenna as feed for an end-fire array of crossed 
helix directors dipoles. 


dipoles may be simpler to support than a long helix. The feed connections for the 
helix are also simpler than for a pair of crossed Yagi-Uda antennas, which 
require equal power with voltages in phase quadrature. 

Helices are useful as feed elements for parabolic dish antennas. An example 
constructed by Johnson and Cotton’ is shown in Fig. 7-56 in which a 3.5-turn 
monofilar axial-mode helix operates in the back-fire mode as a high-power 
unpressurized (200 kW) circularly polarized feed element for a parabolic dish 
reflector. Without a ground plane the helix naturally radiates in the backward 
axial direction. Another example of a back-fire helix feed is shown in Fig. 7-6.7 A 
monofilar back-fire helical antenna was also constructed by Patton*® for compari- 
son with bifilar back-fire helical antennas. 

Short monofilar axial-mode end-fire helices of a few turns with cupped 
ground plane are also useful as feeds for parabolic dish reflectors for producing 
sharp beams of circularly polarized radiation. Short conical helices (« constant, D 
and S increasing) are also useful because of their broad patterns for short focal- 
length dishes (see the helix in Fig. 7-59a). 

For dish feeds covering a frequency range greater than provided by a single 
helix, two or more helices can be mounted coaxially inside each other with phase 
centers coincident as shown in Fig. 7-57. This combination is superior to a log- 
periodic antenna as the feed since the phase center of a log-periodic antenna 
moves with frequency, resulting in defocusing of the parabolic reflector system. 

Holland* has built a feed of this type with a larger helix for the L band and 
a smaller helix for the S band. The number of turns required for the helix feed 
antennas depends on the beam width desired. For the pattern to be 10 dB down 
at the edge of the parabolic dish reflector, the required number of turns is 
approximately given by 


8400 
n~ 
oS; 


(1) 


"R. C. Johnson and R. B. Cotton, “A Backfire Helical Feed,” Georgia Institute of Technology, 
Engineering Experimental Station Report, 1982. 


7-H. E. King and J. L. Wong, “Antenna System for the FleetSatCom Satellites,” [EEE International 
Symposium on Antennas and Propagation, pp. 349-352, 1977. 
> W. T. Patton, “The Backfire Bifilar Helical Antenna,” Ph.D. thesis, University of Illinois, 1963. 


* J. Holland, “Multiple Feed Antenna Covers L, S and C-Band Segments,” Microwave J., 82-85, 
October 1981. 
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Figure 7-56 Short back-fire monofilar axial-mode helix as high-power (200 kW) circularly polarized 
feed for a parabolic dish antenna. (After R. C. Johnson and R. B. Cotton, ‘A Backfire Helical Feed,” 
Georgia Institute of Technology, Engineering Experimental Station Report, 1982.) 


where ¢ = 10 dB beam width 
S, = turn spacing in wavelengths 


Thus, if S, = 0.21 (« = 12°) and the required value of @ = 115° we have from (1) 
thatai=)3: 

To reduce mutual coupling of the helices, Holland placed the peripheral 
feed points of the two helices on opposite sides of the axis, as suggested in Fig. 
7-57, obtaining 2-port fixed-phase-center operation over a 5 to 1 bandwidth. 


7-17 TAPERED AND OTHER FORMS OF AXIAL-MODE 
HELICAL ANTENNAS. In this section a number of variants of the uniform 
(constant diameter, constant pitch) monofilar axial-mode helical antenna are dis- 
cussed. Some of these forms are shown in Figs. 7-58, 7-59 and 7-60 which are 
reproduced here without changes from the first edition of Antennas (1950). In 


[ 


L-band helix 


Figure 7-57 Coaxially-mounted _ peripherally-fed = monofilar 
axial-mode helical antennas of same hand as parabolic dish feeds 
with same stationary phase centers for covering a 5 to 1 fre- 
quency range. (After J. Holland, ‘‘ Multiple Feed Antenna Covers 
S-band helix L, S and C-Band Segments,” Microwave J., 82-85, October 1981.) 
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Figure 7-58 Axial-mode helices showing various constructional and feed arrangements. (After 
Kraus.) 


Fig. 7-58 we recognize in (a) a uniform helix with ground plane and in (c) a 
uniform helix without ground plane (the same configuration as in Fig. 7-56 for a 
back-fire feed). The double winding in (i) is similar to the one of Nakano et al. 
(Fig. 7-51f) except that both windings in (i) are driven while in Nakano et al.’s 
one is parasitic. 

Figure 7-59 shows 9 forms of tapered monofilar axial-mode helical 
antennas grouped into 3 classes: (1) pitch angle « constant but turn spacing S and 
diameter D variable, (2) diameter D constant but pitch angle a and turn spacing S 
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Figure 7-59 Types of tapered monofilar axial-mode helical antennas. (After Kraus.) 
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Figure 7-60 Types of tapered monofilar axial-mode helical antennas including ones in which con- 
ductor size is tapered. (After Kraus.) 


variable and (3) turn spacing S constant but pitch angle « and diameter D vari- 
able. Many of these forms have been investigated—the class (2) form by Day.’ 

Day measured patterns of monofilar axial-mode helical antennas of 6 turns 
with the diameter constant but « increasing or decreasing (D constant but a and 
S variable as in Fig. 7-59d, e and f or the middle row of Fig. 7-59). The helix 
conductor diameter was 0.024. Pitch angles were varied on a given helix from 1 
to 20°, 5 to 17° or 9 to 15°, both increasing and decreasing. These were compared 
with a constant pitch angle of 12.5° at helix circumferences C, of 0.6, 0.8, 1.0, 1.2 
and 1.4—a total of 35 cases. For pitch angle tapers between 5 and 17° and 0.8 < 
C, < 1.2, the pattern variations are minor. However, at C, = 1.2 and with the 
pitch angle decreasing from 17° at the feed end to 5° at the open end, the gain is 
1 dB more than for C, = 1.2 and « = 12.5° (constant pitch). This is a significant 
improvement since the highest gain for a uniform 6-turn helix occurs when « is 
approximately 12.5° and the circumference C, approximately 1.2. Thus, the 
center helix (D constant, « and S decreasing), of the 9 shown in Fig. 7-59 (i.e., Fig. 
7-59e), is a useful variant of the uniform helix. 

The conical helix in Fig. 7-59a for which « is constant and D (or C) and S 
are increasing has been investigated by Chatterjee,7 Nakano, Mikawa and 
Yamauchi? and others. With small pitch angles Chatterjee found that very broad 


1 P. C. Day, “Some Characteristics of Tapered Helical Beam Antennas,” M.S. thesis, Ohio State 
University, 1950. 

2J. S. Chatterjee, “Radiation Field of a Conical Helix,” J. Appl. Phys., 24, 550-559, May 1953; 26, 
331-335, March 1955. 

3 H. Nakano, T. Mikawa and J. Yamauchi, “ Numerical Analysis of Monofilar Conical Helix,” JEEE 
AP-S Int. Symp., 1, 177-180, 1984. 
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patterns can be obtained over a 5 to 1 bandwidth. According to Nakano, 
Mikama and Yamauchi, the currents involved are those of the attenuating wave- 
launching region close to the feed point (see Fig. 7-3b and c). 

Additional tapered types are shown in Fig. 7-60. The one at (a) has a 
tapered and uniform section but reversed in order from the uniform-to-taper type 
of Wong and King’ and others. The other designs shown in Fig. 7-60 involve 
variation in the diameter of the helical conductor d or the width w of a flat strip 
conductor. Thus, there are 4 quantities which can be varied, a, D, S and d (or w). 
Since the characteristics of the monofilar axial-mode helical antenna are rela- 
tively insensitive to moderate changes in dimensions, the effect of moderate 
departures from uniformity is, in general, not large. However, some changes may 
produce significant increases in gain, as discussed above, and significant decreases 
in axial ratio and VSWR (see Fig. 7-24). See also Sec. 15-4. 


7-18 MULTIFILAR AXIAL-MODE (KILGUS COIL . AND 
PATTON COIL) HELICAL ANTENNAS. Four wires, each 4/2 long 
and forming $-turn of a helix as in Fig. 7-61, produce a cardiod-shaped back-fire 
circularly polarized pattern (HPBW ~ 120°) when the two pairs are fed in phase 
quadrature. This Kilgus coil may be described as two 4-turn bifilar helices or one 
4-turn quadrifilar helix. The antenna is resonant and the bandwidth is narrow 
(about 4 percent). The 4 wires can also be 4/4 or 4 long. For these lengths the 
lower ends are open-circuited instead of short-circuited as for the 4/2 wires of 
Fig. 7-61. Each bifilar helix can be balun-fed at the top from a coaxial line 
extending to the top along the central axis. By increasing the number of turns 
Kilgus reports that shaped-conical patterns can be obtained which may be more 
useful for some applications than a cardiod (heart-shaped) pattern.* 

A bifilar helix end-fed by a balanced 2-wire transmission line produces a 
back-fire beam when operated above the cutoff frequency of the principal mode 
of the helical waveguide. The maximum directivity of this Patton coil occurs 
slightly above the cutoff frequency.* The pattern broadens with increasing fre- 
quency and at pitch angles of about 45° the back-fire beam splits and scans 
toward side-fire. 

Below the cutoff frequency, there is a standing-wave current distribution 
along the helical conductor. Above cutoff, the standing wave gives way to a grad- 
ually decaying traveling wave. With a further increase in frequency the rate of 
decay increases and a low-level standing wave appears, indicating the existence of 


‘J. L. Wong and H. E. King, “ Broadband Quasi-Taper Helical Antennas,” IEEE Trans. Ants. Prop., 
AP-27, 72-78, January 1979. 


? C.C. Kilgus, “Resonant Quadrifilar Helix,” [EEE Trans. Ants. Prop., AP-17, 349-351, May 1969. 


> C. C. Kilgus, “Shaped-Conical Radiation Pattern Performance of the Backfire Quadrifilar Helix,” 
IEEE Trans. Ants. Prop., AP-23, 392-397, May 1975. 


* W. T. Patton, “ The Backfire Helical Antenna,” Ph.D. thesis, University of Illinois, 1963. 
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Figure 7-61 Resonant narrowband back-fire quadrifilar 
Kilgus coil for very broad circularly polarized pattern. 
(After C. C. Kilgus, “Resonant Quadrifilar Helix,” TEEE 
Trans. Ants. Prop., AP-17, 349-351, May 1969.) Wires are 
situated in space as though wrapped around a cylinder as 
suggested in the figure. 


a higher-order helical waveguide mode. This establishes the upper frequency limit 
of the bifilar helix back-fire radiation. 

Quadrifilar and octofilar axial-mode forward end-fire circularly polarized 
helical antennas using large pitch angles (30 to 60°) have been investigated by 
Gerst and Worden! and Adams et al.’ 


7:19 MONOFILAR AND MULTIFILAR NORMAL-MODE 
HELICAL ANTENNAS. THE WHEELER COIL. The previous sec- 
tions deal with axial-mode helical antennas with maximum radiation in the direc- 
tion of the helix axis. The radiation may be (forward) end-fire or back-fire. In this 
section the normal mode of radiation is discussed, normal being used in the sense 
of. perpendicular to or at right angles to the helix axis. This radiation with its 
maximum normal to the helix axis may also be described as side-fire or broadside. 

When the helix circumference is approximately a wavelength the axial mode 
of radiation is dominant, but when the circumference is much smaller the normal 
mode is dominant. Figure 7-62a and c shows helices radiating in both modes 
while Fig. 7-62b shows a 4-lobed mode helix (Chireix coil) with the relative sizes 
for producing the modes being indicated. 


1C W.Gerst and R. A. Worden, “Helix Antennas Take a Turn for the Better,” Electronics, 100-110, 
Aug. 22, 1966. 

2A. A. Adams, R. K. Greenough, R. F. Wallenberg, A. Mendelovicz and C. Lumjiak, “The Quadri- 
filar Helix Antenna, [EEE Trans. Ants. Prop., AP-22, 173-178, March 1974. 
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Figure 7-62 Field patterns of axial, 4-lobed and normal radiation modes of helical antennas with 
relative size indicated. 


Now let us examine the requirements for normal-mode radiation in more 
detail. Consider a helix oriented with axis coincident with the polar or z axis as in 
Fig. 7-63a. If the dimensions are small (nL < 4), the maximum radiation is in the 
xy plane for a helix oriented as in Fig. 7-63a, with zero field in the z direction. 

When the pitch angle is zero, the helix becomes a loop as in Fig. 7-63b. 
When the pitch angle is 90°, the helix straightens out into a linear antenna as in 
Fig. 7-63c, the loop and straight antenna being limiting cases of the helix. 


x (a) Helix One aktny Suet: CDI COIS 


Figure 7-63 Dimensions for helix, loop and dipole. 
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(a) (b) Figure 7-64 Modified helix for normal-mode calculations. 


The far field of the helix may be described by two components of the elec- 
tric field, E, and E,, as shown in Fig. 7-63a. Let us now develop expressions for 
the far-field patterns of these components for a small short helix. The develop- 
ment is facilitated by assuming that the helix consists of a number of small loops 
and short dipoles connected in series as in Fig. 7-64a. The diameter D of the 
loops is the same as the helix diameter, and the length of the dipoles S is the same 
as the spacing between turns of the helix. Provided that the helix is small, the 
modified form of Fig. 7-64a is equivalent to the true helix of Fig. 7-63a. The 
current is assumed to be uniform in magnitude and in phase over the entire 
length of the helix. Since the helix is small, the far-field pattern is independent of 
the number of turns. Hence, it suffices to calculate the far-field patterns of a single 
small loop and one short dipole as illustrated in Fig. 7-645. 

The far field of the small loop has only an E, component. Its value is given 
in Table 6-1 as 

120n*[1] sin 6 A \ 
ca ; Pg (1) 
where the area of the loop A = 2D?/4 


The far field of the short dipole has only an E, component. Its value is given in 
the same table as 
60x[ I] sin 8S 
1 ee eee (2) 
r A 
where S has been substituted for L as the length of the dipole. 
Comparing (1) and (2), the j operator in (2) and its absence in (1) indicates 
that E, and E, are in phase quadrature. The ratio of the magnitudes of (1) and (2) 
then gives the axial ratio of the polarization ellipse of the far field. Hence, divid- 
ing the magnitude of (2) by (1) we obtain for the axial ratio: 


E Si 2S 2S 
ay ea Rs ole ae (3) 


Three special cases of the polarization ellipse are of interest. (1) When E, = 
0, the axial ratio is infinite and the polarization ellipse is a vertical line indicating 
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is that of a short dipole. 


linear vertical polarization. The helix in this case is a vertical dipole. (2) When 
E, = 0, the axial ratio is zero’ and the polarization ellipse is a horizontal line 
indicating linear horizontal polarization. The helix in this case is a horizontal 
loop. (3) The third special case of interest occurs when | E,| = | E,|. For this case 
the axial ratio is unity and the polarization ellipse is a circle, indicating circular 
polarization. Thus, setting (3) equal to unity yields 


TDi | OSA eo ee ee Oe (4) 


This relation was first obtained by Wheeler in an equivalent form.” The radiation 
is circularly polarized in all directions in space but with zero field on axis 
(z direction, Fig. 7-63a). A monofilar normal-mode helix or Wheeler coil fulfilling 
condition (4) is shown in Fig. 7-65. It is a resonant, narrowband antenna. 

We have considered three special cases of the polarization ellipse involving 
linear and circular polarization. In the general case, the radiation is elliptically 
polarized. Therefore, the radiation from a helix of constant turn-length changes 
progressively through the following forms as the pitch angle is varied. When 
a = 0, we have a loop (Fig. 7-63b) and the polarization is linear and horizontal. 
As « increases, let us consider the helix dimensions as we move along a constant 
L, line (circle with center at origin, Fig. 7-10). As a increases from zero, the 
polarization becomes elliptical with the major axis of the polarization ellipse 
horizontal. When « reaches a value such that C, = v8) the polarization is cir- 
cular. With the aid of Fig. 7-9, this value of « is given by 


—14+./1+L} 


L, 


a = arcsin (5) 
As « increases still further, the polarization again becomes elliptical but with the 
major axis of the polarization ellipse vertical. Finally, when « reaches 90°, we 
have a dipole (Fig. 7-63c) and the polarization is linear and vertical. Wheeler’s 


' The axial ratio is here allowed to range from 0 to oo, instead of from 1 to oo as customarily, in 
order to distinguish between linear vertical and linear horizontal polarization. 


*-H. A. Wheeler, “A Helical Antenna for Circular Polarization,” Proc. IRE, 35, 1484-1488, December 
1947. 
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D, =0.013 


| S,=0.01 


hy, = 0.06 Cy = 0.04 
a= 14° 
n=6 

Tap Ground 


J plane Figure 7-66 Short resonant narrowband monofilar normal- 
mode helical antenna mounted over a ground plane as substitute 
~~ Coaxial line for a A/4 stub. 


relation for circular polarization from a helix radiating in the normal mode as 
given by (4) or (5) is shown in Fig. 7-10 by the curve marked C, = 8 ky : 

In the preceding discussion on the normal mode of radiation, the assump- 
tion is made that the current is uniform in magnitude and in phase over the 
entire length of the helix. This condition could be approximated if the helix is 
very small (nL < 4) and is end-loaded. However, the bandwidth of such a small 
helix is very narrow, and the radiation efficiency is low. The bandwidth and 
radiation efficiency could be increased by increasing the size of the helix, but to 
approximate the uniform, in-phase current distribution requires that some type of 
phase shifter be placed at intervals along the helix. This may be inconvenient or 
impractical. Hence, the production of the normal mode of radiation from a helix 
has practical limitations. 

An antenna having four slanting dipoles that is suggestive of a fractional- 
turn quadrifilar helix radiating in the normal mode had been built by Brown and 
Woodward! (see Fig. 16-20f). Their arrangement is based on a design described 
by Lindenblad.? 

Resonant monofilar normal-mode helical antennas are useful as short, 
essentially vertically polarized, radiators. Referring to Fig. 7-66, the helix 
mounted on a ground plane with axis vertical acts as a resonant narrowband 
substitute for a 2/4 vertical stub or monopole above a ground plane. The helix in 
Fig. 7-66 is 0.064 in height or about 4-height of a 4/4 stub. From (3) the axial 
ratio of the helix is given by 


AR = —* = —— = 12.5 (6) 


1G H. Brown and O. M. Woodward, “Circularly Polarized Omnidirectional Antenna,” RCA Rev., 8, 
259-269, June 1947. 

2. N. E. Lindenblad, “Antennas and Transmission Lines at the Empire State Television Station,” Com- 
munications, 21, 10-14, 24-26, April 1941. 
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with the major axis of the polarization ellipse vertical. The polarization is, thus, 
essentially linear and vertical with an omnidirectional pattern in the horizontal 
plane (plane of ground plane). The radiation resistance is nearly the same as for a 
short monopole of height h, above the ground plane where h, = nS,, which from 
(2-20-3) or (5-3-14) (for a short dipole) is given by 


R,=4+ x 790( 1) i (Q) (7) 


Assuming a sinusoidal current distribution (maximum current at ground plane, 
zero at open end), 


2 72 
R, = 395 x (2) x 0.06? = 0.62 (8) 
TU 


This is the radiation resistance between the base of the helix and ground. Con- 
nection to a coaxial line would require an impedance transformer, but with the 
shunt feed of Fig. 7-66 the helix can be matched directly to a coaxial line by 
adjusting the tap point on the helix. With such a small radiation resistance, any 
loss resistance can reduce efficiency (see Secs. 2-15 and 6-12). The advantage of 
the helix over a straight stub or monopole is that its inductance can resonate the 
antenna. 

A center-fed monofilar helix (« = 30°) with S, = 1, L, = 2 and C, = qe) has 
a 4-lobed pattern, 1 lobe each way on axis and 2 lobes normal to the axis. Its 
location is indicated on the m = 1 line of Fig. 7-10 where the L, = 2 and « = 30° 
lines intersect, for which also C, = 1.73 and S, = 1 (Chireix coil; see also Fig. 
7-62b). ! 

Patton’ has demonstrated that a bifilar helix end-fed by a balanced 2-wire 
transmission line can produce circularly polarized omnidirectional side-fire radi- 
ation when pitch angles of about 45° are used. 

Some other monofilar and multifilar normal mode (side-fire) helices for 
omnidirectional FM and TV broadcasting are described by King and Wong and 
by DuHamel.? 


PROBLEMS? 

*7-1_ An 8-turn helix. A monofilar helical antenna has a = 12°, n = 8, D = 225 mm. (a) 
What is p at 400 MHz for (1) in-phase fields and (2) increased directivity? (b) Calcu- 
late and plot the field patterns for p = 1.0, 0.9 and 0.5 and also for p equal to the 
value for in-phase fields and increased directivity. Assume each turn is an isotropic 
point source. (c) Repeat (b) assuming each turn has a cosine pattern. 


' W. T. Patton, “The Backfire Helical Antenna,” Ph.D. thesis, University of Illinois, 1963. 


7-H. E. King and J. L. Wong, pp. 13-18, and R. H. DuHamel, pp. 28-35, in R. C. Johnson and H. 
Jasik (eds.), Radio Engineering Handbook, McGraw-Hill, 1984. 


> Answers to starred (*) problems are given in App. D. 
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A 10-turn helix. A right-handed monofilar helical antenna has 10 turns, 100 mm 
diameter and 70 mm turn spacing. The frequency is 1 GHz. (a) Calculate and plot 
the far-field pattern. (b) What is the HPBW? (c) What is the gain? (d) What is the 
polarization state? (e) Repeat the problem for a frequency of 300 MHz. 

A 30-turn helix. A right-handed monofilar axial-mode helical antenna has 30 turns, 


4/3 diameter and 4/5 turn spacing. Find (a) HPBW, (b) gain and (c) polarization 
state. 


Note regarding Probs. 7-1, 7-2 and 7-3: The patterns for monofilar axial-mode helices may 
be calculated using the BASIC program in App. B-2 where in line 10: 


N = number of turns 
D = spacing = 27S, 


S = 
MF = 


phase shift between turns = 27S, + (2/N) 
multiplying or normalizing factor = 67 sin (1/2N) 


and to account for the single-turn pattern, line 80 should read: 


R = MF*ABS(R)*CA. 


7-4 


7-5 


*7-6 


Helices, left and right. Two monofilar axial-mode helical antennas are mounted 

side-by-side with axes parallel (in the x direction). The antennas are identical except 

that one is wound left-handed and the other right-handed. What is the polarization 
state in the x direction if the two antennas are fed (a) in phase and (b) in opposite 
phase? 

A 6-turn helix. A monofilar axial-mode helical antenna has 6 turns, 231 mm diam- 

eter and 181 mm turn spacing. Neglect the effect of the ground plane. Assume that 

the relative phase velocity p along the helical conductor satisfies the increased- 

directivity condition. Calculate and plot the following patterns as a function of @ (0 

360°) in the 0 = 90° plane at 400 MHz. Use the square helix approximation. (a) 

, for a single turn and E, for the entire helix. (b) Repeat (a) neglecting the 
ee pitin of sides 2 and 4 of the square turn. (c) Egy for a single turn and E, for 
the entire helix. 

Normal-mode helix. 

(a) What is the approximate relation required between the diameter D and height 
H of an antenna having the configuration shown in Fig. P7-6, in order to 
obtain a circularly polarized far field at all points at which the field is not zero. 
The loop is circular and is horizontal, and the linear conductor of length H is 
vertical. Assume D and H are small compared to the wavelength, and assume 
the current is of uniform magnitude and in phase over the system. 

(b) What is the pattern of the far circularly polarized field? 


Figure P7-6 Normal-mode helix. 
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8 


THE 
BICONICAL 
ANTENNA 
AND ITS 
IMPEDANCE 


8-1 INTRODUCTION. Sir Oliver Lodge constructed a biconical antenna in 
1897, while the single cone working against ground was popularized by Marconi 
(Fig. 1-3). The fan (flat triangular) antenna was also used by Marconi and others. 
The broadband characteristics of monoconical (single-cone) and_ biconical 
(double-cone) antennas make them useful for many applications. In this chapter a 
fundamental analysis is given and both theoretical and experimental results are 
presented. 

In the chapters preceding 7 it is usually assumed that the antenna conduc- 
tor is thin, in fact, infinitesimally thin. From known or assumed current distribu- 
tions, the far-field patterns are calculated. The effect of the conductor thickness 
on the pattern is negligible provided that the diameter of the conductor is a small 
fraction of a wavelength. Thus, the patterns calculated on the basis of an infini- 
tesimally thin conductor are applicable to conductors of moderate thickness, say 
for d < 0.054 where d is the conductor diameter. 

The radiation resistance of thin linear conductors and loops is calculated in 
Chaps. 5 and 6. This calculation is based on a knowledge of the pattern and a 
known or assumed current distribution. The values so obtained apply strictly to 
an infinitesimally thin conductor. The conductor thickness, up to moderate diam- 
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Spherical 
wave 


Plane (b) 
wave 


: (a) 
/ \ 
/ \ 


Figure 8-1 An infinite biconical antenna (a) is analogous to an infinite uniform transmission line (5). 


eters, has only a small effect on the resistance at or near a current loop but may 
have a large effect on the resistance at or near a current minimum. 

In this chapter, we consider the problem of finding the input terminal resist- 
ance and also the reactance, taking into account the effect of conductor thickness. 
This problem is most simply approached by Schelkunoff’s treatment of the 
biconical antenna? which will be outlined in the following sections. Beginning 
with the infinite biconical antenna, the analysis proceeds to terminated biconical 
antennas, i.e., ones of finite length. This method of treatment bears a striking 
similarity to that usually employed with transmission lines in which the infinite 
transmission line is discussed first, followed by the terminated line of finite length. 


8-2 THE CHARACTERISTIC IMPEDANCE OF THE INFINITE 
BICONICAL ANTENNA. The infinite biconical antenna is analogous to an 
infinite uniform transmission line. The biconical antenna acts as a guide for a 
spherical wave in the same way that a uniform transmission line acts as a } guide 
for a plane wave. The two situations are compared in Fig. 8-1. 

The characteristic impedance of a biconical antenna will now be derived 
and will be shown to be uniform. Let a generator be connected to the terminals 


' This is discussed in more detail in Chap. 9. 
2S. A. Schelkunoff, Electromagnetic Waves, Van Nostrand, New York, 1943, chap. 11, p. 441. 
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Figure 8-2 Infinite biconical antenna 
showing voltage V and current J at a dis- 
tance r from the terminals. 


of an infinite biconical antenna as in Fig. 8-2. The generator causes waves with 
spherical phase fronts to travel radially outward from the terminals as suggested. 
The waves produce currents on the cones and a voltage between them. Let V be 
the voltage between points on the upper and lower cones a distance r from the 
terminals as in Fig. 8-2. Let I be the total current on the surface of one of the 
cones at a distance r from the terminals. As on an ordinary transmission line, the 
ratio V/I is the characteristic impedance of the antenna. For the characteristic 
impedance to be uniform, it is necessary that the ratio V/I be independent of r. 

Before V and IJ can be calculated, we must determine the nature of the 
electric and magnetic fields existing in the space between the conducting cones. 
Although the biconical transmission line can support an infinite number of trans- 
mission modes, let us assume that only the TEM or principal transmission mode 
is present. For the TEM mode, both E and H are entirely transverse, 1.e., they 
have no radial component. The E lines are along great circles passing through 
the polar axis as shown in Fig. 8-3. This satisfies the boundary conditions since E 
is normal to the surface of the cones. The H lines are circles lying in planes 
normal to the polar axis. 

Maxwell’s equation from Faraday’s law for harmonically varying fields is 


Vx E= —joyH (1) 


The biconical antenna is most readily handled in spherical coordinates. Let the 
spherical coordinates r, 0, ¢ be related to the antenna as in Fig. 8-4. Expanding 


8-2 THE CHARACTERISTIC IMPEDANCE OF THE INFINITE BICONICAL ANTENNA 343 


Figure 8-3 E and H lines of outgoing TEM wave 
on biconical antenna. 


the left side of (1) in spherical coordinates, we have 


r Or sin @ E,) cr.) 
Vx E=—=—— | ——_* - -—* 
be a ain a0 ad 
6 OE, O(r sin 8 Ey) |, | OrEs) aE, 0) 
rsin 6| dd or r Or 00 


Since E has only a 8 component, which by symmetry is independent of @¢, only 
the fifth term of (2) does not vanish. Thus, 


vx p=? 3) 
Expanding the right side of (1) in spherical coordinates, 
—jopwH = —jop(tH, + 6H, + H,4) (4) 
Since H has only a ¢ component, (4) reduces to 
—jopH = —djopH, (5) 
Now equating (3) and (5) we have 
= ee = —joutl, 6) 


This is Maxwell’s equation (1) reduced to a special form appropriate to a spher- 
ical wave. 
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z 


Polar axis 


Figure 8-4 Biconical antenna with 
relation to spherical coordinates r, 0, 


op. 


Maxwell’s equation from Ampére’s law for harmonically varying fields in a 
nonconducting medium is 


Vx H=jwek (7) 


H has only a ¢ component and E only a @ component. Since E, = 0 it follows 
that 


a He) é 


Equation (7) can be reduced by a similar procedure as used for (1) to the form 


ee = —joslrky) ) 


Now differentiating (9) with respect to r and introducing (6), we obtain a 
wave equation in (rH). Thus, 


6?(rH 

a? = —o%uelrH,) (10) 
r 

The condition of (8) requires that H, vary inversely as the sine of 0; that is, 


zeihiy 
sin 0 


(11) 


ja biiee 
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Figure 8-5 E, and H, field components at a distance r from the termi- 
nals of a biconical antenna. 


Hence, a solution of (10) which also fulfills (11) is 


1 
r sin 0 


o = Hae (12) 


where f = w./ pe = TA 


This solution represents an outgoing traveling wave on the antenna. Since the 
biconical antenna is assumed to be infinitely long, only the outgoing wave need 
be considered. 

The electric and magnetic fields of a TEM wave are related by the intrinsic 
impedance Z, of the medium. Thus, we have 


Z, eed 
Ey = ZoH = oar H oe # (13) 


Equations (12) and (13) give the variation of the magnetic and electric fields 
of a TEM outgoing wave in the space between the cones of a biconical antenna 
as a function of @ and r. The fields are independent of @. 

The voltage V(r) between points 1 and 2 on the cones at a distance r from 
the terminals (see Fig. 8-5) can now be obtained by taking the line integral of E, 
along a great circle between the two points. Thus, 


Vin = | Lee (14) 
6 


he 
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where 6,,, is the half-angle of the cone. Substituting (13) in (14) we have 


PEE KG cot (6,./2) 
SSN pop te yy eee ee 
pease Che”) 


(15) 


V(r) = Z, H,e iF" - 
(") Der | sin 6 


Phe 
— jpr One 
or Miry=22 5H ,e In cot oi (16) 


The total current I(r) on the cone at a distance r from the terminals can be 
obtained by applying Ampére’s law. Thus, 


21 
Ty | Hyr sin 0 dd = 2nrH, sin 6 (17) 
0 


Now substituting H, from (12) in (17) yields 
I(r) = 2xH,e 7" (18) 


The characteristic impedance Z, of the biconical antenna 1s the ratio of V(r) 
to I(r) as given by (16) and (18) or 


Zo On. 
Z, =—- = — 1 t — 19 
c I(r) Tt Likes 2 or 


For a medium of free space between the cones, Z,) = 1207 Q so that (19) becomes 
) 
Z, = 120 In cot re (Q) (20) 
When 6,,, is small (6,,. < 20°), cot (6,,,/2) ~ 2/6, so that 


2 
Oa ee (Q) (21) 
he 
Equations (20) and (21) are Schelkunoff’s relations for the characteristic imped- 
ance of a biconical antenna. Since these equations are independent of r, the 
biconical antenna has a uniform characteristic impedance. 


8-3 INPUT IMPEDANCE OF THE INFINITE BICONICAL 
ANTENNA. The input impedance of a biconical antenna with TEM waves is 
given by the ratio V(r)/I(r) as r approaches zero. For an infinite biconical antenna 
this ratio is independent of r, so that the input impedance of the infinite biconical 
antenna equals the characteristic impedance. The input impedance depends only 
on the TEM wave and is unaffected by higher-order waves. Thus 


Z,= Z, (1) 


where Z; is the input impedance of the biconical antenna and Z, is the character- 
istic impedance as given by (8-2-20) or for small cone angles by (8-2-21). The 
characteristic and input impedances are pure resistances, a characteristic resist- 


ES a - 
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antenna Single cone 
with 
Biconical ground plane 
antenna 


Single cone with 
aieHee plane 


(0) 
OL0TR 002°" 0.04" Ont) 10-2001 70.42 MOwt IS Ze 4° 10° 205 40° 90° 
Half-cone angle, 6, 


Figure 8-6 Characteristic resistance of biconical antenna and of single cone with ground plane 
(monoconical antenna) as a function of the half-cone angle in degrees. If the antenna is infinitely long, 
the terminal impedance is equal to the characteristic resistance as given in the figure. 


ance R, and an input resistance R;. They are given by 
Bc 
R, = R; = 120 In cot mi (Q) (2) 


The variation of this resistance as a function of the half-cone angle 6, is 
presented by the solid curve in Fig. 8-6. An infinite biconical antenna of 2° total 
cone angle (6, = 1°) has a resistance of 568 ©, while one with a total cone angle 
of 100° (6,, = 50°) has a resistance of 91 Q. If the lower cone is replaced by a 
large ground plane (see insert in Fig. 8-6), the resistance is 4 the value given by 
(2), as shown by the dashed line in Fig. 8-6. 


8-4 INPUT IMPEDANCE OF THE FINITE’ BICONICAL 
ANTENNA. In this section we will consider the finite biconical antenna. This 
is analogous to a finite or terminated transmission line. 

A TEM-mode wave can exist along the biconical conductors, but in the 
space beyond the cones transmission can be only in higher-order modes. Schelku- 
noff has defined the sphere coinciding with the ends of the cones as the boundary 
sphere, as indicated in Fig. 8-7. The radius of the sphere is |, being equal to the 
length of the cones (r = J). Inside this sphere TEM waves can exist, and also 
higher-order modes may be present, but outside only the higher-order modes can 
exist. 
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Region of 
higher-order 
modes 


Transition 
region 
Principal 

mode region 


Boundary bi ie 
sphere Figure 8-7 Schelkunoff’s finite biconical antenna and 


boundary sphere. 


When an outgoing TEM reaches the boundary sphere, part of its energy is 
reflected as a TEM wave. If the reflection at the sphere were uniform, there would 
be only this reflected TEM wave. However, the reflection at the sphere is not 
uniform, and some of the energy is reflected in higher-order waves while some 
energy continues into space as higher-order waves. It is as though the boundary 
sphere consists of a shell of magnetic material which is infinitely permeable near 
the cones and has a relative permeability of unity at the equator.’ At the cones 
most of the outgoing TEM waves are reflected, but near the equator most of the 
energy escapes, as suggésted in Fig. 8-8. It is but a step to imagine that, from the 
impedance viewpoint, the magnetic shell acts like a terminating or load imped- 
ance Z, connected across the open end of the cones as suggested in Fig. 8-9a. 
Neglecting the effect of the end caps of the cones, the finite biconical antenna can 
now be treated as a transmission line of characteristic impedance Z, terminated 
in the load impedance Z, (see Fig. 8-9b). If the impedance Z, can be found, the 
impedance Z, at the input terminals of the biconical antenna is calculable as the 
impedance Z, reflected back over a line of characteristic impedance Z, and 
length J. Thus (see App. A, Sec. A-2), 


Zn Zatanael 


(1) 
Z, + jZ, tan Bl 


Z; mi Zi, 


Thus, the problem resolves itself into one of finding Z,. Reduced to simple terms, 
Schelkunoff’s method of finding Z, consists first of calculating Z,, at a current 
maximum on a very thin biconical antenna, a sinusoidal current distribution 
being assumed. In Fig. 8-10a a thin biconical antenna of length / is shown. Z,, 1s 
the impedance which appears between the current maximum on one cone and the 
corresponding point on the other cone. Since this impedance occurs 4/4 from the 
open end of the antenna, Z, is then equal to Z,, transformed over a line 4/4 long 
as in Fig. 8-10b. Finally, the input impedance Z; is Z, transformed over a line of 
characteristic impedance Z, and length / as in Fig. 8-9b. 


' The shell is assumed to have zero electrical conductivity and a relative permittivity of unity. 
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4 permeability Figure 8-8 Finite biconical antenna with 


\ 
xX 7 boundary sphere replaced by a shell of mag- 
netic material. 


The impedance Z, is obtained from Z,, by the transmission-line relation 
(see App. A, Sec. A-2) 


Z Proven 
m + JZ, tan Bx (2) 


Lae 
; IZ Zeal Bx 


However, the line is 4/4 long so that Bx = 1/2 and (2) reduces to 
(3) 


Whereas Z, is entirely real, Z,, in (3) may have both real and imaginary parts. 
Thus, 


Z; a Figure 8-9 Finite or terminated biconical antenna and 
(0) aor raga # Siva amnTRS at equivalent transmission line. 
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hin ree a 
antenna 


wma | 


j v7 i Figure 8-10 Thin finite biconical antenna and 
(d) transmission-line equivalent for finding Z,. 


The real part R,, is the same as the radiation resistance at a current maximum of 
a very thin linear antenna. It has been calculated by Schelkunoff as* 


R,, = 60 Cin 2f1 + 30(0.577 + In Bl — 2 Ci 2B] + Ci 4B)) cos 261 
+ 30(Si 481 — 2 Si 2B) sin 261  (Q) (4) 


Provided only that the antenna is thin, the radiation resistance R,, is inde- 
pendent of the shape of the antenna (ie., whether cylindrical or conical). 
However, the radiation-reactance depends on the shape and has been calculated 
by Schelkunoff for a thin cone as 


X,, = 60 Si 2B1 + 30(Ci 4B] — In Bl — 0.577) sin 261 
— 30(Si 481) cos 281 (Q) (5) 


Now substituting (3) for Z, into (1), the input impedance is 


7-2 Z, +jZ,, tan pl 


Le a7 eta) Z cane! (9) 


where / = length of one cone 
Z, = value given by (8-2-21) 
Zm = R,, + jXm, where R,, = value given by (4) and X,, = value given by (5) 


The value of Z,, becomes independent of cone angle for thin cones. Thus, 
the real and imaginary parts of Z,,,, as given by (4) and (5), are independent of the 
cone angle, being functions only of the cone length |. However, the characteristic 
impedance Z, is a function of the cone angle. Hence, the input impedance Z;, as 
calculated by (6) is a function of both the cone angle and the cone length. The 


* | equals half the total length of the antenna. In Chap. 5, L is twice this value, being equal to the total 
antenna length (that is, L = 2)). 


ae 


8-4 INPUT IMPEDANCE OF THE FINITE BICONICAL ANTENNA 35] 


Figure 8-11 Resistance R,, and reactance 
X,, of radiation impedance Z,, of a biconical 
antenna as a function of the cone length in 
wavelengths (I,). 


limitation in calculating Z,, (that the cone angle be small) also limits the use of (6) 
to small cone angles, say, half-cone angles of less than about 3°.' 

The radiation impedance Z,, at the current maximum of Schelkunoff’s 
biconical antenna as given by (4) and (5) is presented in Fig. 8-11. The impedance 
is given as a function of cone length, /,, in wavelengths, where |, = 1/2. This 
impedance applies to small cone angles. 

Introducing Z,, into (6), the input impedance can be obtained for cones of 
different characteristic impedance. As illustrations, the input impedance of a 
biconical antenna of 1000 Q characteristic impedance (half-cone angle, 6,, = 
0.027°) and for one of 450 Q characteristic impedance (half-cone angle, 6,,, = 2.7°) 
are given in Fig. 8-12, as functions of the cone length in wavelengths (/,). If the 
lower cone is replaced by a large ground plane (see insert in Fig. 8-6), the input 
impedance is halved. 

It is significant that the terminal impedance of the thicker biconical antenna 
(lower characteristic impedance) is more constant as a function of cone length 
than the impedance of the thinner antenna. This difference in impedance behav- 
ior of thick and thin antennas is typical not only of conical antennas but also of 
antennas of other shapes, such as cylindrical antennas. We thus conclude that the 
impedance characteristics of a thick antenna are, in general, more suitable for 
wideband applications than those of a thin antenna. 

The curve in Fig. 8-12 for the 2.7° half-angle biconical antenna spirals 
inward and would eventually end at the point R = 450, X = 0, when the length /, 
becomes infinite. Likewise, the curve for the 0.027° antenna spirals into R = 1000, 
X =0, when |, = o. The effect of the cone angle is greatest near the second, 
fourth, or even, resonances (I, ~ 4, 1, etc.) and least near the first, third, or odd, 
resonances (1, ~ 4, 3, etc.). 


1 Approximate solutions for wide cone angles are discussed by C. T. Tai, “Application of a Varia- 
tional Principle to Biconical Antennas,” J. Appl. Phys., 20, 1076-1084, November 1949. 
P. D. P. Smith, “The Conical Dipole of Wide Angle,” J. Appl. Phys., 19, 11-23, January 1948. 


? The curves in Figs. 8-11 and 8-12 are plotted from data given by S. A. Schelkunoff, Electromagnetic 
Waves, Van Nostrand, New York, 1943. 
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Figure 8-12 Calculated input impedance of biconical antennas with 2.7° half-cone angle (solid curve) 
and with 0.027° half-cone angle (dashed curve). The resistance R and reactance X of the input imped- 
ance Z, are presented as a function of the length of one cone in wavelengths (I,), the length being 
indicated in 0.1/ intervals. 


We note in Fig. 8-12 that the geometric mean resistance R,, of the resist- 
ance at the first and second resonances is about 4 the characteristic resistance of 
the biconical antenna. We take R,, = ./R,R,, where R, is the resistance at the 
first resonance (I, ~ 4) and R, is the resistance at the second resonance (I, ~ 4). 
Thus, for the antenna with 2.7° half-cone angle, R,, = 224, which is about 4 the 
characteristic resistance (R, = 450). For the antenna with the 0.027° half-cone 
angle, R,, = 500 or 4 the characteristic resistance (R, = 1000). The geometric 
mean resistance R,, of the resistance at the second and third resonances is closer 
to the characteristic resistance. We take R,, = ./R,R,, where R; is the resist- 
ance at the third resonance (I, ~ 3). Thus, for the antenna with the 2.7° half-cone 
angle, Ry3 = 317 (R, = 450) while for the antenna with the 0.027° half-cone angle, 
R,3 = 710 (R, = 1000). The geometric mean of successive higher resonant resist- 
ances would be expected to approach closer yet to the characteristic resistance 
around which the impedance spiral converges. 

The impedance spirals in Fig. 8-12 are for a biconical antenna. If the lower 
cone is replaced by a large ground plane, the impedance values are halved. Mea- 
sured impedances of single cones with ground plane are presented in Fig. 8-13 for 
cones with half-angles of 5, 10, 20 and 30° and characteristic resistances (R, = Z,) 
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Figure 8-13 Measured input impedance of single cones with top hat as a function of cone length in 
wavelengths (/,). Impedance curves are presented for cones with half-angles of 5, 10, 20 and 30°. 


of 188, 146, 104 and 80 © respectively.' The cones measured had a top hat con- 
sisting of an inverted cone of 90° total included angle (see insert in Fig. 8-13). It is 
to be noted that the trend toward reduced impedance variation with increasing 
cone angle, as predicted by the calculated curves of Fig. 8-12, is continued for the 
larger cone angles. 


8-5 PATTERN OF BICONICAL ANTENNA. The far-field pattern of a 
biconical antenna will be nearly the same as for an infinitesimally thin linear 
antenna provided that the cone angle is small. It is assumed that the current 
distribution is sinusoidal. Thus, Eqs. (5-5-10) and (5-5-11) can be used for thin 
biconical antennas, the substitution being made that L = 2l, where ! is the length 
of one cone. 


' The curves in Fig. 8-13 are plotted from data presented by A. Dorne, in Very High Frequency 
Techniques, by Radio Research Laboratory Staff, McGraw-Hill, New York, 1947, chap. 4. 
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|  \\ (a) Figure 8-14 Cylindrical antenna and equivalent biconical 
[ : antenna and transmission line. 


8-6 INPUT IMPEDANCE OF ANTENNAS OF ARBITRARY 
SHAPE. Schelkunoff has extended his analysis for thin biconical antennas, as 
outlined above, to thin antennas of other shapes by considering the average char- 
acteristic impedance of the antenna. Whereas the characteristic impedance of a 
biconical antenna is uniform, the impedance of antennas of shape other than 
conical is nonuniform. Thus, as an approximation the input impedance of the 
cylindrical antenna in Fig. 8-14a can be calculated as though it were a biconical 
antenna of characteristic impedance equal to the average characteristic imped- 
ance of the cylindrical antenna. The cylindrical antenna is replaced by the equiva- 
lent biconical antenna as suggested in Fig. 8-14a. The transmission-line circuit, 
equivalent to the antenna, is shown in Fig. 8-145, it being assumed that the line 
of length / has a uniform characteristic impedance equal to the average character- 
istic impedance of the cylindrical antenna. This topic is discussed further in 
Sec. 9-11. 


8-7 MEASUREMENTS OF CONICAL AND TRIANGULAR 
ANTENNAS. THE BROWN-WOODWARD (BOW-TIE) ANTENNA. 
In 1945 Brown and Woodward made an extensive set of impedance measure- 
ments (published in 1952)’ of both cones and triangles operating against a 
ground plane and also patterns of both biconical and triangular (bow-tie) dipoles. 
The impedance data apply, of course, also to biconical and triangular dipoles by 
multiplying impedance values by 2. 

Figure 8-15 shows Brown and Woodward’s results for conical and triangu- 
lar antennas operating against a ground plane as a function of the length /, (or 
height)? for flare angles 6 of 30, 60 and 90°. Although the conical measurements 
were made with open-ended cones, Brown and Woodward found no significant 


‘ G. H. Brown and O. M. Woodward, “Experimentally Determined Radiation Characteristics of 
Conical and Triangular Antennas,” RCA Rev., 13, 425-452, December 1952. 


? Note that |, here is measured perpendicular to the ground plane whereas in Fig. 8-13 it is measured 
along the side of the cone. 


8-7 MEASUREMENTS OF CONICAL AND TRIANGULAR ANTENNAS 355 


300 
Conical 
250+ ----Triangular 


= N 
ey eq) te; 
Onn Ont 


Resistance, Q 
— 


O a 2 a3 4 5 6 oh 8 
Length, /, 


200 


100 


(b) 


Reactance, Q 


All triangular curves 
pass through — 200 
and i, =.0.39 


= 200 


O 4 va are 4 0 16 cy 8 
Length, /, 


Figure 8-15 Measured resistance (a) and reactance (b) values for monoconical and monotriangular 
(flat sheet) antennas as a function of length /, for flare angles 0 of 30, 60 and 90°. (After G. H. Brown 
and O. M. Woodward, “‘ Experimentally Determined Radiation Characteristics of Conical and Triangu- 
lar Antennas,”’ RCA Rev., 13, 425-452, December 1952.) Brown and Woodward give results in smaller 
flare angle increments between 0 and 90°. 


difference in impedance values for a 60° cone with and without end caps. The 
gain of conical dipoles of length 2/, with respect to a 4/2 dipole is shown in 
Fig. 8-16. The gains are calculated from measured patterns. 

Although the conical antennas have a smaller resistance fluctuation with 
frequency than the triangular antennas, the flat geometry of the triangles is 
attractive. The measured performance of a Brown-Woodward (bow-tie) antenna 
34 cm long connected to a 300-Q twin line for frequencies between 480 and 900 
MHz (UHF TV channels 15 to 83) is presented in Fig. 8-17. 

A biconical antenna with a flare angle of 120° is shown in Fig. 2-28c, which 
has a VSWR <2 over a 6 to 1 bandwidth with a cone diameter D = 4 at the 
lowest frequency. 
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Py Rae Figure 8-16 Gain of biconical 
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8-8 THE STACKED BICONICAL ANTENNA AND _ THE 
PHANTOM BICONICAL ANTENNA. By §$stacking two _ biconical 
antennas, the vertical-plane beam width can be reduced with approximately a 
3-dB increase in gain. A coaxially-fed stacked pair of 120° biconical antennas is 
shown in cross section in Fig. 8-18. Each biconical antenna has a 50-Q resistive 


2h= 0.56 
Y 2/,= 1.05 


Bow-tie 
dipole (a) 


Field 
patterns 


Gain, dBi 


Length, 2/, 


Figure 8-17 Gain in dBi and VSWR of UHF Brown-Woodward (bow-tie) antenna with 60° flare 
angle as a function of the length 21,. (After G..H. Brown and O. M. Woodward, ‘Experimentally 
Determined Radiation Characteristics of Conical and Triangular Antennas,” RCA Rev., 13, 425-452, 
December 1952.) The field patterns shown in (a) are actually those with the plane of the bow-tie 
perpendicular to the page (rotated 90° on its axis) instead of with the plane of the bow-tie parallel to 
the page as drawn. 
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«— 502 coaxial _—‘ Figure 8-18 Stacked pair of broadband 120° bicon- 
line and mast — ical antennas in cross section. D = A at the lowest fre- 
quency used. 


Figure 8-19 Phantom 30° biconical antenna with 4 radial 
rods replacing each cone. 
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input impedance (see Fig. 2-28c) which is transformed by a tapered transition 
section of coaxial line to 100 Q at the junction with the main 50 Q coaxial line. 

For reduced wind resistance each cone can be replaced by several conduct- 
ing radial rods resulting in a “ phantom” biconical antenna. A view of a phantom 
arrangement for a 30° biconical antenna with 4 radials for each cone is shown in 
Fig. 8-19. By making the radial rods easily removable, the phantom biconical is 
well adapted for portable applications. A disadvantage of the phantom biconical 
antenna is that currents on the lower “cone” are not as well decoupled from the 
mast as with a solid cone. Currents induced on the mast may affect the pattern 
and gain adversely. 


PROBLEMS’ 

8-1 Biconical antenna with unequal cone angles. Confirm Schelkunoff’s result that the 
characteristic impedance of an unsymmetrical biconical antenna (with unequal cone 
angles) is 

01, 0: 

Za ooe t — cot — 

n (co 5 fo) 5 
where 6}, = half the upper cone angle 
0... = half the lower cone angle 


8-2 Single cone and ground plane. Prove that the characteristic impedance Z, for a 
single cone and ground plane is half Z, for a biconical antenna. 
*8-3 The 2° cone. Calculate the terminal impedance of a conical antenna of 2° total 
angle operating against a very large ground plane. The length | of the cone is 34/8. 
8-4 Bow-tie antenna. What is the gain (dBi) and input impedance of a 1/4 Brown- 
Woodward bow-tie antenna with 60° flare angle? 


8-5 Monotriangular antenna. What is the input impedance of a monotriangular antenna 
0.394 long coaxially fed from a ground plane if the flare angle is 90°? 


8-6 Mbonoconical antenna. What is the input impedance of a monoconical antenna 
0.394 long coaxially fed from a ground plane if the full-cone angle is 90°? 


‘Answers to starred (*) problems are given in App. D. 


CO 


CHAPTER 


THE CYLINDRICAL 
ANTENNA: 

THE MOMENT 
METHOD (MM) 


9-1 INTRODUCTION.! In previous chapters, the assumption is made that 
the current distribution on a finite antenna is sinusoidal. This assumption is a 
good one provided that the antenna is very thin. In this chapter, a method for 
calculating the current distribution of a cylindrical center-fed antenna will be 
discussed, taking into account the thickness of the antenna conductor. 

This is a boundary-value problem. The antenna as a boundary-value 
problem was treated many years ago by Abraham,” who obtained an exact solu- 
tion for a freely oscillating elongated ellipsoid of revolution. However, the earliest 
treatments of the cylindrical center-driven antenna as a boundary-value problem 


1 In other chapters sufficient steps are given in most analyses that the reader should be able to supply 
the intermediate ones without undue difficulty. However, this is not the case in this chapter since in 
most instances a large number of steps is omitted between those given in order to reduce the length of 
the development. 

2M. Abraham, “Die electrischen Schwingungen um einen stabformigen Leiter, behandelt nach der 
Maxwellschen Theorie,” Ann. Physik, 66, 435—472, 1898. 
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are those of Hallén! and King.* More recently the problem has been discussed by 
Synge and Albert.* Hallén’s method leads to an integral equation, approximate 
solutions of which yield the current distribution. Knowing the current distribu- 
tion and the voltage applied at the input terminals, the input impedance is then 
obtained as the ratio of the voltage to the current at the terminals. 

Hallén’s integral-equation method will not be presented in detail, but the 
important steps and results will be discussed in the following sections. Later in 
the chapter the Moment Method (MM) is applied to the solution of the current 
distribution, impedance and radar cross section of a short dipole antenna. 


9-2 OUTLINE OF THE INTEGRAL-EQUATION METHOD. 
Since this method is a long one, an outline of the important steps is given in this 
section. 

The objective of the method is twofold: 


1. To obtain the current distribution of a cylindrical center-fed antenna in terms 
of its length and diameter. 


2. To obtain the input impedance. 


An outline of the procedure is given by the following steps. These are treated 
more fully in the sections which follow. 


1. The field E inside the conductor is expressed in terms of the current and skin 
effect resistance. 


2. The field E outside the conductor is expressed in terms of the vector poten- 
tial. 


3. The tangential components of E are equated, obtaining a wave equation in 
the vector potential A. 


Steps 1 through 3 are discussed in Sec. 9-3. 


4. The wave equation in A is solved as the sum of a complementary function 
and a particular integral. 


‘ Erik Hallén, “Theoretical Investigations into the Transmitting and Receiving Qualities of 
Antennae,” Nova Acta Regiae Soc. Sci. Upsaliensis, ser. IV, 11, no. 4, 1-44, 1938. 


* L. V. King, “On the Radiation Field of a Perfectly Conducting Base-Insulated Cylindrical Antenna 
over a Perfectly Conducting Plane Earth, and the Calculation of the Radiation Resistance and Reac- 
tance,” Phil. Trans. R. Soc. (Lond.), 236, 381-422, 1937. 

3G. E. Albert and J. L. Synge, “The General Problem of Antenna Radiation. I,” Q. Appl. Math., 6, 
117-131, July 1948; and J. L. Synge, “The General Problem of Antenna Radiation and the Funda- 


mental Integral Equation, With Application to an Antenna of Revolution. IH,” Q. Appl. Math., 6, 
133-156, July 1948. 
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5. The constant C, in the solution is evaluated in terms of the conditions at the 
input terminals. 


6. The vector potential A is expressed in terms of the antenna current J. 


7. The value of C, from 5 and of A from 6 are inserted in the solution 4, 
obtaining Hallén’s integral equation. This is an integral equation in the 
current I. 


Steps 4 through 7 are discussed in Sec. 9-4. 


8. A partial solution for the current J is then obtained by evaluating one of the 
integrals so that the current is expressed as the sum of several terms, some of 
which also involve I. 

9. Neglecting certain terms in J, an approximate (zero-order) solution is 
obtained for J. 

10. This value of I is substituted back in the current equation, obtaining a first- 
order approximation for the current. This process of iteration can be contin- 
ued, yielding second-order and higher-order solutions. 

11. The constant C, is evaluated and an asymptotic expansion obtained for the 
current; that is, 


I =e ee | 


=~ 600’ | cos Bl + (d,/’) + (d2/Q?) + 


where ’ = 2 In (2I/a), where | is the half-length of the antenna and a the 
radius. The first-order approximation involves terms only as high as b,/Q’ 
and d,/Q’. A second-order approximation involves be -andids/Q'*; etc: 


Steps 8 through 11 are discussed in Sec. 9-5. 


12. The input impedance is then obtained as the ratio of the input terminal 
voltage V; to the current at the input terminals J;. This is discussed in 
Sec. 9-9. 


9-3 THE WAVE EQUATION IN THE VECTOR POTENTIAL AS 
Consider the center-fed cylindrical antenna of total length 2/ and diameter 2a as 
shown in Fig. 9-1. Let us first state the boundary conditions. Since the tangential 
components of the electric field are equal at a boundary, 


EL=E, (1) 


1 The development in this section and in Sec. 9-4, leading up to Hallen’s integral equation, follows the 
presentation of Ronold King and C. W. Harrison, Jr., “The Distribution of Current along a Sym- 
metrical Center-Driven Antenna,” Proc. IRE, 31, 548-567, October 1943. 
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| Figure 9-1 Symmetrical center-fed _—_ cylindrical 
—>| |-2a antenna with relation to coordinates. 


along the cylindrical surface. In (1), E, is the field just inside the conductor 
(9 =a—da) and E, is the field just outside the surface of the conductor 
(0 = a + da), as indicated in Fig. 9-2. At the end faces of the antenna we have 


p (2) 


where E’, = radial field just inside the face (z = | — dl) 
E,, = radial field just outside (z = | + dl), as suggested in Fig. 9-2 


E,=E 


To simplify the problem, it is assumed that / is much larger than a (I > a) 
and that the radius is very small compared to the wavelength (Ba < 1). The effect 
of the end face can then be neglected and the current J, taken equal to zero at 
z= +1. Then 


Bye All, (3) 
where Z = conductor impedance in ohms per meter length of the conductor due 


to skin effect 
i —totalcurrent 


The electric field E outside the conductor is derivable entirely from the 
vector potential A, 1.e., as given by (5-4-10), 


Zz 
E = -j—V(V- A) — joa (4) 


Neglecting the end faces, the tangential E outside the conductor will have 
only an E, component. Since the current is entirely in the z direction, A has only 
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Cylindrical 
surface of 
antenna 


Figure 9-2 The tangential components of the electric field at 
the surface of the antenna are equal. 


a z component. Hence, at the conductor surface (4) becomes 


PaO AS 
Ease 3 (= 


+ pA.) (5) 


Now equating (3) and (5) in accordance with the boundary condition of (1), 
we obtain a wave equation, 


07A iB? 
<2 +4, = zi, 6) 
Zz (60) 


This completes the first three steps in the outline of Sec. 9-2. 


9-4 HALLEN’S INTEGRAL EQUATION. We next proceed to obtain a 
solution of (9-3-6), which is a one-dimensional wave equation in the vector poten- 
tial A,. The equation is of the second order and first degree. If the antenna 
conductivity is infinite, Z = 0 and the equation becomes homogeneous. However, 
when Z is not zero, the equation is not homogeneous and its solution is given as 
the sum of a complementary function A, and a particular integral A,; that is, 


A,=A,+ A, (1) 


Introducing the values of A, and A,, (1) becomes 


A,=- : (C, cos Bz + C, sin Bz) + [109 sin B(z — s) ds (2) 
0 
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Assume that the antenna is excited symmetrically by a pair of closely 
spaced terminals. Then 


T(z) i 2) 
(3) 
and A(z) = A,(—z) 
The constant C, in (2) may be evaluated as equal to 4 the applied terminal 
voltage V;. Thus, 


OQ 
re) 

II 
S) 
os 


(4) 


Let us now express the vector potential A, in terms of the current on the 
antenna. For a conductor of length z = —/ to z = +1, as shown in Fig. 9-3, the 
vector potential A, at any point outside the conductor or at its surface is 


+1 
I 
A -£| Le, a] az; 


AM 4707 eee ee 


eit +1 I e JBr 
—_ | ee (5) 
en) hae r 


where r = [p? + (z — z,)7]'? 
Z, = a point on the conductor (—/ < z, < +J) 


Figure 9-3 Construction for obtaining vector potential’ 
A 


z° 
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Inserting the values of C, and A, from (4) and (5) in (2) and rearranging 
yields Hallén’s integral equation,’ 


: HOt eane — jpr Zz 
me | LAINE a es tah ae iee ek sr be z| I(s) sin(z — s)ds_ (6) 

4n J_, r ps 0 
The absolute value sign on z in the second term of the right side of (6) has been 
introduced because of the symmetry condition of (3). Hallén’s equation (6) is an 
equation in the current J,, on the conductor. If (6) could be solved for I,,, the 
current distribution could be obtained as a function of the antenna dimensions 
and the conductor impedance. 

The term with Z has a negligible effect provided that the antenna is a good 

conductor. Thus, assuming that Z = 0 (conductivity infinite), we can put Hallen's 
integral equation in a simplified form as follows: 


ured | Spite V. 
39 | “1 — da, = Cy cos fz + — sin B|z| (7) 
-1 


In (7) we have put e'=1 and written cu/4n = 30. This completes steps 4 
through 7 in the outline of Sec. 9-2. 


9-5 FIRST-ORDER SOLUTION OF HALLEN’S EQUATION.’ 
The problem now is to obtain a solution of (9-4-7) for the antenna current Ls 
which can be evaluated. As a first step in the solution, let the integral in (9-4-7) be 
expanded by adding and subtracting /,; that is, 


ap ir — jpr aU ipet I e Jbr a | 
| aria -| yr ae (1) 
aril! d ap! yi apie os I 
=1,| 4 | Lc ea 0) 
=e i = Li 


1 An integral equation is an equation in which an unknown function appears under the integral sign. 
In this case, the unknown function is the antenna current /,.. 

In the integral equation approach to a boundary-value problem, the independent variable 
ranges over the boundary surface (in this case, the antenna) so that the boundary conditions are 
incorporated in the integral equation. This is in contrast to the situation with the differential equation 
approach, in which the independent variable ranges throughout space, with a solution being sought 
that satisfies the boundary conditions. 


2 The development in this and following sections is similar to that given by Erik Hallén, “Theoretical 
Investigations into the Transmitting and Receiving Qualities of Antennae,” Nova Acta Regiae Soc. 
Sci. Upsaliensis, ser. IV, 11, no. 4, 1-44, 1938; also by Ronold King and C. W. Harrison, Jr., “The 
Distribution of Current along a Symmetrical Center-Driven Antenna,” Proc. IRE, 31, 548-567, 
October 1943. 
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Integrating the first term in (2) and putting p = a we have 
+1 72 
| St-a'+im[1-(2) [4 (3) 
= oS 


] length 
irda a 2l bir total antenna lengt 
a 


where 


(4)" 


conductor radius 


Sees orn Cena) 


Substituting (3) into (2), and this in turn into (9-4-7), yields 


— 


5) 


1 
i 
= 300) L(c, cos Bz +5 Vr sin Alz!) 


1 {i Z Bal | mL paps | 
mee sii pie (ai) eojegy = (fete Se (6) 
Q) l ay r 


At the ends of the antenna the current is zero. Thus, when z = I, I, = 0 so that (6) 
reduces to 


1 Lh lee ee 
Or= sr (C cos fl + = 5 Ye sin pl) + =| ae az, (7) 


Q)’ 1 
Where my =) (les 


Now subtracting (7) from (6) as done by Hallén, we have 


i= sos | Cxtco Bz — cos Bl) + : V,(sin B|z|— sin pn 


1 7 ET rite anes +i eae 
nt ene Ue In 1 — ro +1,6+ Tec) 216 dz, 
Q l ay r a ri 


(8) 


Proceeding with Hallén’s solution, the quantity in the braces in (8) is taken 
as zero so that the current J,, given by the terms in the brackets, becomes a 
zero-order approximation, designated I,,. Thus, 


J 1 
1s = ie ga (c FS, +e 2 Vr Ge) (9) 


* Distinguish between the coefficient Q’ (with prime) as given by (4) and Q (without prime) for ohms 
as given with impedances. 
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where the following symbols have been introduced 
Fo, = cos Bz — cos fl 
(10) 
Go, = sin B|z| — sin Bl 


Subsituting I,,, as given by (9), for J, on the right side of (8), a first-order 
approximation J,, can be obtained for the current; that is, 


J Py it Gi, 
Ae Ctr 
Z1 30Q’ jcx( Oz af =) < 2) Vr (6. ae Q’ (11) 


where F,, = F,(z) — F,0 


2 +1 F io Lepa 
F,(z) = —Fo, In [ = (;) |+ Race -| se dz, 
= 


+l RF e Jbri 
F,() = - | —SH8 — de, 
er Ey 


G,, = G,(z) — G,() 


G,(z) is the same as F,(z) with G substituted for F and G,(J) is the same as 
F (J) with G substituted for F. 

If (11) is now substituted for I, on the right side of (8), a second-order 
approximation for the current can be obtained. Continuing this process yields 
third-order and higher-order approximations, and the solution for the antenna 
current J, takes the form 


= ie 1 Gi, G,, 

i F oe = Vat .G — +>": 2 
e | cl o to toe 7 )+5 at oto tot (12) 
Substituting J, as given by (12) into (7) yields 


c= —4 vf So OO + 
2 *L Fo) + 1/Q)F i + °° 


(13) 


Inserting C, from (13) in (12) and rearranging, the current is given by the asymp- 
totic expansion, 


I 


iVe [see ee (14) 


z= 609'| cos Bl + (d,/2) + (d,/Q”) + °° 


where b, = F,(z) sin Bl — F,(J) sin B|z| + G,(J cos Bz — G,(z) cos Bl 
d,= F (J) 


Neglecting b,, d, and higher-order terms, the first-order solution for the antenna 
current is 


I 


iVr iE pt |z1) + eat a5) 


=~ 600'| cos Bl + (4/2) 
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The quantities b, and d, have been calculated in terms of real and imaginary 
functions’ by King and Harrison for several values of | and curves given.* This 
completes steps 8 through 11 in the outline of Sec. 9-2. 


9-6 LENGTH-THICKNESS PARAMETER ()’. The above development 
is based on the assumptions that | > a and Ba <I. The condition that | > a will 
be arbitrarily taken to mean that 


> 60 (1) 


Ql~ 


The ratio //a equals the ratio of the total length of the cylindrical antenna to the 
diameter. Thus, 


Totablength es te2ial 


Diameter 2a a 


When //a = 60, the value of 9’ from (9-5-4) is 
Gone 120 ~ 9.6 
a 


A graph of 0’ as a function of the ratio of the total length to the conductor 
diameter is presented in Fig. 9-4. 

Another reason for restricting l/a to large values (l/a > 60) is that for 
asymptotic convergence of (9-5-14) Q’ must exceed a certain value. If 9’ is too 
small, the series may diverge. 


9-7 EQUIVALENT RADIUS OF ANTENNAS WITH NON- 
CIRCULAR CROSS SECTION. The above discussion in this and preced- 
ing sections deals with uniform cylindrical antennas, i.e., antennas of circular 
cross section (radius = a). According to Hallén,*? uniform antennas with non- 
circular cross section can also be treated by taking an equivalent radius. For 
squares cross sections of side length g (Fig. 9-5), the equivalent radius is 


a = 0.59g (1) 
while for thin flat strips of width w the equivalent radius is 


a = 0.25w (2) 


* by = M, + jMj and d, = A} + jAl. 
? Ronold King and C. W. Harrison, Jr., “The Distribution of Current along a Symmetrical Center- 
Driven Antenna,” Proc. IRE, 31, 548—567, October 1943. 


> Erik Hallén, “Theoretical Investigations into the Transmitting and Receiving Qualities of 
Antennae,” Nova Acta Regiae Soc. Sci. Upsaliensis, ser. 1V, 11, no. 4, 1-44, 1938. 
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Figure 9-4 The coefficient 9’ as a function of the total length-diameter ratio (21/2a) or length-radius 
ratio (I/a) of a cylindrical antenna. 


For any shape of cross section there exists equivalent radius and hence a value of 
Q’. In all cases it is assumed that the cross section is uniform over the entire 
length of the antenna. 


9-8 CURRENT DISTRIBUTIONS. The amplitude and phase of the 
current along cylindrical antennas of three lengths and two values of the total 
length-diameter ratio (I/a) are presented in Figs. 9-6, 9-7 and 9-8. Figure 9-6 is for 
a 4/2 antenna (2] = 4/2), Fig. 9-7 for a full-wavelength antenna (2/ = 4) and 
Fig. 9-8 for a 54/4 antenna (2/ = 54/4). For each length the relative amplitude 
and phase of the current are presented for 2’ = 10 and 9’ = oo corresponding to 
total length-diameter ratios (I/a) of 75 and oo. The amplitude curves are adjusted 
to the same maximum value, and all phase curves are adjusted to the same value 
at the ends of the antenna. 

It is generally assumed that the current distribution of an infinitesimally 
thin antenna (I/a = 00) is sinusoidal, and that the phase is constant over a 2/2 


Figure 9-5 Conductors of square and flat cross 
Square section with equivalent circular conductors of 
conductor radius a. 
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Figure 9-6 Relative current 
amplitude and phase along a 
center-fed 4/2 cylindrical antenna 
(21 = 4/2) for total length-diameter 
ratios (I/a) of 75 and infinity. (After 
R. King and C. W. Harrison, Jr., 
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zs 90° “The Distribution of Current along 
® 60° a Symmetrical — Center-Driven 
® 30° Antenna,” Proc. IRE, 31, 548-567, 
a 0° October 1943.) Distance from the 


center of the antenna is expressed 
in wavelengths. 


interval, changing abruptly by 180° between intervals. This behavior is illustrated 
by the solid curves in Figs. 9-6, 9-7 and 9-8. 

The dashed curves illustrate the current amplitude and phase variation for 
l/a = 75 (Q’ = 10). The difference between these curves and the solid curves 
(I/a = 00) is not large but is appreciable. The dashed curves (l/a = 75) are from 
the distributions given by King and Harrison! as calculated from (9-5-15), the 
current being expressed in terms of its amplitude and the phase angle relative to a 
reference point. Thus, 


I, =|1,|/0 (1) 


The effect of the length-thickness ratio on the current amplitude is well 
illustrated by Fig. 9-7 for a full-wavelength antenna. When the antenna is infini- 
tesimally thin, the current is zero at the center. As the antenna becomes thicker, 
the current minimum increases and at the same time shifts slightly toward the 
end of the antenna. For still thicker antennas (I/a < 75), Eq. (9-5-15) is no longer 
a good approximation for the current, but it might be expected that the above 
trend would continue. 

The effect of the length-thickness ratio on the phase variation is well illus- 
trated by Fig. 9-8 for a 54/4 antenna. When the antenna is infinitesimally thin, 
the phase varies as a step function, being constant over A/2 and changing by 180° 
at the end of the 1/2 interval (solid line, Fig. 9-8). This type of phase variation is 
observed in a pure standing wave. As the antenna becomes thicker, the phase 
shift at the end of the 1/2 interval tends to become less abrupt (dashed curve for 
l/a = 75). For still thicker antennas (I/a < 75), it might be expected that this trend 
would continue and for very thick antennas would tend to approach that of a 
pure traveling wave, as indicated by the straight dashed lines in Fig. 9-8. 


* Ronold King and C. W. Harrison, Jr., “The Distribution of Current along a Symmetrical Center- 
Driven Antenna,” Proc. IRE, 31, 548-567, October 1943. 
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Figure 9-7 Relative current 
amplitude and phase along a 
center-fed full-wavelength cylin- 
drical antenna (2/ = 4) for total 
length-diameter ratios (I/a) of 75 
and infinity. (After R. King and C. 
W. Harrison, Jr., ‘The Distribu- 
tion of Current along a Symmetrical 
Center-Driven Antenna,’’ Proc. 
IRE, 31, 548-567, October 1943.) 
Distance from the center of the 
antenna is expressed in wave- 
lengths. 
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9-9 INPUT IMPEDANCE. The input impedance Z, of a center-fed cylin- 
drical antenna is found by taking the ratio of the input or terminal voltage V; 
and the current J, at the input terminals; that is, 


V. 
Zp=7 = Rr +iXr (1) 
oe 
where 1,.=— I,(0) 
R, = terminal resistance 
X , = terminal reactance 
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Figure 9-8 Relative current amplitude and phase along a center-fed 54/4 cylindrical antenna 
(21 = 54/4) for total length-diameter ratios (//a) of 75 and infinity. (After R. King and C. W. Harrison, 
Jr., “The Distribution of Current along a Symmetrical Center-Driven Antenna,” Proc. IRE, 31, 548- 
567, October 1943.) Distance from the center of the antenna is expressed in wavelengths. 
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Therefore, setting z = 0 in (9-5-15) and inserting this value of current in (1) yields 
Hallén’s relation for the input impedance, 


' cos pl + (d,/2’) 
Zr = —j60Q'| ———_—_——— 
ue : E Bl + (b,/Q’ 
This is a first-order approximation for the input impedance. If the second-order 


terms are included [see (9-5-14)], Hallén’s input-impedance expression has the 
form 


(2) 


upacingint. {2 Bl + (d,/Q) + a | 
Tip Wad sin Bl + (b,/Q) + (b,/Q”) 


This relation has been evaluated by Hallén’ who has also presented the results in 
chart form.” Impedance spirals based on Hallén’s data are presented in Fig. 9-9 
for center-fed cylindrical antennas with ratios of total length to diameter (l/a) of 
60 and 2000. The half-length / of the antenna is given along the spirals in free- 
space wavelengths. The impedance variation is that which would be obtained as 
a function of frequency for an antenna of fixed physical dimensions. The differ- 
ence in the impedance behavior of the thinner antenna (I/a = 2000) and of the 
thicker antenna (I/a = 60) is striking, the variation in impedance with frequency 
of the thicker antenna being much less than that of the thinner antenna. 

The impedance, given by (2) or (3), applies to center-fed cylindrical antennas 
of total length 2/ and diameter 2a. To obtain the impedance of a cylindrical stub 
antenna of length / and diameter 2a operating against a very large perfectly con- 
ducting ground plane, (2) and (3) are divided by 2. The impedance curve based on 
Hallen’s calculations for a cylindrical stub antenna with an J/a ratio of 60 is given 
by the solid spiral in Fig. 9-10. The length / of the stub is indicated in free-space 
wavelengths along the spiral. The measured impedance variation of the same type 
of antenna (//a = 60) as given by Dorne? is also shown in Fig. 9-10 by the dashed 
spiral. The agreement is good considering the fact that the measured curve 
includes the effect of the shunt capacitance at the gap and the small but finite 
antenna terminals. 

The measured input impedance of a cylindrical stub antenna with an l/a 
ratio of 20 is shown in Fig. 9-11. Comparing this curve with the dashed curve of 
Fig. 9-10, it is apparent that the trend toward decreased impedance variation 


(3) 


’ Erik Hallén, “On Antenna Impedances,” Trans. Roy. Inst. Technol., Stockholm, no. 13, 1947. 


* Erik Hallén, “Admittance Diagrams for Antennas and the Relation between Antenna Theories,” 
Cruft Laboratory Tech. Rept. 46, Harvard University, 1948. 


A. Dorne, in Very High Frequency Techniques, by Radio Research Laboratory Staff, McGraw-Hill, 
New York, 1947, chap. 4. 

See also G. H. Brown and O. M. Woodward, “ Experimentally Determined Impedance Char- 
acteristics of Cylindrical Antennas,” Proc. IRE, 33, 257-262, April 1945; D. D. King, “The Measured 
Impedance of Cylindrical Dipoles,” J. Appl. Phys., 17, 844-852, October 1946; and C-T. Tai, “ Dipoles 
and Monopoles,” in Antenna Engineering Handbook, McGraw-Hill, 1984, chap. 4. 
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Figure 9-9 Calculated input impedance (R + jX, 9’) for cylindrical center-fed antennas with ratios of 
total length to diameter (2//2a) of 60 and 2000 as a function of /, (along spiral). (After E. Hallen.) 


with smaller //a ratio (increased thickness) suggested by Fig. 9-9 is continued to 
smaller J/a ratios. A measured impedance curve for |/a = 472 is also included in 
Fig.’9-11:* 

An antenna is said to be resonant when the input impedance is a pure 
resistance. On the impedance diagrams of Figs. 9-9, 9-10 and 9-11 resonance 
occurs where the spirals cross the X = 0 axis. At zero frequency all the imped- 
ance spirals start at R = 0 and X = —oo. As the frequency increases, the reac- 
tance decreases and the resistance also increases, although more slowly. The first 
resonance occurs when the length | of the antenna is about 4/4. The resistance at 
the first resonance is designated R,. As the frequency is increased, the length of 
the antenna becomes greater and the second resonance occurs when the length ! 
is about 1/2. The resistance at the second resonance is designated R,. At the 
third resonance (resistance = R;), the antenna length / is about 34/4 and at the 


1 The curves in Fig. 9-11 are based on data presented by Dorne (Ref. 3 on p. 372). 
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Figure 9-10 Comparison of calculated (solid curve) and measured (dashed curve) input impedance 
(R + jX, Q’) for cylindrical stub antenna with ground plane for the length-radius ratio (I/a) of 60 as a 
function of |, (along spiral). 


fourth resonance (resistance = R,) | is about 14. As the frequency is increased 
indefinitely, an infinite number of such resonances can be obtained except where 
the impedance stays reactive. 

Since it is common practice to operate antennas at or near resonance, the 
values of the resonant resistances are of interest. Curves based on Hallén’s calcu- 
lated graphs’ are presented in Fig. 9-12 for the first four resonances of a cylin- 
drical stub antenna with large ground plane as a function of the length-radius 
ratio (I/a). The lowest value of //a for which Hallén gives data is 60, since the 
accuracy of (3) tends to deteriorate for smaller //a values. Thus, the solid part of 
the curves (I/a > 60) are according to Hallén’s calculated values. The dashed 
parts of the curves are extrapolations to smaller values of //a. The extrapolation 
is without theoretical basis but is probably not much in error. A few measured 
values of resonant resistance from Dorne’s data? are shown as points in 


' Erik Hallén, “Admittance Diagrams for Antennas and the Relation between Antenna Theories,” 
Cruft Laboratory Tech. Rept. 46, Harvard University, 1948. 

2 A. Dorne, in Very High Frequency Techniques, by Radio Research Laboratory Staff, McGraw-Hill, 
New York, 1947, chap. 4. 
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Figure 9-11 Measured input impedance (R + jX, ’) of cylindrical stub antenna with ground plane 
for the length-radius ratio (I/a) of 20 and 472 as a function of /, (along spiral). 


Fig. 9-12, the dotted lines indicating to which resonant resistance the points 
correspond. 

Figure 9-12 illustrates the difference in the effect of antenna thickness on the 
resistance at odd and even resonances. The resistance at odd resonances (R,, R;, 
etc.) is nearly independent of the antenna thickness. The first resonant resistance 
R, is about 35 Q and the third resonant resistance R; is about 50 Q over a large 
range of //a ratios. On the other hand, the antenna thickness has a large effect on 
the resistance at even resonances (R,, R,, etc.). The thicker the antenna, the 
smaller the resistance. For example, the second resonant resistance R, is about 
200 Q when //a = 10 and increases to about 1500 Q at //a = 1000. The fourth 
resonant resistance behaves in a similar fashion, the values being somewhat less. 

The difference in the resistance behavior at odd and even resonances is 
related to the current distribution. Thus, at odd resonances the antenna length / 
is an odd number of 4/4 (approximately), and a current maximum appears at or 
near the input terminals. At even resonances the antenna length / is an even 
number of 4/4 (approximately), and a current minimum appears at or near the 
input terminals. As indicated by the current distribution curves of Figs. 9-7 and 
9-8, one of the most noticeable effects of an increase in antenna thickness is the 
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Figure 9-12 Resonant resistance of cylindrical stub antenna with ground plane as a function of the 
length-radius ratio (l/a). Curves are shown for the first four resonances. For cylindrical center-fed 
antennas (total length 2/) multiply the resistance by 2. 


increase of the current at current minima. Thus, when a current minimum is at or 
near the input terminals, an increase in the antenna thickness raises the input 
current J, for a constant input voltage V; so that the resonant resistance given by 
the ratio V,/I, is reduced. 


9-10 PATTERNS OF CYLINDRICAL ANTENNAS. Formulas for 
calculating the far-field patterns of thin linear antennas were developed in 
Chap. 5. Although these relations apply strictly to infinitesimally thin conductors, 
they provide a first approximation to the pattern of even a relatively thick cylin- 
drical antenna. This is illustrated by the patterns in Fig. 9-13 for center-fed linear 
cylindrical antennas of total length 2] equal to 4/2, 1A, 34/2 and 2/. The calcu- 
lated patterns for infinitesimally thin antennas are shown in the top row. Three of 
these patterns were given previously in Fig. 5-10. In the next three rows patterns 
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Figure 9-13 Field patterns of cylindrical center-fed linear antennas of total length 2/ as a function of 
the total length-diameter ratio (I/a) and also as a function of the total length (2/) in wavelengths. 


measured by Dorne’ are given for |/a ratios of 450, 50 and 8.7. The principal 
effect of increased antenna thickness appears to be that some of the pattern nulls 
are filled in and that some minor lobes are obliterated (note the patterns in the 
third column for 2] = 3//2). 


9-11 THE THIN CYLINDRICAL ANTENNA. If the assumption is 
made that the cylindrical antenna is infinitesimally thin (Q’ > oo), the current 


" A. Dorne, in Very High Frequency Techniques, by Radio Research Laboratory Staff, McGraw-Hill, 
New York, 1947, chap. 4. 
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distribution given by (9-5-14) or (9-5-15) reduces to 


if 
am OOO), cos Bl 


Although 9’ approaches infinity, the ratio V;/Q’ may be maintained constant by 
also letting V; approach infinity. According to (1), the shape of the current dis- 
tribution is sinusoidal; that is, 


I, =k sin Bl — |z]) (2) 
where k = a constant 


The input impedance Z, is the ratio V,/I, where I, is the current at the 
terminals (z = 0). Thus from (1), 


t= —j600’ cot fl (3) 


N 
= 

f 
a 15 


In (3) we may regard 1’ as large but finite. The terminal impedance Z, according 
to (3) is a pure reactance X ,. Equation (3) is identical to the relation for the input 
impedance of an open-circuited lossless transmission line of length fl (see App. A, 
Sec. A-2) provided that 60M’ is taken equal to the characteristic impedance of the 
line. If, by analogy, 609’ is taken equal to the average characteristic impedance 
Z, (ave) of the center-fed cylindrical antenna then, from the value of 9’ given in 
Sec. 9-6, 


2I 
Z;, (ave) = 600! = 120 In = (4) 


This relation is of the same form as Schelkunoff’s expression for the characteristic 
impedance Z, of a thin biconical antenna given by (8-2-21) since for small cone 
angles 6,,, = a/l so that (8-2-21) becomes 


21 
Z, = 120 In — (5) 


where a = end radius of the cone as shown in Fig. 9-14. 
The average characteristic impedance of a center-fed cylindrical antenna as 
given by Schelkunoff is 


Z, (ave) = 120(n = -- 7 (6) 


The average impedance of a cylindrical stub antenna with a large ground plane is 
+ the value of (6). 

As I/a > o, (6) reduces to the form given in (4). However, for finite values of 
l/a, the average characteristic impedance of a cylindrical antenna is the same as 
for a biconical antenna of the same length / but with an end radius a which is 
larger than the radius of the cylindrical conductor. This is suggested in Fig. 
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See 


| Figure 9-14 Biconical antenna of end radius a and length I. 


8-14a. For example, a cylindrical antenna with an J/a ratio of 500 has an average 
characteristic impedance equal to that of a biconical antenna of the same length 
with an end radius 2.8 times larger than the radius of the cylindrical conductor. 

In Fig. 9-9 the calculated input impedance is presented for cylindrical 
center-fed antennas with total length-diameter ratios (21/2a = 1/a) of 60 and 2000. 
The average characteristic impedance of these antennas by (6) is 454 and 873 Q 
respectively. The curve for the l/a ratio of 60 [Z, (ave) = 454 Q] has approx- 
imately the same form as the calculated impedance spiral in Fig. 8-12 for a 2.7° 
half-angle biconical antenna (Z, = 450 Q). 

In Fig. 9-11 the measured input impedance is shown for cylindrical stub 
antennas with //a ratios of 20 and 472. The average characteristic impedance of 
these antennas as given by 4 of (6) is 161 and 350 Q respectively. The curve for 
l/a = 20 [Z, (ave) = 161 Q] is of the same general form (although displaced 
downward), as would be anticipated from Fig. 8-13 since a spiral for Z, 
(ave) = 161Q should lie between those shown in Fig. 8-13 for Z, = 146 Q and 
Ze 188 Q. 


9-12 CYLINDRICAL ANTENNAS WITH CONICAL INPUT 
SECTIONS. It is common practice to construct cylindrical antennas with short 
conical sections at the input terminals as indicated at the bottom of Fig. 9-13. If 
the cylinders are of large cross section, the conical sections are particularly desir- 
able in order to reduce the shunt capacitance at the gap. Since the measured 
impedance of an antenna includes the effect of the gap capacitance and the small 
but finite terminals, the measured impedances will differ more or less from the 
theoretical values. It is to be expected that measured values will agree better with 
calculated ones when end cones are used rather than when the ends of the cylin- 
ders are butted close together. 
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9-13 ANTENNAS OF OTHER SHAPES. THE SPHEROIDAL 
ANTENNA. The solution of a boundary-value problem may be facilitated if 
the boundary can be specified by one coordinate of an appropriate coordinate 
system. A spherical antenna or one in the shape of an elongated ellipsoid of 
revolution (prolate spheroid), as in Fig. 9-15, is amenable to such treatment since 
the surface of the spheroid corresponds to a particular value of one coordinate of 
a spheroidal coordinate system. By varying the eccentricity of the ellipsoid, one 
may study the properties of the sphere at the one extreme of eccentricity and of a 
long thin conductor at the other extreme. This problem has been treated at 
length by Stratton and Chu’ and by Page and Adams.” Stratton and Chu give 
admittance and impedance curves for various length-diameter (L/D) ratios (see 
Fig. 9-15). For long, thin ellipsoids the impedance characteristics are similar to 
those deduced by other methods. The current distribution for thin 1/2 spheroids 
is also found to be nearly sinusoidal. 

A point of interest is that for spheroids of the order of 1/2 long, the imped- 
ance variation with frequency decreases with decreasing L/D ratios (thicker 
spheroids); that is to say, resonance with thick spheroids is broader than with 
thin ones. This is in agreement with the well-known fact that thick antennas have 
broader band impedance characteristics than thin ones. 


9-14 CURRENT DISTRIBUTIONS ON LONG CYLINDRICAL 
ANTENNAS. On a matched lossless transmission line an outgoing wave has a 
uniform current magnitude and a linear phase change with distance (Fig. 9-16). If 
the line is mismatched and the reflected (returning) wave is 4+ the magnitude of 
the outgoing wave, a standing wave appears on the line with VSWR given by? 


1 
VSWR = = = “+ _ ___4 _ 3 (1) 


' J. A. Stratton and L. J. Chu, “ Steady State Solutions of Electromagnetic Field Problems,” J. Appl. 
Phys., 12, 230-248, March 1941. 


* L. Page and N. I. Adams, “The Electrical Oscillations of a Prolate Spheroid,” Phys. Rev., 53, 
819-831, 1938. 


> Properly this should be ISWR for the current standing-wave ratio. However, the VSWR = ISWR, 
although their standing-wave patterns are displaced in position. 
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Figure 9-16 Current distribution and 
phase variation (1) of single uniform trav- 
eling wave (solid lines), (2) of two waves 
traveling in opposite directions with magni- 
tudes 1 and 4 (dash-dot lines) and (3) of 2 
waves of equal magnitudes (dashed lines). 
: The last case represents a full (pure) stand- 
Distance, \ ing wave. 


Relative current 


where J, = current magnitude of outgoing wave 
I, = current magnitude of returning wave 


The phase change is also nonuniform (fluctuating with distance), as indicated ‘in 
Fig. 9-16. 

When the line is completely mismatched (open- or short-circuited), so that 
the returning wave equals the outgoing wave, the VSWR = oo and the phase 
changes in a stepwise fashion (Fig. 9-16). 

The phase velocity of a wave on the line is given by 


(2) 


where w = 2nf, Hz 
d = phase, rad or deg 
B = 2n/A, rad (or deg) 1~* 
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Figure 9-17 Current, phase and relative phase velocity p for two waves traveling in opposite direc- 
tions with magnitudes 1 and 4(VSWR = 3 and relative phase velocity ratio = 9). 


In general, for two opposite current waves of unequal magnitude and velocity, 
the phase velocity is? 


yp = w{i2Z + 127 + 2Ig], cos [(B,; + Box + 71) /418 Bo — 158, 


+ Io1s(Bo— B1) £08 [(B1 — Box + 7] + sin [(B, + Bo)x + ri(t. “11, ali (3) 
x dx 


where By = 22/1, 
By = 2n/A, 
Ay = wavelength for outgoing wave, m 
A, = wavelength for returning wave, m 
y = phase difference of two waves, rad or deg 


For the case where y = 0, the velocity of both waves is the same (B, = Bo), Ip and 
I, are constant with distance and (3) reduces to 

_ OIG + 1 + 21g Ty cos 28x) (4) 
Bop — 11) 


* J. A. Marsh, “A Study of Phase Velocity on Long Cylindrical Conductors,” Ph.D. thesis, Ohio State 
University, 1949. 


a 


9-14 CURRENT DISTRIBUTIONS ON LONG CYLINDRICAL ANTENNAS 383 


1400 


1200 


\| Current 1000 


800 


Phase, deg. 


600 


Relative current 


O 1 2 3 4 5 
Distance, A 


Figure 9-18 Measured current distribution on a long (5A), thick (0.24 diameter) cylindrical conduc- 
tor with attendant phase and relative phase velocity (p) of the total wave. (After J. A. Marsh, “A Study 
of Phase Velocity on Long Cylindrical Conductors,’’ Ph.D. thesis, Ohio State University, 1949.) 
Resolution into outgoing and returning (reflected) waves is indicated. 


Dividing by c (=@/f ) yields the relative phase velocity p. The ratio of the 
maximum to minimum relative phase velocity is 


Ditie ill vee I,)? 


Comparing (5) and (1) we note that 


eens y 
Pmax Wo + Hi)” _ (Inax)" _ ygwr? (6) 
Pmin (Io = ar I 


The variation of p (=v/c), phase (#) and current magnitude (|J|) for J, = 
+], are presented in Fig. 9-17 over a distance of 24. We note that the VSWR = 3 
and the relative phase velocity ratio equals 9, and also that the relative phase 
velocity p is a maximum where / is a maximum. 

The current and phase measured by Marsh along a 5A open-ended cylin- 
drical conductor 0.2A in diameter are shown in Fig. 9-18, as well as the deduced 


min 


384 9 THE CYLINDRICAL ANTENNA; THE MOMENT METHOD (MM) 


Table 9-1 Comparison of currents on long, thick cylindrical antenna 
and on helical antennas 


Relative phase 


Antenna Mode velocity, p( = v/c)t Remarks 
Cylindrical All Tp 1 Gradual attenuation of 
conductor outgoing and returning 
Ty waves 
Helix, C.=06 All T, >i Uniform equal outgoing 
and returning Ty waves 
Helix, C, = 1.07 Tp at ends, >1 Ty waves attenuate rapidly 
(axial mode) T, over <1(~0.8) T, waves uniform 
remainder 


+ For single traveling wave. 


relative phase velocity variation and the magnitudes of the outgoing and reflected 
waves. The attenuation of the outgoing and reflected waves is evident. 

It is interesting to compare the current distribution of Fig. 9-18 for the long 
(5A), thick (0.2A diameter open-ended) cylindrical conductor with the distributions 
of Fig. 7-3 for a 7-turn ‘helix with much thinner conductor (0.024 diameter at 
C, = 1.07). When C, = 0.60, the helix has a nearly uniform standing wave, indi- 
cating outgoing and returning T) mode waves of almost equal amplitude. When 
C, = 1.07 the outgoing 7, mode wave attenuates rapidly with energy transferred 
to a nearly uniform 7, mode wave over the rest of the helix. At the open end, a 
reflected or returning Ty) mode wave is excited which attenuates rapidly while 
transforming into a small nearly uniform returning T, mode wave. 

On the cylindrical conductor (Fig. 9-18) a T, mode wave attenuates grad- 
ually over the length of the conductor and on reflection from the open end excites 
a gradually attenuating returning wave. 

The behavior of the two antennas is summarized in Table 9-1. 


9-15 INTEGRAL EQUATIONS AND THE MOMENT METHOD 
(MM) IN ELECTROSTATICS. As an introduction to the moment 
method, let us consider its application to an electrostatics problem. 

In calculus we deal with differential equations as, for example, 


mea (1) 


or the rate of change of distance (x) with time (t) equals the velocity (v). It is 
implied that we know x as a function of t or how x varies with time [x(t)]. 

On the other hand, suppose we know how the velocity varies as a function 
of time [v(t)]. Then the distance is given by the integral of the velocity with 
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Charge QO v Figure 9-19 Electric potential V at point P is inversely proportional 
to the distance r from charge Q. 


respect to time or 


If v is constant, then (2) becomes 
aie (3) 


or x is the distance traveled at velocity v in time t,. Now suppose that x is known 
at t=0 and t = ¢, but v is not known during this period of time. Then (2) is an 
integral equation with the problem being to obtain a solution for the velocity as a 
function of time [v(t)]. 

Referring to Fig. 9-19, a basic relation of electrostatics is that the electric 
potential V at a point P due to a charge Q is given by 


saad Oi 
tis Aner “) (4) 


where Q = charge, C 
r = distance from P to the charge Q, m 
€ = permittivity of medium, F m* 


For a line of charge of density p, (C m_') as in Fig. 9-20, then V at some 
observation point P is given by the integral of (4) over the length / of the line or 


rE 


i Pu) dx (5) 


where p,(x) = charge per unit of length of line as a function of x,C m~' 


Total charge Q 


+++t ++ + ++ 444+ 


0 dx : ! a Figure 9-20 Electric potential V at point P due 
to a rod with charge density p,(x) which is a 
Rod with charge density p, (x) function of position (x). 
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If p,(x) is known as a function of x, then (5) can be integrated in a straight- 
forward manner. However, if p,(x) is not known, (5) represents an integral equa- 
tion with the problem being to find a solution for p,(x). 


Example. Charge distribution on wire. Let the line be an isolated conducting rod or 
wire of radius a and length / = 8a on which a total charge +@Q has been placed. 
Since like charges repel, it may be anticipated that the charge will tend to separate 
and pile up near the ends of the rod, making the charge distribution along the rod 
nonuniform. The problem is to determine this charge distribution p,(x) using an 
incremental numerical technique or moment method as an introduction to integral 
equations. 


Solution. First, let us divide the rod of length / into 4 segments or increments with 
each segment of length 2a as in Fig. 9-21 (1 = 8a). Let the total charge on segment 1 
be Q, and on segment 2 be Q,. By symmetry, the charge on segment 3 is the same 
as on segment 2, or Q,. Likewise, the charge on segment 4 is equal to Q,. Specifi- 
cally, our problem is to find the ratio of Q, to Q, [a first step or approximation in 
solving for p,(x)]. 

Let us assume that all of the charge on each segment is concentrated on a 
circle on the surface of the segment around its midpoint with the observation or test 
points on the wire axis. Since the distance r from an observation point to any point 
on the circle of charge is constant, we may consider that all of the charge of a 
segment is at one point (charge or source point), as in Fig. 9-21. The situation may 
now be regarded as one with 4 points of charge (source points) in empty space with 
the potential at observation or test points on the axis to be determined. Thus, from 
(4) the potential at point P,, is given by 


V(P12) = «|= ee = -— 2] 6) 
N/a ae entree +a Bee emia ./a* + 25a” 


Likewise at point . the potential is given te 


Q, Q, | 
VP, 7 
Hea alls .0q- Bb Saag wy a ee Hoe seamen ”) 


A boundary condition is that (even though the charge density varies along the 
rod) the potential is constant. Therefore, V(P,,) = V(P,3) so that equating (6) and 
(7) we find that 


Q, = 145Q, (8) 


Conducting 
rod Observation points 


Charge or source 
points 


Figure 9-21 Charged rod of radius a divided into 4 segments of equal length (2a) for calcu- 
lation of charge ratios. 


Relative charge density 
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Smooth curve through 
centers of pulse 
functions 


Number of 
segments 


OFS 0.6 Ons 
Distance along conductor of length / 


Figure 9-22 Relative charge density along straight conducting rod of radius a and length 8a 
as calculated by the moment method using 4, 6 and 8 segments. 


Thus, the charge (or average charge density) for the outer segments is 45 per cent 
greater than for the inner segments and we can write 


Oo 0, = 45.00 (9) 
Dividing the rod into 6 segments and proceeding as above results in the ratios 
O72; 05. 0, = 184. 1.037 1.00 (10) 


The charge density distribution along the rod is shown by the step or pulse 
functions in Fig. 9-22 for the cases of 4, 6 and 8 segments. A smooth curve is also 
drawn through the centers of the pulse functions. 

To simplify the above calculations we neglected the effect of the end surfaces 
of the rod. For 4 segments the cylindrical area of a segment is 4 times the end of the 
rod so that the effect of neglecting the ends is not large. However, with more seg- 
ments the effect becomes greater, especially for the charge on the end segments. 

Let us now discuss the problem more formally. From (5), 


ya | eax (11) 


4ne Jo 1 


Referring to Fig. 9-23, let the line be divided into N segments of equal length 
Ax with average charge density p,(x), for segment Ax,,. Then the charge on segment 
nis given by 


QO, = Pr{x),Ax,, n=1, 2,3,...,N (12) 


and the total charge on the wire by 


O= >) 0; (13) 


n=1 
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Observation points 


Source points 


Figure 9-23 Charged rod for calculation of charge density distribution. 


Equation (11) can now be written as 


N 
3 ae CF Te Me (14) 


1 


ATET nn 


mn = af a? +(x — xl 


a = rod radius 


where l : nse See IM (15) 


x = axial distance of observation or test point m 
x’ = axial distance of source point at middle of segment n 


In matrix notation (14) is 


i leOn) = LV (16) 
liy ly, lh3 Ro lin Q, Vi, 
lo, loa l,3 a lon Q, V, 

or Ligte daot clase Attila n Q,;/=| V3 (17) 
lM Imo lua a Ima On Vu 


Thus, the integral equation (11) has been transformed into a set of N simulta- 
neous linear algebraic equations (17) where I,,, represents a known function (the 
inverse distance relation), V,, represents potentials determined by the boundary con- 
ditions and Q,, represents the N unknown charges whose values are sought. 

In the charged rod example we have from symmetry that M = N/2 and from 
the boundary condition that 


Va (18) 
For 4 segments (m = 2, n = 4), (17) then reduces to 
Ve lig dy3 oe Q1 
tein lis lia tee Bee ae (19) 
Q, 
Q,. 


Introducing (15) for lI,,,,, (19) is identical in form with (6) and (7) for increments of 
Ax = 2a, where m designates the test or observation points (P,, for m= 1 and P,, 
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for m = 2 in Fig. 9-21) and r,,, is equal to the distance between the test point mand 
the source point of segment n. Thus, r,, is the distance between test point m = 2 
(P,, in Fig. 9-21) and the center of segment 3. 


In the above we have used a pulse or step-function approximation in which 
the boundary condition (V = constant) is not enforced everywhere along the rod 
but only at certain observation or test points. In between observation points the 
boundary condition may not be satisfied. However, as the number of segments 
and observation points increase, the boundary condition is enforced at more 
points (the solution converging) and the accuracy of the results should improve. 
In the sense that the residual discrepancies or moments should vanish with a 
sufficient number of properly selected pulse functions, the procedure we have 
discussed may be called a moment method. 


9-16 THE MOMENT METHOD (MM) AND ITS APPLICATION 
TO A WIRE ANTENNA. As discussed in the previous section, an integral 
equation can be transformed into a set of simultaneous linear algebraic equations 
(or matrix equation) which may then be solved by numerical techniques. Roger 
Harrington! has unified the various procedures into a general moment method 
(MM) now widely used with powerful computers for solving electromagnetic field 
problems. 

In this section the method will be developed for a wire antenna and applied 
to an example for a short dipole. 

Consider a cylindrical current-carrying conductor (or wire) of radius a iso- 
lated in free space (Fig. 9-24). Let its conductivity o = oo so that we can consider 
the radio-frequency current to be entirely on the surface (1/e depth = 0). The 
total current at point z’ on the conductor is 


I(z') = K(z’) 2a (1) 
where K(z’) = surface current density at z’ (A m_‘) 


All of the current is at a distance a from the conductor axis (z axis), and we 
will consider it as flowing in empty space along an infinitesimally thin filament 
parallel to the z axis at a distance a, as in Fig. 9-25, with the conductor no longer 
present. 

The electric field of charges and current is given by 


EB jonAe Wis (2) 


where A = vector potential 
V = scalar potential 


1 R. F. Harrington, Field Computation by Moment Methods, Macmillan, 1968. 
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Figure 9-24 Cylindrical conductor of radius 
a with surface current density K (A m7‘). 


z-axis 


Z-axis. 


For current only in the z direction (2) becomes 


We also have 


and its z derivative 


Or 


Introducing (5) into (3), 


4 
Oz 


E, ae —JOL[ AS i; 
—— = —jwe) V 
067A, OV 
Dae Pion soar: 
OV leniesA' 


I 


Current 
filament 


Figure 9-25 Conductor replaced by current 
filament I = 2naK (A) at distance a from the 


(3) 


(4) 


(4a) 


(5) 


(6) 


(7) 


(8) 
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Z-axis 


l Observation 
point 


Z Current 
f [filament 
1\r 


Z a dz’ 
| / 4 
Io 

Source Figure 9-26 Source point on current filament with field dE, at dis- 

point tance r on the z-axis. 


For a current element dz, the vector potential 


I(z')e~ ®" dz 


dA, = 9 
Arr 0) 
where e /*"/r = G,,, = free space Green’s function 
r= j/(z-7z) +a’ 
z = observation point 
z’ = source point (see Fig. 9-26) 
The field from this current element is then 
MGs Ge 
oe | ee Ree (10) 
JME 41 az? 


For a conductor of length L, the total field is given by the integral of (10), known 
as Pocklington’s equation: ' 


EZ 2 
ee ‘i AC Gy + PG we) de (11) 


Anjw€e Gz" 


E, is the radiated field due to the current J(z’), resulting from an impressed or 
source field E,, from, for example, a voltage applied at the antenna terminals or 
from an incident plane wave (scattering case). On (and inside) the conductor the 
sum of these fields must vanish (o = 00) so 

= —E., 


Zz 


(12) 


1 H.C. Pocklington, “Electrical Oscillations in Wires,” Camb. Phil. Soc. Proc., 9, 324-332, 1897. 
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Richmond’ has differentiated and rearranged (11) in a more convenient form as 
follows: 
AZ, [U2 eW ibe 


ee eae 5— (1 + jBr)(2r? — 3a7) + B?a?r*]I(z’) dz’ = (Vm *) 
Shere ae 


(13) 
where r = distance between source and observation points 
= / (7 z)4- ae. mi 
Di LG) 
With parameters in dimensionless form, (13) becomes 
—V = —Az E(z’) 
7, A L/2 = Par 22 
ee ee) eS ihe eas? = (*) s arate) dz, (V) 
87 roe ta r 
(14) 
where r, = r/A, dimensionless 
V = voltage developed by E(z’) over Az,, V 
For brevity let — E(z’) in (14) be written as 
L/2 
— E(z’) = | I(z')G(f nn) AZ (V m—'*) (15) 
== 9 £//92 
—jZ.. fe sama a\2 
where G(fmn) = care ( 3 fa + jonny) 2 -- (*) | + anal (Q m “?) 
(16) 
he linn 
m = observation point 
n = source point 
Approximating the current with a series expansion we let 
N 
Kz)= >, 1,F(Z) (17) 
n=1 


where F,(z’) is a pulse function (equal to zero or unity) for incremental segments 
Az,,. (Other functions are possible, e.g., overlapping segments, each with a tri- 


* Jack H. Richmond, “Digital Computer Solutions of the Rigorous Equations for Scattering Prob- 
lems,” Proc. IEEE, 53, 796-804, August 1965. 
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angular or piecewise sinusoidal current distribution.)' For the mth segment we 
have 


N 
=P (Z5,) Se » ie | G(T nn) dz’ (V He) (18) 


n=1 


Putting 
Ginn = | Gan) 42° ~ Grmq) AZ, (Q'm™") (19) 
AZ’ 


(18) becomes approximately 
Aa) = 1, Guit in 1, Ganz a et I, Gm3 ae ah ols Ty Gna (20) 


and the antenna equation now takes the form of a network equation. Writing (20) 
for each of the N segments (m = 1, 2, 3,..., N), we obtain a set of equations: 


1,Gy, + 1, Gy, + °°: + In Gin = — E21) 
1,Gy, + 1,Gy2 +++: + In Gay = —E_AZ2) (21) 


1,Gy, + 1, Gyz +°°° + Iy Guy = —EAZy) 


which may be expressed in matrix form as 


Gay Ga ers Gin tly — E,(z;) 
Be ee aes eee (22) 
Gy Gyn 0° Guvdltn| = L-EHen) 
and in compact notation by 
EG el ee ltl) AgecGbhy cil t) (23) 
where m = 1, 2,3,:..,.N 
eae oo, Ae IN 
Multiplying both sides of the equation by the distance Az, 
AZ[ Gain) = —AzLEn|  (V) (24) 


1 The piecewise sinusoidal distribution (section of a sine curve) is assumed to be somewhat more 
appropriate than a strictly triangular distribution. A piecewise sinusoidal distribution is used in 
Sec. 9-17. The differences between distributions are most significant for a small number of segments. 
With a large number of segments the different distribution functions should all give equivalent results. 
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we have on the left the product of an impedance (Z) and current (J) and on the 
right a voltage (V) as in an electric circuit equation (Ohm’s law): 


[Zn ILin] = —LVnl CY) (25) 


Example. Current distribution and impedance of short dipole. To illustrate the appli- 
cation of the moment method (circuit equation) technique, use (16), (19) and (21) to 
calculate the current distribution and input impedance of a perfectly conducting 
center-fed cylindrical dipole 0.11 long with a radius of 0.0014. We presume no 
knowledge of what the impedance or current distribution should be except that the 
current distribution is symmetrical. 


Solution. Referring to Fig. 9-27, the dipole is divided into 3 segments Az’ = 0.033A 
long and each assumed to have a uniform current over each segment (pulse 
function) given by I,, 1, and I,. Thus, N = 3 and (21) becomes 


1,G,, + 1,G,, +13 G,3 = —E(z}) 
1,G2, + I, G22 + 13 G23 = —E(z) (26) 
1,G3, + 1, G32 + 13G33 = —E(z3) 
The upper and lower halves of the dipole are symmetrical so that r,, =r; =123 = 
rz. and r,, =1r3,. Also r,;; = 1, =1r33,. Accordingly, we need to evaluate (16) for 


only 3 distances, r,,,,, and r,,, between the source and observation points (point 
matching). 


Segment 3 
AZ3 
I; 
Segment 2 
Feed point 
AZ22 
I) 
Segment 1 
AZ; 
I, 
Observation Bau Ge 
points on ie this Figure 9-27 Short center-fed dipole 0.14 long 
as aS filament divided into 3 segments Az, = Az, = Az, = 0.033A 
(1) long. 
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a=0.001X 
pee 
Source 
acs 1a 
0.007 Sail 
14.5 
0.0165 
0.005) 
41.4 
0.003 
41.3 
TAnE2 
r 
0.00075 nyse Figure 9-28 Half of one dipole segment divided 


Observation into 5 subsegments for calculations of G,, in the 
point example. 


Introducing numerical values for r,, = 0.066A, a = 0.0014 and Az = 0.033A 
into (16), 


—j377 x 0.033 ee 
Gi3= Tarte O0GES (cos 2x x 0.066 — j sin 27 x 0.066) 
x c + j2m x 0066) 2 — (ore) | + 4n? x a.0012| 
= —25.8 — j1184 (CLA) (27) 
Similarly, 
G,, = —20.0 + j52 700 (Q 17 *) (28) 
G,. = —25.6 — j12 800 (Oa) (29) 


Since the integrand of (16) is sensitive to small changes in r when r is small 
(particularly in the region where r = ,/1.5a or less), G,, was divided into 5 sub- 
segments, as indicated in Fig. 9-28. The segment with the smallest r contributes 
negligible resistance to the dipole impedance but a large negative reactance. For 
larger r’s there is a contribution to the resistance and the reactance becomes posi- 
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F Pulse function 
1 Seen 
Actual current 
distribution 


ob 
e Figure 9-29 Stepped (pulse function) 
tere approximation and actual (triangular) 
Short or current distribution on short center-fed 
dipole dipole antenna. 


tive. The change in sign of the reactance occurs at r = wis a. To perform the inte- 
gration [by summation of (19)], the contributions of the subsegments are added to 
obtain the value in (28). Likewise, G,, was subdivided into 2 segments and the 
contributions added to obtain (29). 

Introducing (27), (28) and (29) in (26) and multiplying by Az (=0.033A) we 
obtain 


Amperes Ohms Volts 


1,(0.66 — j1739) + 1,(0.85 + j422) + 1,(0.85 + j39) =V, (30) 
1,(0.85 + j422) + 1,(0.66 — j1739) + 1,(0.85 + j422) = V, (31) 
1,(0.85 + j39) + 1,(0.85 + j422) + 1,(0.66 — j1739) = V; (32) 


By symmetry I, = I,; also for a center-fed dipole V, = V, = 0 so (30) and (32) 
are identical. Introducing the condition that V, = 0 in (30) yields a current ratio of 


I 
- = 0.25 + j0.0002 — (ans.) 

2 
Putting this ratio in (31), dividing by J, and setting V, = 1 V yields an input imped- 
ance of 


V. 
Z= a =R+jX =1.1—j1528Q  (ans,) , (33) 
2 


For a short center-fed dipole the current distribution is nearly triangular so 
that the pulse function current ratio I,/I, should be 4 as suggested in Fig. 9-29. 
Ideally, the moment method should yield this value. If this ratio (4) is substituted in 


(31) we obtain 
Z = 1.2 — j1458 OQ (34) 


For a dipole of the same length (0.14) but only 34 the radius (0.00014), Richmond’s 
convergence value of Z = 1.852 — j1895 Q (see Prob. 9-6). 


It is not expected with the few segments used and the assumptions made 
that high accuracy would be obtained. The purpose of the example is to illustrate 
the moment method with actual numerical values for a simple case which can be 


9-17 SELF-IMPEDANCE, RADAR CROSS SECTION AND MUTUAL IMPEDANCE OF SHORT DIPOLES 397 


solved with a small pocket calculator. It took the author an hour or so using one. 
However, such calculations if done frequently are most appropriately accom- 
plished with a computer, especially one programmed to accommodate more seg- 
ments and a range of dipole parameters such as length and diameter. The 
literature describing programs for doing this is extensive. The book Antenna 
Design Using Personal Computers by David M. Pozar’ includes a number of 
programs on wire antennas. One of these called DIPOLE uses a standard 
moment method solution in a 254-step BASIC program which can handle a wide 
range of dipole dimensions. 

The use of personal computers for antenna problems has been presented by 
Miller and Burke* with discussions of the Numerical Electromagnetics Code 
(NEC) and its subset MININEC for wire antennas. Many additional references 
on computer programs are listed at the end of this chapter and in App. B. 

The next section includes 3 moment method examples which can be done 
on a pocket calculator. 


9-17 SELF-IMPEDANCE, RADAR CROSS SECTION AND 
MUTUAL IMPEDANCE OF SHORT DIPOLES BY THE 
METHOD OF MOMENTS By Edward H. Newman.° 
In this section the moment method (MM) with piecewise sinusoidal current 
modes is used to calculate the current distribution, input impedance and radar 
cross section of a short dipole. The mutual coupling of two adjacent short dipoles 
is also calculated. Using a simplification of the mutual impedance equations of 
Howard E. King* the calculations can be done on a scientific hand calculator in 
an hour or so. Thus, the MM can be illustrated without resorting to a digital 
computer and taking the time and effort to write an appropriate computer 
program. 

As in (9-16-17), the dipole current can be approximated by the series 
expansion° 


N 
K(2')= >) 1, F(z’) (1) 

n=1 
where F,(z’) is a piecewise sinusoidal mode. For example, the dipole may be 
divided into 4 equal segments of length d = 1/4 as shown in Fig. 9-30. Segment n 


1 Artech House, 1985. 


2B. K. Miller and G. J. Burke, “ Personal Computer Applications in Electromagnetics,” [EEE Ants. 
Prop. Soc. Newsletter, 5-9, August 1983. 


3 ElectroScience Laboratory, Ohio State University. 


4H. E. King, “Mutual Impedance of Unequal Length Antennas in Echelon,” [EEE Trans. Ants. 
Prop., AP-5, 306-313, July 1957. 


5 We assume that the dipole is perfectly conducting and that the surrounding medium is free space. 
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extends from z, to z,,,. The piecewise sinusoidal modes are placed on the dipole 
in an overlapping fashion, with mode n existing on segment n and n+ 1. Mode n 
has endpoints z, and z,,,, and center or terminals at z,,,. F, is a filament of 
electric current, located a radius a from the wire centerline (i.e., on the surface of 
the wire) and with current 


_ sin Bd = |2 = Zn+i 1) 


F (2) ay (A) 2) 


where PB = 22/A 


F(z) is zero at its endpoints and rises sinusoidally to a maximum at its center 
with terminal current of I,,. = F,(Z,+4,) = 1 A. Note that the piecewise sinusoidal 
modes produce a current which is continuous and also zero at the dipole end- 
points. Except at the dipole endpoints, the dipole current of (1) at z,,, is I, 
amperes. Equation (1) produces a sinusoidal interpolation of the current values at 
the N + 2 points. 

We require that the radiated and impressed fields satisfy (9-16-12). Substi- 
tuting (1) into (9-16-12) we have 


N 
sa0 yy iis | Bhs = E, (3) 
n=1 


where E,,, = free-space z component of the electric field of F,, 
E,, = z component of the incident field 


E,,, 1S available in terms of simple functions given by Schelkunoff and Friis’ and 
King.” , 

The weighting functions in the MM solution are chosen identical to the 
expansion functions, except that they are located along the centerline of the 
dipole. This is because we enforce (9-16-12) on the centerline. Then multiplying 
both sides of (3) by the sequence of N weighting functions, F,, (m = 1, 2, ..., N), 
(3) becomes an N x N system of simultaneous linear algebraic equations which 
can be written compactly in matrix form as 


Alanna (4) 


Here J is the current column vector whose N components contain the I, of (1). 
[Z] is the N x N impedance matrix whose typical term is 


Vipis sae | EaF dz (5) 


In general [Z] is dependent on the geometry and material composition of the 
scatterer, but not on the incident fields. A typical element of the right-hand-side 


' S§. A. Schelkunoff and H. T. Friis, Antennas Theory and Practice, Wiley, 1952. 


*-H. E. King, “Mutual Impedance of Unequal Length Antennas in Echelon,” IEEE Trans. Ants. 
Prop., AP-5, 306-313, July 1957. 
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N=3 
Expansion modes 
N=3 


Weighting 5 
functions 
F,=3 me 
F,=2 <2 o 
Ki= 1 Zo 
q, 
moet ‘ my s,a Figure 9-30 Three piecewise sinusoidal dipole 
number j ae ‘ 
Axis of modes on a dipole divided into 4 equal segments 
dipole for Example 1. 


or voltage vector V is given by 


V,, = | ESF dz (6) 


The integration in (5) and (6) is on the dipole centerline, and over the extent of 
F,,, that is, from z = z,, tO Z_+42- The dimensions of the elements of [Z] and V 
are volt-amperes (VA), while the elements of J are dimensionless. If the Z,,,, were 
divided by I,,o1,9, then the Z,,, would have dimensions of ohms (Q). Since in our 
case the modal terminal currents are I,. = 1 A, Zm, can be considered to have 
the dimensions of ohms. In any case, the [Z] matrix is usually referred to as an 
impedance matrix and V as a voltage vector since the matrix equation (4) resem- 
bles an N-port generalization of Ohm’s law. 

The major problem in an MM solution is usually the evaluation of the 
elements in the impedance matrix. Typically this involves numerical integrations 
and/or the evaluation of special functions. As a result, most MM solutions are 
done on a digital computer and require a great deal of programming time and 
effort. For this reason, most MM solutions are not suitable as a simple example 
problem which can be accomplished in about an hour using only a hand calcu- 
lator. Relatively simple expressions for the elements in the dipole MM impedance 
matrix are presented here, thus eliminating the need for a digital computer to 
carry out the MM solution to the examples given. 

For the dipole antenna, the elements in the impedance matrix, as given by 
(5), are the mutual impedances between parallel piecewise sinusoidal dipole 
modes. Figure 9-31 shows two parallel piecewise sinusoidal dipole modes of 
length 2d. The bottom of weighting mode m is located a distance h above the 
center of expansion mode n, and the modes are staggered by the distance r. For 
convenience, the expansion mode has its center at z = 0. Exact expressions for 
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Figure 9-31 Geometry for the mutual impedance of 2 
parallel piecewise sinusoidal dipoles. 


the mutual impedance between these modes has been given by King.’ King’s 
expressions are very lengthy and also require the evaluation of sine and cosine 
integrals. In order to simplify King’s expressions we assume that the modes are 
electrically small and electrically close. Specifically, if we assume that Bd, Bh and 
Br are all <1, it may be shown that King’s expressions for the mutual impedance 
between modes m and n reduce to” 


Zen 7 Roe se | ES (7) 
where 


~ Ran = 20(Bd)? (8) 


and 
30 
ea mm TTD Oniciaate mane fe) ne AS iolin Ceska 2h} 


— 6(d +h) In (2B + 2h + 2d) + 4(2d + h) In (2C + 2h + 4d) 
+ (d — h) In (2D + 2h — 2d) — Gd +h) In (2E+2h+6d] 9) 
where A = ./r? + h? 
B=,/r*? + (d +h) 
C= i712 £/(Qdih)z 
Di /r? (dh)? 
E =./r? + (3d +h) 


‘H. E. King, “Mutual Impedance of Unequal Length Antennas in Echelon,” [EEE Trans. Ants. 
Prop., AP-5, 306-313, July 1957. 


* | appreciate the assistance of Linda Bingham in obtaining these simplified expressions. 


9-17 SELF-IMPEDANCE, RADAR CROSS SECTION AND MUTUAL IMPEDANCE OF SHORT DIPOLES 401 


Equations (8) and (9) are suitable for a hand calculator, since they involve no 
operations more complicated than a logarithm and square root. Note that R,,,, is 
the well-known formula for the radiation resistance of a short dipole, and is 
independent of mode separation. Equation (9) can be further simplified if we 
assume r = a < d (wire radius much less than the segment length) and also con- 
sider certain special values of h. For self-impedance terms, m = n, and 


30 d 
Xmm(h = —d) = ——| —44+4]1n]{- 
For adjacent modes with one overlapping segment, |m — n| = 1 and 
30 1.54a 
Ae hh = 0) SS — 11 


If |m — n| = 2, then the modes share a single point and 
30 
X mih = d) = —— [—0.68 12 
m(h = d) = — 7 [0.68] (12) 


If |m — n| > 3, then the modes are not touching and 


30 E , h*(2d + h)* 
Bd|d 

Now consider the evaluation of the right-hand-side vector V. As seen in (6), 
V is dependent upon the z component of the incident electric field. 

First, consider the case where the dipole is excited by a voltage generator. 
The simplest, and probably the most commonly used, model for a voltage gener- 
ator is the so-called delta-gap model.’ A delta-gap generator is one that creates an 
extremely large, but highly localized, electric field polarized parallel to the wire 
centerline. A delta-gap generator located at z = z’ has the incident field 


E,. =v Uz — Zz’) (14) 


Xun(h > 2d) = + In eed (13) 


"(d+h(h—adGd+h) (d+ hd + hy 


where’ v = generator voltage 
0(z) = unit area Dirac delta function 


Normally the generators are placed at the center or terminals of the piecewise 
sinusoidal modes. Thus, referring to Fig. 9-30 for a dipole with N = 3 modes, the 
generator could be placed at z = z,, 23 or z4, which would be at the terminals of 
modes 1, 2 or 3 respectively. Inserting the incident field from (14) into (6) shows 
that, if a delta-gap generator of v,, volts is placed at the terminals of mode m, 
then 


(15) 


1 W. L. Stutzman and G. A. Thiele, Antenna Theory and Design, Wiley, 1981, chap. 7. 
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Element m of V is nonzero only if a nonzero generator is placed at the terminals 
of mode m. 

Now consider the effect of placing a lumped load in the wire. A lumped load 
of Z,,, ohms, placed at the terminals of mode m, will produce a voltage of 
—InZim Volts at these terminals. If we treat this voltage as a dependent delta-gap 
generator, then according to (15) we should add —I,, Z,,, to V,,. However, this is 
an unknown voltage, since initially J,, is unknown. Since it is conventional to 
write all unknowns on the left-hand side of the matrix equation, we add I,, Z,,, to 
both sides of row m of the matrix equation. Thus, it can be seen that a lumped 
load of Z;,, ohms placed at the terminals of mode m simply results in Z,,,,, being 
replaced by:Z. + Z,,.. 

There is no physical break or gap in the wire where a generator or load is 
placed. Thus, the current is continuous through generators and loads. However, 
there is a slope discontinuity, or jump in the derivative of the current, at the 
generator or load. Note that the piecewise sinusoidal modes account for this 
behavior by enforcing continuity of current on the wire and by allowing a slope 
discontinuity at their terminals. 

Next consider the situation where the wire is excited by a normally incident 
plane wave. If a z-polarized plane wave is incident from the + x axis with magni- 
tude E,, then 


E,, = E, e/** (16) 
Inserting (16) into (6) and integrating yields 


a= a0 an (=) (17) 


Example 1 Dipole current distribution and input impedance. Compute the current 
distribution and input impedance of a center-fed dipole antenna. The dipole length 
1 = 4/10 and radius a = 4/10 000. 


Solution. As illustrated in Fig. 9-30 we use N = 3 piecewise sinusoidal modes on the 
dipole and segment the dipole into N + 1 = 4 equal segments of length d = 1/4 = 
0.025A. In this case the 3 x 3 MM matrix (4) can be explicitly written as 


L244 Z12 243 I, Vi 
LZ 1 LZ 233 I, ai Vy (18) 
Z31 Z32 Z33 I, V3 


Since the current on the center-fed dipole is symmetric, J, = I. In this case, we can 
add column 3 of the matrix equation to column 1 and reduce the order 3 matrix 
equation to the order 2 matrix equation 


(Zit + 243) Zy2 elie 19 
Wea + Z,3) fal I, V, oy 
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Table 9-2 Elements of the [Z] matrix 
(VA) for Example 1 


Element Approximate Exact 

ae 0.4935 — j3454 0.4944 — 73426 
Za 0.4935 + j1753 0.4945 + j1576 
Zia 0.4935 + j129.9 0.4885 + j132.2 


Reducing the order of the matrix equation from 3 to 2 greatly reduces the effort in 
the hand calculations required to solve the matrix equation. 

Although [Z] in (18) and (19) contain 9 elements, only 3 are distinct, since 
from the symmetry of the dipole, 


Z44 ao Z 42 a 233 (20) 
Z12 aig Z>1 Bo 23 + Z32 (21) 
Z13 = 231 (22) 


The real part of each Z,,,, is given by (8) as 
RR. = 04933. VA (23) 


The imaginary part of the Z,,, can be computed from (9); however, here we choose 
to use the simpler forms of (10), (11) and (12). Table 9-2 shows the elements in the 
first row of the [Z] matrix of (18) computed by (7), (8), (10), (11) and (12) and by 
King’s exact expressions. Note that the approximate values of [Z] are within 11 
percent of the exact values. 

If the approximate values of [Z] from Table 9-2 are substituted into (19) we 


obtain 
O9869 = j3524 U.4935 4 7lisa i, | | 0 (24) 
0.9869 + j3506 0.4935 — 3454] 1,| [1 

where we have set V, = 1 VA since there is a 1-V generator at the terminals of mode 


2. Equation (24) can be easily solved using Cramer’s rule. The results for the ele- 
ments in the dimensionless current vector are 


I, = 1, = 0.000 328 6 /89.892° (25) 
1, = 0.000 6230 /89.926° (26) 


Dividing (26) by (25), the current ratio J,/I, is very nearly equal to 1.9, indicating a 
nearly triangular current distribution on the dipole. 

The dipole current in amperes can now be obtained by inserting these coeffi- 
cients into (1) with N = 3. Thus, the dipole input or terminal current is J, amperes. 
The input impedance is given by the ratio of the input voltage to the input current; 
that is, 


= 2.083 — j1605Q  (ans,) (27) 
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By contrast, if we were to use the exact values of [Z] from Table 9-2, then the 
results for the current distribution and input impedance would be 


I ,<= I, = 0.000 2498 /90.0° (28) 
15=.0.000 52159,/89.9° (29) 
Z,, = 1.892 —j1916 Q (ans.) (30) 


Example 2 Scattering from a short dipole. Compute the radar cross section’ of the 
same dipole considered in Example 1 for a wave at normal (broadside) incidence 
with the dipole terminated in a (conjugate) matched load. 


Solution. To terminate the dipole in its conjugate matched load, we place a lumped 
load of Z* at the center of the dipole, i.e., at the terminals of mode 2. Using the 
value of Z;,, from (27), } 


Zy. = Z* = 2.083 + j1605 2 (31) 


The impedance matrix for the loaded dipole is identical to that of the unloaded 
dipole except that we add Z,, to the self-impedance of mode 2 to obtain 


Z> = (0.4935 — j3454) + (2.083 + j1605) = 2.576 — j1849 VA (32) 


If the incident electric field is a unit amplitude z-polarized plane wave incident 
from the +x axis, then the elements of the right-hand-side vector are identical and 
given by (17) with E, = 1: 


Vs =10.025 059VAeie 7 See (33) 


Since the excitation and loading of the antenna are symmetric with respect to the 
center of the dipole, the current on the dipole remains symmetric. Thus, the current 
vector can still be computed from the order 2 matrix (19): 


0.9869 — j3324 0.4935 + j1753 ][ I, ] _ [0.02505 Fe 
0.9869 + j3506 2.576 —j1849 1 1,] | 0.02505 oy) 


Equation (34) can be solved using Cramer’s rule. The results for the elements in the 
dimensionless current vector are 


I, = 1, = 0.006 515 /0.581° (35) 
I, = 0.012 35 /0.548° (36) 
The scattered field is given by 


ese ihe (37) 


where E,,, is the free-space electric field of expansion mode F,, as in (3). For a field 
point on the +x axis (i.e., in the backscatter direction) and in the far zone of the 


1 See Sec. 17-5. 
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dipole, the electric field of F,, will be z polarized and given by 


d — jBx 
E,, = j60 tan @ : (V m-3) (38) 
2 x 
Using (38) and the above values for the I, the far-zone backscattered electric field is 
eo JBx 
E, = 0.1199 /90.6° (V m~*) (39) 
The radar cross section of the dipole is 
Beek: 2 
o = 41x lE.P = 0.1806A (ans.) (40) 
10) 


By contrast, if we were to repeat this example with the exact value of [Z] 
from Table 9-2, the results would be 


I, = I, = 0.006 199 /0.0° (41) 
I, = 0.01295 /0.0° (42) 
o = 0.18011? (ans.) (43) 


From (2-20-5) the maximum effective aperture of a short matched lossless dipole is 
given by 


3 
Aon = — A* = 0.11912 (44) 
81 


provided that the dipole length / < 4. The total scattering aperture equals A,,, and 
the radar cross section is this value times the short dipole directivity D (= 1.5) or 


kee ae 


o=\DAe. A* = 0.179/? (45) 
87 


as compared to 0.1806 and 0.180147 above. 


Example 3 Mutual impedance of 2 short dipoles. Compute the mutual impedance 
of 2 short side-by-side dipoles separated by 4/100 as in Fig. 9-32. The dipoles are 
identical to the ones in Examples 1 and 2. 


Solution. To simplify the computations, we place only one piecewise sinusoidal 
mode on each dipole. Thus, the order N = 2 matrix equation for this example is 


earn : 
Z1 Z 2 I, V2 

Only Z,, and Z,, need be computed, since from the symmetry of the dipoles 
Z4, = Zz, and Z,, = Z>;. Z;, 1s evaluated from (7), (8) and (10) with d= —h= 


I/2 = 0.054 and r =a = 0.00011. Z,, is evaluated from the same equations with a 
replaced by s = 0.01/, since h = —d. The results for Z,, and Z,, are shown in 
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Dipole Dipole 


1 2 
d 
!=0.1d 
fe volt = 

d 
Figure 9-32 Geometry for 2 coupled dipoles 
s= of Example 3. The radius of each dipole is 

0.012 0.00012. 


Table 9-3 where they are compared with the exact values of King’ and of Rich- 
mond.” For this simple one mode per dipole solution, Z,, is the mutual impedance 
between the two dipoles. 

Inserting the approximate values from Table 9-3 into (46) we obtain 


P9739 8992 TROT SOr ae S ened (47) 
1.9739 — 11232:8 1.9739) 1992 alti! LO 
In (47) we set V, = 1; since to compute the input impedance of dipole 1, we place a 
1-V generator at the terminals of mode 1. Equation (47) has the solution 
I, = 0.000 509 0 /89.955° (48) 
I, = 0.000 059 49 /—89.616° (49) 


The input impedance is then | 


1 
Zin = 7 = 1.539 — j1964 0 (50) 
1 


in 


The N = 1 mode solution for the input impedance of dipole 1 alone is 


7. = ea 1992 O) (51) 


Table 9-3 Elements of the [Z] matrix 


(VA) for Example 3 

Element Approximate Exact 

Lis 1.9739 — j1992 2.0000 — j1921 
Le 1.9739 — j232.8 1.9971 — j325.1 


* H. E. King, “Mutual Impedance of Unequal Length Antennas in Echelon,” IEEE Trans. Ants. 
Prop., AP-5, 306-313, July 1957. 


* J. H. Richmond, “ Radiation and Scattering by Thin-Wire Structures in a Homogeneous Conducting 
Medium,” IEEE Trans. Ants. Prop., AP-22, 365, March 1974. 
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Table 9-4 Summary of self-impedance, mutual impedance and radar cross 
section for short dipolest 


Modes Equation 
Z, = 1.974 — j1992 Q N = 1 (approx. King) (51) 
= 2.000 — j1921 Q N = 1 (exact King) Z,,1 (exact), Table 9-3 
= 2.083 — j1605 Q N = 3 (approx. King) (27) 
= 1.892 — j1916Q N = 3 (exact King) (30) 
= 1.864 — j1905 Q N = 5 (exact King) J. H. Richmond, 
= 1.856 — j1899 QO N = 7 (exact King) FORTRAN IV program 
(see References below) 
Zm = 1.974 — j233 Q N = 1 (approx. King) Z12 (approx.), Table 9-3 
= 1.997 — j325Q0 N = 1 (exact King) Z12 (exact), Table 9-3 
Z, = Z, — Z,, = 9.000 — j1759 Q N = 1 (approx. King) (51) —Z,,2 (approx.) 
= 0.003 — j1596 Q N = 1 (exact King) Z1; (exact) —Z,> (exact) 
o = 0.18061? (approx. King) (40) 
= 0.180117 (exact King) (43) 
= 0.179A? (short dipole theory, Chap. 2) (45) 


+ Z, = self-impedance = input impedance of isolated dipole, Q 

Z,, = mutual-impedance, Q 

o = radar cross section, A? 

Dipole length, / = 4/10 
Dipole radius, a = 4/10 000 
Dipole separation, s = 4/100 (for Z,,) 
Note that Z, should approach the true value as N increases provided the solution converges, also that the self- 
mutual difference Z, > 0 as s—> 0 and Z, > Z, as s > « (Z,, > 0). 


If the exact values of Table 9-3 are used, the impedance of dipole 1 in the presence 
of dipole 2 is 


Ze = 1382) 18220 (52) 


Table 9-4 gives a summary of self-impedance, mutual impedance and radar 
cross section for short dipoles. 
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PROBLEMS 


9-1 Hallen’s equation. 

(a) What is the initial relation used in developing Hallén’s integral equation? 

(b) Indicate the principal steps required to arrive at the current distribution and 
terminal impedance of a cylindrical antenna by means of Hallén’s integral equa- 
tion. 

9-2 Charge distribution. Determine the electrostatic charge distribution on a cylindrical 
conducting rod with a length-diameter ratio of 6. 

9-3 Dipole impedance. Calculate the input impedance of a cylindrical center-fed dipole 
antenna 4/12 long with a length-diameter ratio of 25. 

9-4 Input impedance of short dipole. Calculate the current distribution and input imped- 
ance of a center-fed dipole antenna 1/15 long with a length-diameter ratio of 200 
using MM. 

9-5 Mutual impedance of short dipoles. Calculate the mutual impedance of 2 side-by-side 
dipole antennas separated by 4/25 with each dipole 4/8 long and 4/100 diameter 
using MM. 

9-6 2/10 dipole impedance. Show that the convergence or true value of the self- 
impedance Z, of the dipole of Table 9-4 is 1.852 — j1895 Q. 


' Available from ASIS-NAPS c/o Microfiche Publications, 305 E. 46th St., New York, NY 10017. 


CHAPTER 


SELF AND 
MUTUAL 
IMPEDANCES 


10-1 INTRODUCTION. The impedance presented by an antenna to a 
transmission line can be represented by a 2-terminal network. This is illustrated 
in Fig. 10-1 in which the antenna is replaced by an equivalent impedance Z con- 
nected to the terminals of the transmission line. In designing a transmitter and its 
associated transmission line, it is convenient to consider that the antenna is 
simply a 2-terminal impedance. This impedance into which the transmission line 
operates is called the terminal or driving-point impedance. If the antenna is iso- 
lated, i.e., remote from the ground or other objects, and is lossless,’ its terminal 
impedance is the same as the self-impedance of the antenna. This impedance has a 
real part called the self-resistance (radiation resistance) and an imaginary part 
called the self-reactance. The self-impedance is the same for reception as for 
transmission. 

In case there are nearby objects, say several other antennas, the terminal 
impedance can still be replaced by a 2-terminal network. However, its value is 
determined not only by the self-impedance of the antenna but also by the mutual 
impedances between it and the other antennas and the currents flowing on them. 
The terminal impedance is the same for both transmission and reception (see next 
section). 


1 By lossless is meant that there is no Joule heating associated with the antenna. There may, of 
course, be radiation. If the antenna is not lossless, an equivalent loss resistance appears at the termin- 
als in series with the self-resistance or radiation resistance (see Sec. 2-15). 
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Antenna 


Transmission 
line 


eee Figure 10-1 Transmission line with antenna and with equivalent 
impedance impedance. 


In Chap. 5 an expression was developed for the radiation resistance (or 
self-resistance) of thin linear antennas. In the following sections this analysis is 
extended to yield expressions for both the self-resistance and the self-reactance. In 
addition, expressions are developed for the mutual resistance and mutual reac- 
tance of two thin linear antennas. These expressions will be used in Chap. 11 to 
find the driving-point impedance in an array of linear antennas. Even though the 
impedances apply strictly to infinitesimally thin antennas, they are useful in con- 
nection with practical types of cylindrical antennas, provided that the antennas 
are thin. 

In developing the subject of antenna impedance, an important and much- 
used theorem is that of reciprocity. Accordingly, this topic is discussed first and 
then applied to the impedance problem. 


10-2 RECIPROCITY THEOREM FOR ANTENNAS. The Rayleigh- 
Helmholtz reciprocity theorem! has been generalized by Carson?” to include con- 
tinuous media. This theorem as applied to antennas may be stated as follows: 


1 Lord Rayleigh, The Theory of Sound, The Macmillan Company, New York, vol. 1 (1877, 1937), pp. 
98 and 150-157, and vol. 2 (1878, 1929), p. 145. 


2 J. R. Carson, “A Generalization of the Reciprocal Theorem,” Bell System Tech. J., 3, 393-399, July, 
1924. 

J. R. Carson, “ Reciprocal Theorems in Radio Communication,” Proc. IRE, 17, 952-956, June 1929. 
Stuart Ballantine, “Reciprocity in Electromagnetic, Mechanical, Acoustical, and Interconnected 
Systems,” Proc. IRE, 17, 929-951, June 1929. 
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ly 
— 
Via Energy 
flow 
Antenna B 
Antenna A 
(a) 
Vy 
ee 
I, Energy 
flow 
Antenna B 
Figure 10-2 Illustrations for reciprocity 
Antenna A (bd) theorem. 


If an emf is applied to the terminals of an antenna A and the current measured at the 
terminals of another antenna B, then an equal current (in both amplitude and phase) 
will be obtained at the terminals of antenna A if the same emf is applied to the termi- 
nals of antenna B. 


It is assumed that the emfs are of the same frequency and that the media are 
linear, passive and also isotropic. An important consequence of this theorem is 
the fact that under these conditions the transmitting and receiving patterns of an 
antenna are the same. Also, for matched impedances, the power flow is the same 
either way. 

As an illustration of the reciprocity theorem for antennas, consider the fol- 
lowing two cases. 


Case 1. Let an emf V, be applied to the terminals of antenna A as in Fig. 10-2a. This 
antenna acts as a transmitting antenna, and energy flows from it to antenna B, 
which may be considered as a receiving antenna, producing a current I, at its ter- 
minals.! It is assumed that the generator supplying the emf and the ammeter for 
measuring the current have zero impedance or, if not zero, that the generator and 
ammeter impedances are equal. 


Case 2. If an emf V, is applied to the terminals of antenna B, then it acts as a 
1 Although the emf V, and the current J, are scalar space quantities, they are complex or vector 


quantities with respect to time phase. The term “phasor” is sometimes used to distinguish such a 
quantity from a true space vector. 
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Figure 10-3 Equivalent circuits used in proof of reci- 
(Dy aes procity theorem. 


transmitting antenna and energy flows from it to antenna A as in Fig. 10-25, 
producing a current [, at its terminals. 
Now if V, = V,, then by the reciprocity theorem J, = I,. 


The ratio of an emf to a current is an impedance. In Case 1, the ratio of V, 
to I, may be called the transfer impedance Z,,, and in Case 2 the ratio V, to I, 
may be called the transfer impedance Z,,. Then, by the reciprocity theorem it 
follows that these impedances are equal. Thus, 


(1) 


g 


In order to prove the reciprocity theorem for antennas, let the antennas and 
the space between them be replaced by a network of linear, passive, bilateral 
impedances. Since any 4-terminal network can be reduced to an equivalent T 
section,’ the antenna arrangement of Case 1 (see Fig. 10-2a) can be replaced by 
the network of Fig. 10-3a. 

The current through the meter is 


Z3 


I,=1,>—> 
b Thebes 


(2) 
where 
Va V(Z,+ Z3) 


|, =-—_————— OO EF 
DIZ [Zig Zeal (Ze Za) UZAZI ZAZIeP ZEZ, 


(3) 


* This is true insofar as the amplitude and phase of the input voltage and output current are con- 
cerned. 
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Introducing (3) into (2) yields the current through the meter in terms of the emf V, 
and the network impedances. Thus, 


ViZ3 


ih. oe a ee ee 4 
RET ELEN TAO TAT (4) 


If the locations of the emf and current meter are interchanged, as in Fig. 
10-3b, we obtain 


V2 


L = 
te AVA SO VAL Yaa 


(5) 
Comparing (4) and (5), it follows that if V,=V, then J,=J,, proving the 
theorem. 


10-3 SELF-IMPEDANCE OF A THIN LINEAR ANTENNA. In 
Sec. 9-16 we discussed how the current distribution and self-impedance of a 
dipole antenna can be obtained using the moment method. In this section we 
consider an induced emf method used by Carter’ in 1932, decades before the 
general availability of powerful computers. Only the self-impedance can be deter- 
mined with the induced emf method, the current distribution being assumed at 
the outset. Since measurements indicate that the current distribution on thin 
dipoles is nearly sinusoidal, except near current minima, this form of distribution 
is assumed. It results in satisfactory values for dipoles with length-diameter ratios 
as small as 100, provided the terminals are at a current maximum. 

Consider a thin center-fed dipole antenna with lower end located at the 
origin of the coordinates as shown in Fig. 10-4. The antenna is situated in air or 
vacuum and is remote from other objects. Since the antenna is thin, a sinusoidal 
current distribution will be assumed with the maximum current J, at the termi- 
nals. Only lengths L which are an odd multiple of 4/2 will be considered so that 
the current distribution is symmetrical, with a current maximum at the terminals. 
The current distribution shown in Fig. 10-4 is for the case where L = 4/2. The 
current at a distance z from the origin is designated J, . Then 


IAS Fesint pz (1) 


Suppose that an emf V,, applied to the terminals of the antenna of Fig. 10-4 
produces a current J, at a distance z from the lower end. The ratio of V,, to J, 


1p S. Carter, “Circuit Relations in Radiating Systems and Applications to Antenna Problems,” 
Proc. IRE, 20, 1004-1041, June 1932. 

A. A. Pistolkors, “The Radiation Resistance of Beam Antennas,” Proc. IRE, 17, 562-579, March 
1929. 

R. Bechmann, “Calculation of Electric and Magnetic Field Strengths of Any Oscillating Straight 
Conductors,” Proc. IRE, 19, 461-466, March 1931. 

R. Bechmann, “On the Calculation of Radiation Resistance of Antennas and Antenna Com- 
binations,” Proc. IRE, 19, 1471-1480, August 1931. 


414 io SELF AND MUTUAL IMPEDANCES 


Figure 10-4 Center-fed linear 4/2 antenna. 


may be designated as the transfer impedance Z,,. Thus, 


Via 
Jb ie 2 
1z I ( ) 


Zz 


Next let the applied field at the antenna and parallel to it be E,. This is the 
field produced by the antenna’s own current as though it were flowing in empty 
space. This field induces a field E,, at the conductor such that the boundary 
conditions are satisfied. For a perfect conductor these conditions are that the 
total field E,, is zero or that E,,= E, + E,;=0 and therefore E,; = —E,. The 
emf dV, produced by the induced field over a length dzis —E, dzor 


dV, = —E, dz (3) 


If the antenna is short-circuited, this emf will produce a current dJ, at the termi- 
nals. Then the transfer impedance Z,, is given by 


dV 
Z, oan Z 


Since the reciprocity theorem (Sec. 10-2) holds not only for 2 separate 
antennas but also for 2 points on the same antenna, it follows that the transfer 
impedances of (2) and (4) are equal. Therefore, 


Via dV, —E, dz 
HAZ, =Z7,,=—= 
and Via dl, mS —I_E, dz (6) 


The terminal impedance Z,, of the antenna is given by the ratio of Vis to 
the total terminal current J,. Thus, 


ait are (7) 
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The impedance Z,, is a constant and is independent of the current amplitude. 
This follows from the fact that the system is linear. Therefore, Z,, can also be 
expressed as the ratio of an infinitesimal emf dV,, at the terminals to an infinitesi- 
mal current dJ, at the terminals, or 


V, dV, 
mee ely Sos 
pirerei ina (8) 
from which 
V,, aI, =1, dV,, (9) 
Substituting (9) into (6), 
ass bs 
GV ae Ez (10) 
I, 
Integrating (10) over the length of the antenna, we obtain 
1 L 
Mia - 7 | Tbe (11) 
I, 10) 


where V,, is the emf which must be applied at the terminals to produce the 
current J, at the terminals. The terminal impedance Z,, is then 


L 
i gaat -7| Lb, dz (12) 
Ii 10) 

Since the antenna is isolated, this impedance is called the self-impedance. In (12) 
E, is the z component of the electric field at the antenna caused by its own 
current. It will be convenient to indicate explicitly this type of field by the symbol 
E,, in place of E,. Introducing also the value J, from (1) into (12), we obtain for 
the self-impedance 


L 
Vlg Si -;| E,, sin Bz dz (13) 
I; Jo 

To evaluate (13), it is first necessary to derive an expression for the field E,, 
along the antenna produced by its own current. Substituting this into (13) and 
integrating, it is possible to obtain an expression which can be evaluated numeri- 
cally. The steps in this development are given in the following paragraphs. 

If expressions can be written for the retarded scalar potential V due to 
charges on the antenna and for the retarded vector potential A due to currents 
on the antenna, then the electric field everywhere is derivable from the relation 


E = —VV —j@A (14) 
More particularly, the z component of E is given by 
OV 
E, = —— —j@A, (15) 


Ze Wwuihhs Oz 
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Pp ,.6,62) 


Figure 10-5 Relation of coordinates to antenna. 


Referring to Fig. 10-5, let the antenna be coincident with the z axis. A point 
on the antenna is designated by its distance z, from the origin. A point P in space 
is given in cylindrical coordinates by p, ¢, z. Other distances are as shown. Only 
lengths L which are an odd multiple of 4/2 will be considered. Thus, 


idle 


2 
WhHELE Mi lad. ann. 


The scalar potential V at any point is given by 


tee p 
V= eS {|| : dt (16) 


where p is the volume charge density, r the distance from the charge element to 
the point and dt is a volume element. From Fig. 10-5, 


= /Prenay 


In the case of a thin wire of length L, (16) reduces to 


1 L 
Vesa | Petey (17) 
Ane Jo IF 


where p, = linear charge density on the wire 


The vector potential A at any point is given by 


_ Ho ||| I 
ante [2a (18) 


where J = the current density 
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In the case of a thin wire (18) reduces to 


4,= fe | tae, (19) 
Ce ar ae 
where J,, = the current on the wire 

By the continuity relation between current and linear charge density 


Ol 
i cme iE dt (20) 
OZ, 


The current on the antenna is assumed to have a sinusoidal distribution as 
given by (1). Introducing the retarded time factor, we have for the retarded 
current 


I,, =I, sin Bz, eet - (21) 


Substituting (21) into (20) and performing the indicated operations, the retarded 
linear charge density is 


BL 
jie JBL cOspz,e 0 (22) 
a) 
Introducing (22) into (17) and noting that B/m = 1/c, the retarded scalar potential 
1S 


i] joot Ib — jpr 
ae! i@ | cos fz,e ‘ (3) 


Ate c Jo r 


Likewise, introducing (21) into (19), the z component of the retarded vector 
potential is 


ras Uetiee i sin Bz,e a (24) 
An 0 r 
By de Moivre’s theorem, 
cos Bz, = 4(e/?1 + e7 JP!) (25) 
| aoe 
and sin Bz, = me (e/821 _ @~ JB21) (26) 


Making these substitutions in (23) and (24), 


Wine L e JBlz1 atin) ae eI Blz1 —F) 
8m C 


az, (27) 


0 r 


and A, 


: lot (Li jjbit oh © J R(z1 Pr) 
_ idole! [ ie ae (28) 


87 


0 r 


Equations (27) and (28) give the retarded scalar and vector potentials 
caused by current on the antenna with the assumed sinusoidal distribution. Sub- 


418 10 SELF AND MUTUAL IMPEDANCES 


stituting these equations into (15) yields an expression for the z component of the 
electric field everywhere. Thus, 


‘T. eit (LE @ (e~iBErt 4 eibla1—) 
re eee | (ee a: 


Zz 


BEC Jo OZ iP 
T,eie (4 man | 10-4 Waal pee UTE lat d) 
ee OE Shs i ene et (29) 
il 
87 0 r 
iT, eft (e—jbri sg SBr2 
E, = —-—— + (30) 
Am, Cc ry r> 


where 


oe 8 ee (31) 
and r, =./p* + (L—2z)? (32) 


The factor 1/4ne,c ~ 1202/4 = 30. Also putting the time factor equal to its 
absolute value e/ = 1, Eq. (30) becomes 


e JBri e JBr2 
Ee -j301,( + (33) 
ry r2 
At the antenna (31) and (32) become 
r,=2Z (34) 
and r,=L—-2z (35) 


Substituting these into (33) yields the value of the z component of the electric 
field E,, at the antenna due to its own current. Thus, 


eo ibz sa) 


+ 


es (36) 


Pig ~301,( 


Introducing (36) into (13) we obtain the self-impedance Z,, of a thin linear 
antenna an odd number of 4/2 long. Hence, 


L (eo ibz 9 — JBL 2) 
Zi 700 | ( ae | sin Bz dz (37) 
0 Zz L—z 
Applying de Moivre’s theorem to sin fz, 
L SH Ppa 1 — jBL ei2bz aifh 
Ae -15 | [Ate] dz (38) 
0 Z L—z 
For L = n//2 where n = 1, 3, 5,...,e ##4§ =e J*" = —1, so that (38) becomes 
L PP ea 1 JZBz 1 
They -15 | — dz (39) 
0 Zz L—z 


L 1 — e~ s2bz L 1 — ei2hz 
or Aes te ae +15 | zant 7 Ti) (40) 


0 guinh =ez 
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In the first integral let 
Wie pe or Gu 2h az 


The upper limit z=L becomes u=2f8L=2zn, while the lower limit is 
unchanged. The first integral then transforms to 


2mn yea — ju 
15 | ae (41) 
0 u 
In the second integral let 

v = 2B(L — 2) or dv = —2f dz 


The upper limit becomes zero while the lower limit becomes 27n. The second 
integral then transforms to 


10) 1 eran) 2nn 1 ee Je 
-15 | oe v= 15 | ab) iy (42) 
2nn Vv (0) D 


Equations (41) and (42) are definite integrals of identical form. Since their limits 
are the same, they are equal. Therefore (40) becomes 


2mn i= — ju 
Gee) | de (43) 
0 u 
If we now put w = ju, (43) transforms to 


j2nn Ne Se ay 
Zoe 20 | mean ae (44) 


0) 


The integral in (44) is an exponential integral with imaginary argument. It is 
designated by Ein (jy). Thus,’ 


Poles 200 


Pin (jy) = | dw (45) 


0) 


In our case y = 2zn. This integral can be expressed in terms of the sine and 
cosine integrals discussed in Sec. 5-6. Thus, 


Ein (jy) = Cin (y) + j Si (y) (46) 

or Ein (jy) = 0.577 + In y — Ci (y) + j Si (y) (47) 
Hence, the self-impedance is 

Zi. = Ri, + JX, = 30[Cin Qn) +7 Si (22n)] (48) 

or Z11 = 300.577 + In (2an) — Ci (2nn) + j Si (27) ] (Q) (49) 


1 See, for example, S. A. Schelkunoff, Applied Mathematics for Engineers and Scientists, Van Nostrand, 
New York, 1948, p. 377. 
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| >} 
alae 


The self-resistance is 
R,, = 30 Cin (2an) = 30(0.577 + In (22n) — Ci (22n)] (Q) (50) 


and the self-reactance is 


Figure 10-6 4/2 and 3A/2 antennas. 


X,,=30Si(2zn) (Q) (51) 


These equations give the impedance values for a thin linear center-fed 
antenna that is an odd number (n) of 4/2 long. The current distribution is 
assumed to be sinusoidal (Fig. 10-6a). The values are those appearing at the ter- 
minals at the center of the antenna. 

In the case of a A/2 antenna as shown in Fig. 10-6a, n = 1, and we have for 
the self-resistance and self-reactance 


R,, = 30 Cin (22). ©) (52) 
and X,,=30Si(22) @) (53) 


The value of (52) is identical with that given for the radiation resistance of a 4/2 
antenna, in Sec. 5-6, Eq. (5-6-23). Evaluating (52) and (53), we obtain for the self- 
impedance 


Za Ra +HX44.= 13 + j42.5.0 (54) 


Since X,, is not zero, an antenna exactly 4/2 long is not resonant. To obtain a 
resonant antenna, it is common practice to shorten the antenna a few percent to 
make X,, = 0. In this case the self-resistance is somewhat less than 73 Q. 

For a 34/2 antenna as shown in Fig. 10-6b, n = 3, and the self-impedance is 


Z11 = 30[Cin (67) + j Si (6z)] 
or Zi = 105:5.4-945.5:0 (55) 


It is interesting that the self-reactance of center-fed antennas, an exact odd 
number of 1/2 long, is always positive since the sine integral Si (2zn) 1s always 
positive. For large n the sine integral converges around a value of 2/2 (see Fig. 
5-12b) which corresponds to a reactance of 47.1 Q. It should be noted that for 
antenna lengths not an exact odd number of 4/2 the reactance may be positive or 
negative. However, the foregoing analysis of this section is limited to antennas 
that are an exact odd number of 4/2 long. 

For large n, the self-resistance expression (50) approaches the value 


R,, = 30[0.577 + In (2zn)] (56) 
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I=5 
Ground 
plane 
ie 


(a) 
(5) ; 
Figure 10-7 Stub antenna of length / at (a) and 
center-fed antenna of length L at (b). 


since Ci (2mn) approaches zero. Thus, the self-resistance continues to increase 
indefinitely with increasing n but at a logarithmic rate. 

The more general situation, where the antenna length L is not restricted to 
an odd number of 4/2, has also been treated.’ The antenna is center-fed, and the 
current distribution is assumed to be sinusoidal (see Fig. 5-8). The self-resistance 
for this case is 


L L 
eds 3 (1 — cot? * Cin 2BL + 4 cot? 'S Cin BL 


peo (Si 2BL — 2 Si pu) (Q) (57) 


ee 
When the length L is small, (57) reduces very nearly to 
Ry, =S(BL)Y — (Q) (58) 


which is the same as (2-20-3) when I,,, = (1/2) Io. 

For the special case of L = n/j/2, where n = 1, 3, 5, ..., (57) reduces to the 
relation given previously by (50). 

The above discussion of this section applies to balanced center-fed 
antennas. For a thin linear stub antenna of height / perpendicular to an infinite, 
perfectly conducting ground plane as in Fig. 10-7a, the self-impedance is > that 
for the corresponding balanced type (Fig. 10-7b). The general formula (57) for 
self-resistance can be converted for a stub antenna above a ground plane by 
changing the factor 30 to 15 and making the substitution L = 2/. The formulas 
(50) and (51) can be converted for a stub antenna with ground plane where the 
antenna is an odd number n of 4/4 long by changing the factor 30 to 15. Thus, for 


1G. H. Brown and R. King, “High Frequency Models in Antenna Investigations,” Proc. IRE, 22, 
457-480, April 1934. 

J. Labus, “Recherische Ermittlung der Impedanz von Antennen,” Hochfrequenztechnik und Electro- 
akustik, 17, January 1933. 
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a 1/4 antenna perpendicular to an infinite, perfectly conducting ground plane, the 
self-impedance is 


2. = 36.5 +j210 


10-4 MUTUAL IMPEDANCE OF TWO PARALLEL LINEAR 
ANTENNAS. The mutual impedance of 2 coupled circuits is defined in circuit 
theory as the negative of the ratio of the emf V,, induced in circuit 2 to the 
current I, flowing in circuit 1 with circuit 2 open. Consider, for example, the 
coupled circuit of Fig. 10-8 consisting of the primary and secondary coils of a 
transformer. The mutual impedance Z,, is then 


Z41= 7-7 (1) 


where V>, is the emf induced across the terminals of the open-circuited secondary 
by the current I, in the primary. The mutual impedance, so defined, is not the 
same as a transfer impedance such as discussed in connection with the reciprocity 
theorem in Sec. 10-2. In general, a transfer impedance is the ratio of an emf 
impressed in one circuit to the resulting current in another with all circuits closed. 
For example, if the generator in Fig. 10-8 is removed from the primary and is 
connected to the secondary terminals, the ratio of the emf V applied by this 
generator to the current J, in the closed primary circuit is a transfer impedance 
Z,. Thus, 


ee (2) 


This impedance is not the same as the mutual impedance Z,, given in (1). 

Instead of the coupled circuit of Fig. 10-8, let us consider now the case of 2 
coupled antennas 1 and 2 as shown in Fig. 10-9. Suppose a current I, in antenna 
1 induces an emf V,, at the open terminals of antenna 2. Then the ratio of —V,, 
to I, is the mutual impedance Z,,. Thus, 


(3) 


If the generator is moved to the terminals of antenna 2, then by reciprocity 
the mutual impedance Z,, or ratio of —V,, to I, is the same as before, where V,, 


Sec. Figure 10-8 Coupled circuit or transformer. 


10-4 MUTUAL IMPEDANCE OF TWO PARALLEL LINEAR ANTENNAS 423 


faq, te= Es 


I, Voy 


1 2 Figure 10-9 Parallel coupled antennas. 


is the emf induced at the open terminals of antenna 1 by the current J, in 
antenna 2. Thus, 


—= = 23, = 2,2 = —— (4) 


To calculate the mutual impedance, we need to know V,, and J,. Let the 
antennas be in the z direction as shown in Fig. 10-9. The emf — V,, induced in an 
antenna by its own current is indicated by (10-3-11). To obtain the emf V,, 
induced at the open terminals of antenna 2 by the current in antenna 1, we set 
Pa Vi, — —V>,, and 1, = I, in (10-3-11). Then 


1 L 
Va, = ~ | I, E,, dz (5) 
I, Jo 


where J, is the maximum current and I, the value at a distance z from the lower 
end of antenna 2 with its terminals closed, and where E,, is the electric field 
along antenna 2 produced by the current in antenna 1. Assuming that this 
current distribution is sinusoidal as given by 


I, = 1, sin pz (6) 
so that (5) becomes 
L 
0) 
then 
—V. ays 
Loot — a = -;| E>, sin Bz dz (8) 
I, I, O 


This is the general expression for the mutual impedance of two thin linear, 
parallel, center-fed antennas with sinusoidal current distribution. We will con- 
sider first the situation where both antennas are the same length L, where L is an 
odd number of //2 long (L = nd/2; n = 1, 3, 5, ...). A case of particular interest is 
where both antennas are 4/2 long (n = 1). The relative positions of the antennas 
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may be divided into three situations: side-by-side, collinear or end-to-end, and 
staggered or in echelon. These arrangements are illustrated in Fig. 10-10. Mutual 
impedance expressions for the three arrangements are given in the following sec- 
tions. 


10-5 MUTUAL IMPEDANCE OF PARALLEL ANTENNAS 
SIDE-BY-SIDE. Let d be separation of the antennas. Referring to the arrange- 
ment of Fig. 10-10a and Fig. 10-11, the field E,, along antenna 2 produced by 
the current J, in antenna 1 is given by (10-3-33) where 


ta deen (1) 
and ry ede)? (2) 

Substituting this into (10-4-8), the mutual impedance becomes 
FEN { feptfvd ==) (—iBy/d? + 2°) | exp [~jB/d? + (L - exp [—the/d’ += I\ sin ES 

0 a de fase! d? + (L — 2) 
Carter has shown that upon integration of (3), 
Z >, = 30{2 Ei (—jBd) — Ei [—jp(./d? + 2 +L) 

—Fi[-jh/?+P-LI} © @ 


where the exponential integral 
Fi (+jy) = Ci (y) +f Si (y) (5) 
Thus, the mutual resistance is. 
Rs, 930520 (ali Gi pa dea) 
—Ci[BQ/d + EL) eae 


' | 


ie Mr] 
omnes 


Collinear Staggered or in echelon 
(a) (d) (c) 


Figure 10-10 Three arrangements of two parallel antennas. 
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ra 


[4-0 


ae 1 ine 2 Figure 10-11 Parallel coupled antennas with dimensions. 


and the mutual reactance is 
X>5, = —30{2 Si (Bd) — Si [B(. /d?7+2P +L) 
—Si[fi/a+e-L)}} ©) 7 


Ry, +jX1 = Zo, = Z12 = Ry. +jX42 (8) 


and where L = nA/2 for n odd. 

The mutual resistance and reactance calculated by (6) and (7) for the case of 
4/2 antennas (L = 1/2) are presented by the solid curves in Fig. 10-12 as a func- 
tion of the spacing d. The mutual resistance R,, is also listed in Table 10-1. 

An integral-equation method for the calculation of the mutual impedance of 
linear antennas has been presented by King and Harrison’ and by Tai.* The 
method is related to that discussed in Chap. 9. In this method the diameter of the 
antenna conductor is a factor. By way of comparison, curves for the mutual 
resistance and reactance given by Tai are also shown in Fig. 10-12. The dashed 
curves are for a total length-diameter ratio (L/D) of 11000 (very thin antenna) 
and the dotted curves for a ratio of 73. 

In Table 10-1 the quantity R,, — R,,, which is important in array calcu- 
lations, is also tabulated. When d is small, it has been shown by Brown? that this 
quantity is given approximately by the simple relation 


Ri, — R2, = sor(4) = s92.2( 2) (Q) (9) 


where 


A 


where / = the free-space wavelength 


1, R. King and C. W. Harrison, Jr., “Mutual and Self Impedance for Coupled Antennas,” J. Appl. 
Phys., 15, 481-495, June 1944. 

2 C. T. Tai, “Coupled Antennas,” Proc. IRE, 36, 487-500, April 1948. 

3 G. H. Brown, personal communication to the author, June 16, 1938. 
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Figure 10-12 Curves of mutual resistance (R,,) and reactance (X,,) of two parallel side-by-side 
linear A/2 antennas as a function of distance between them. Solid curves are for infinitesimally thin 
antennas as calculated from Carter’s formulas. Dashed and dotted curves between 0 and 1.0A spacing 
are from Tai’s data for antennas with L/D ratios of 11000 and 73 respectively. 


This relation is accurate to within 1 percent when d < 0.05/ and to within about 
5 percent when d < 0.14. 

In the more general situation where the antenna length L is not restricted 
to an odd number of 4/2, the mutual resistance and reactance are given by Brown 
and King’ as 


1 
R,, =30 > 
ath sin? (BL/2) 


scot ME ci PFE -D +a S FFE + D)| 

+ cos BL[Ci p(./d? + 2 — L) + Ci Bi /d? + P + L)) 

+ sin pu) si Bi. /@ + 2 +L)—Si pi /@ + BL) 

-28i5 JP 4B +1428 5a oe—D| (Q) (10) 


120 + cos BL) Ci Bd 


1G. H. Brown and R. King, “High Frequency Models in Antenna Investigations,” Proc. IRE, 22, 
457-480, April 1934. 


10-5 MUTUAL IMPEDANCE OF PARALLEL ANTENNAS SIDE-BY-SIDE 427 


Table 10-1 Mutual _ resistance versus 
spacing for thin center-fed side-by-side 14/2 
antennas (SL = 180°), with sinusoidal 
current distribution 


Mutual Self minus 


resistance mutual resistance 

Spacing d Reis 62 (R,, — R2,), 2 
0.00 73,13 0.00 

0.01 73.07 0.06 

0.05 71.65 1.48 

0.10 67.5 5.63 

0.125 64.4 8.7 

0.15 60.6 12.5 

0.20 51.6 2TS 

0.25 40.9 32:2 

0.3 29.4 43%) 

0.4 + 6.3 66.8 

0.5 —12.7 85.8 

0.6 — 23.4 96.5 

0.7 —24.8 97.9 

0.8 — 18.6 91.7 

0.9 —7.2 80.3 

1.0 + 3.8 69.3 

it +12.1 61.0 

2 + 15.8 Wie) 

1.3 +12.4 60.7 

1.4 + 5.8 67.3 

1.5 —2.4 15 

1.6 — 8.3 81.4 

i7/ —10.7 83.8 

1.8 —9.4 82.5 

1.9 —48 77.9 

2.0 +1.1 72.0 

and 
x yee 2(2 + cos BL) Si Bd 
= Reet Sat ae a COS 1 
o sin? (BL/2) 


+ 400s? FE] si (fae + 1? — L) + Sif ( /4P + 2 +1)| 
— cos BL[Si B(./d* + 2 — L) + Si B./d? + 2 + L)] 
+ sin pu] ci BG /d2 +22 +L) — Gi p./d2+4 2 —L) 


208 a +B + +2084 +E-y| (Oy er rit 
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1 2 


= 


d l 


Ground plane Figure 10-13. Two coupled linear parallel stub antennas. 


In the special case of L = nd/2, where n is odd, (10) and (11) reduce to the 
relations given previously by (6) and (7). 

The above relations of this section apply to balanced center-fed antennas. 
The mutual impedance of two stub antennas of height / = L/2 above an infinite, 
perfectly conducting ground plane as in Fig. 10-13 is 3 that given by (6) and (7) 
or (10) and (11). These relations are converted to the ground-plane case by chang- 
ing the factor 30 to 15 and making the substitution L = 21. 


10-6 MUTUAL IMPEDANCE OF PARALLEL COLLINEAR 
ANTENNAS. Let each antenna be an odd number of 4/2 long and arranged as 
in Fig. 10-10b. For the case where h is greater than L, Carter’ gives the mutual 
resistance and reactance as 


R>, = —15 cos pil -2 Ci 2Bh + Ci 2P(h — L) + Ci 2B(h + L) — In (=) 


+ 15 sin Bh [2 Si 2Bh — Si 2B(h — L) — Si 2B(h + L)] (Q) (1) 
and 


X,, = —15 cos Bh[2 Si 2Bh — Si 2P(h — L) — Si 2B(h + L)] 


} h? — LP 
+15 sin pn 2 Ci 2Bh — Ci 2B(h — L) — Ci 2B(h + L) — In ( h )] (Q) (2) 
Curves for R,, and X,, of parallel collinear 4/2 antennas (L = 1/2) are 
presented in Fig. 10-14 as a function of the spacing s where s=h — L (see 
Fig. 10-10b). 


10-7 MUTUAL IMPEDANCE OF PARALLEL ANTENNAS IN 
ECHELON. For this case the antennas are staggered or in echelon as in 
Fig. 10-10c. Each antenna is an odd number of 4/2 long. The mutual resistance 


1 Pp. S. Carter, “Circuit Relations in Radiating Systems and Applications to Antenna Problems,” 
Proc. IRE, 20, 1004-1041, June 1932. 
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Spacing, sy 


Figure 10-14 Curves of mutual resistance (R,,) and reactance (X,,) of two parallel collinear infini- 
tesimally thin 4/2 antennas as a function of the spacing s between adjacent ends. 


and reactance of two such antennas are given by Carter’ as 
R,, = —15 cos Bh(-2 Ci A-2CiA+CB4+aB4+QaC+aC) 
+ 15 sin Bh(2 Si A—2 Si A’ —SiB+Si B—Sic+Si C) (Cyan: (i 


a 
I 


—~15 cos Bh(2 Si A + 2 Si A’ — Si B— Si B’ — SiC — SiC’ 
Mis sin fh Cid — 2. Ci A’ — Ci B+ Ci BGC + Ci Cy’ (GQ) 


where A = f(,/d? + h? + h) 
A’ = p(./d2 + h? —h) 
B= B[./d? + (h—L)* +(h—L)] 
d? + (h— L)? —(h—L)] 
C = Bl. /d? + (h+ L)? +(h+ L)] 
C’ = pl. /d? +(h +L? —(h+ D] 


Values of the mutual resistance in ohms as calculated from (1) are listed in 
Table 10-2? as a function of d and h for the case where the antennas are 4/2 long 
(L = 4/2), as indicated in Fig. 10-15. 

The staggered or echelon arrangement is the more general situation of 
which the side-by-side position (Sec. 10-5) and the collinear position (Sec. 10-6) 
are special cases. 


1p. S. Carter, “Circuit Relations in Radiating Systems and Applications to Antenna Problems,” 
Proc. IRE, 20, 1004-1041, June 1932. See also H. E. King, “Mutual Impedance of Unequal Length 
Antennas in Echelon,” IEEE Trans. Ants. Prop., AP-5, 306-313, July 1957. 


2 All but a few values are from a table by A. A. Pistolkors, “The Radiation Resistance of Beam 
Antennas,” Proc. IRE, 17, 562-579, March 1929. 
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| A 
| 2 
a h 
| | 
| Figure 10-15 Two parallel linear 4/2 antennas in echelon. 


10-8 MUTUAL IMPEDANCE OF OTHER CONFIGURATIONS. 
There are many other antenna configurations for which the mutual impedance 
may be of interest. The variety is enormous, but two will be mentioned and 
references given which the reader may consult for further information. 


1. Parallel antennas of unequal height. This case has been treated by Cox.’ His 
data apply specifically to stub antennas perpendicular to an infinite, perfectly 
conducting ground, but can be used with symmetrical center-fed antennas of 
twice the length by multiplying the resistance and reactance values by 2 (see 
also Howard E. King?). 


2. V or skew antennas. Some antenna systems involve nonparallel linear radi- 
ators. The mutual impedance of such inclined antennas are readily calculated 
by the moment method, as, for example, by J. H. Richmond’s FORTRAN IV 
program, ASIS-NAPS Document NAPS-02223 (see References at the end of 
Chap. 9). 


For two short dipoles, however, a simple, useful relation can be derived as 
follows. 

Referring to Fig. 10-16, consider the 2 short center-fed dipoles 1 and 2 of 
length L, and L’, separated by a distance r, with orientation angles 6 and @ as 
indicated. The mutual impedance Z,, is given by the ratio of the voltage V,, 
induced in dipole 2 by the current I, flowing in dipole 1. Then for L, < 1, L, < 1 
andr, > 1, we have, from (5-2-34), 


V4 60n Es 


Z1 aa 


SES sin 0 e /®"L’, sin 6’ (1) 
I, ry 


*C. R. Cox, “Mutual Impedance between Vertical Antennas of Unequal Heights,” Proc. IRE, 35, 
1367-1370, November 1947. 


* H. E. King, “Mutual Impedance of Unequal Length Antennas in Echelon,” IEEE Trans. Ants. 
Prop., AP-5, 306-313, July 1957. 


10-8 MUTUAL IMPEDANCE OF OTHER CONFIGURATIONS 431 


Table 10-2 Mutual resistance as a function of d and h (Fig. 10-15) 
for thin 1/2 antennas in echelon 


Spacing h 
Spacing d 0.0A 0.5A 1.0A iPey, 2.0A 2.5A 3.0A 
0.0A + 73.1 + 26.4 —4.1 +1.8 —1.0 +0.6 —0.4 
0.5A —12.7 —11.8 —0.8 +0.8 —1.0 +0.5 —0.3 
1.0A + 3.8 + 8.8 + 3.6 —2.9 +1.1 —0.4 +0.1 
1.5A —2.4 — 5.8 — 6.3 + 2.0 +0.6 —1.0 +0.9 
2.0A +1.1 + 3.8 +6.1 +0.2 —2.6 + 1.6 —0.5 
2k —0.8 —2.8 —5.7 —2.4 +2.7 —0.3 —0.1 
3.0A + 0.4 +1.9 +4.5 +3.2 —2.1 —1.6 +1.7 
3.5A —0.3 —1.5 —3.9 — 3.8 +0.7 +2.7 —1.0 
4.0A +0.2 +1.1 +3.1 +3.7 +0.5 —2.5 —0.1 
4.54 —0.2 —0.9 —2.5 —3.4 —1.3 + 2.0 +1.1 
5.0A +0.2 +0.7 +2.1 + 3.1 +1.8 —1.4 —1.9 
552 —0.1 —0.6 —1.8 —2.9 —2.2 +0.5 +1.8 
6.0A +0.1 + 0.5 + 1.6 +2.6 +2.3 —0.1 —2.0 
6.5A —0.1 —0.5 —1.2 —2.3 —2.3 —0.5 + 1.7 
T.0A +0.1 + 0.4 + 1.1 +2.1 +2.3 +0.9 —1.3 
7.5A COM 084 10% F219 PSR 10 +07 
Magnitude Orientation Periodic function 
O07 La es CoN 
or Zi a ae (sin 6 sin 6’) (sin 2xr, + j cos 2zr,) (2) 
a 
with maximum value 
60nL, Li 
Z,(max) = 3 (Q) (3) 
A 


We note in (2) that there are 3 factors: the first is a magnitude factor involv- 
ing the lengths of the dipoles and their separation, the second involves their 
mutual orientation, while the third factor is a periodic or complex function of unit 
magnitude giving the phase as a function of the separation distance. The mutual 
impedance for antennas, in general, involves these 3 factors. 


Figure 10-16 Two short center-fed dipoles of length L, and 
L’, with separation r, and orientation angles 6 and 6’ for 
mutual impedance equation. 
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10-9 MUTUAL IMPEDANCE IN TERMS OF DIRECTIVITY 
AND RADIATION RESISTANCE. Consider a transmitting antenna and 
a receiving antenna separated by a distance r. The power delivered to the receiv- 
ing antenna load under matched conditions is 


mA 


P 
; R 


(W) (1) 


i 


where V, = voltage induced at terminals of receiving antenna, V 
R, = radiation resistance of receiving antenna, Q 


The power transmitted is given by 
P,= Ink (W) (2) 


where J, = current at terminals of transmitting antenna, A 
R, = radiation resistance of transmitting antenna, Q 


From (1) and (2), the magnitude of the mutual impedance of the antennas is 


|Zn| =~ = =2 /Z SRR, (3) 
IF P,/R, P, 
From the Friis transmission formula (2-25-5), 
Po ALAS. 
marl a er e 4 
Pare) 2 4) 


where A,, = effective aperture or receiving antenna, m7 
A., = effective aperture of transmitting antenna, m7 


Introducing (4) in (3), the maximum mutual impedance becomes 


2. /:A A ORR 
Zainaxe eee ers (5) 


However, the directivity D = 42A,/A*, so the maximum mutual impedance can be 


reexpressed as 
./D,D,R,R 
[Ze | OAK ors ee (2) 


2mr, 


(6) 


where D, = directivity of receiving antenna, dimensionless 
D, = directivity of transmitting antenna, dimensionless 
R, = radiation resistance of receiving antenna, Q 
R, = radiation resistance of transmitting antenna, Q 
r, = separation, wavelengths 


Thus, the mutual impedance of two antennas is a function of their directivities (or 
apertures) and radiation resistances. In the above, the restriction applies that the 
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separation distance is large compared to the antenna dimensions and also that 
r>i. 


Example. Calculate the maximum mutual impedance of 2 center-fed dipole 
antennas 0.14 long separated by 104. Assume uniform current distribution on the 
dipoles. The receiving antenna is terminated for maximum power transfer. 


Solution. From (6) and (2-20-3) (and also the table of Sec. 2-24), 


SN any ee SD isa G 
x) = ———_ = 0. 
+ 2n x 10 
From (10-8-3), 
60n x 0.12 
Z,,(max) = See — 0.1885 9 


Although (6) and (10-8-3) bear little resemblance, except for the r, in the denomina- 
tor, both yield an identical impedance. 


ADDITIONAL REFERENCES FOR CHAP. 10 


Rhodes, D. R.: “A Reactance Theorem,” Proc. Roy. Soc. Lond. A, 353, 1-10, 1977. 
Uda, S., and Y. Mushiake: “On the Theory of Antennae with Discontinuous Thickness,” Tech. Rept. 
Tohuku Univ., 14, no. 2, 1950. 


Uda, S., and Y. Mushiake: “Theoretical Calculation of the Input Impedances of Two Parallel 
Antennae,” Sci. Rept. Res. Inst. Tohoku Univ., B-1, 2, no. 1, 1951. 


PROBLEMS' 
*10-1 A 54/2 antenna. Calculate the self-resistance and self-reactance of a thin, sym- 
metrical center-fed linear antenna 5A/2 long. 
10-2 Parallel side-by-side 1/2 antennas. Calculate the mutual resistance and mutual 
reactance for two parallel side-by-side thin linear 4/2 antennas with a separation 
of 0.154. 
10-3. Two j/2 antennas in echelon. Calculate the mutual resistance and reactance of two 
parallel thin linear 2/2 antennas in echelon for the case where d = 0.25/ and 
= 1.25, (see Fig. 10-15). 
10-4 Brown’s equation. Prove Brown’s relation R,, — Rj, = 60n7(d/j)* given in 
(10-5-9). 
*10-5 Three side-by-side antennas. Three antennas are arranged as shown in Fig. P10-5. 
The currents are of the same magnitude in all antennas. The currents are in phase 
in (a) and (c), but the current in (b) is in antiphase. The self-resistance of each 


1 Answers to starred (*) problems are given in App. D. 
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antenna is 100 Q, while the mutual resistances are: R,, = R,, = 40 Q and R,, = 
—10Q. What is the radiation resistance of each of the antennas? The resistances 
are referred to the terminals, which are in the same location in all antennas. 


a b c Figure P10-5 Three side-by-side antennas. 


10-6 Self-resistance and mutual resistance. Explain why the mutual resistance of two 
antennas can be both positive and negative but the self-resistance of a single 
antenna can only be positive. 


10-7 Terminal impedance. 

(a) Show by means of an equivalent network that at the terminals of a receiving 
antenna, the equivalent, or Thévenin, generator has an impedance Z,, 
— (Z2/Z,,) and an emf V,Z,,/Z,,, where Z,, = self-impedance of transmitting 
antenna, Z,, = self-impedance of receiving antenna, Z,, = mutual impedance 
and V, = emf applied to terminals of transmitting antenna. 

(b) What load impedance connected to the terminals of the receiving antenna 
results in the maximum power transfer? 


CHAPTER 


ARRAYS OF 
DIPOLES 
AND OF 

APERTURES 


11-1 INTRODUCTION. Essential background for this chapter is covered 
in Chap. 4 on arrays of point sources, Chap. 5 on linear antennas, Chap. 7 on 
driven element arrays (Secs. 7-11 and 7-12) and Chap. 10 on self and mutual 
impedances. The heading for this chapter could appropriately be “Arrays of 
Antenna Elements” where an element refers to the basic unit of which an array is 
constructed. In the first part of this chapter the “elements” are mostly thin linear 
dipoles while in the latter sections of the chapter the array “elements” are aper- 
tures in general, which may be helices, horns, big reflectors or arrays of dipoles 
(arrays of arrays). 

The far- or radiation field pattern, the driving point impedance and the array 
gain are first derived in that order for several different arrays of dipoles. The 
method of analysis is general and is applicable to other dipole arrays, the specific 
types discussed serving merely as examples. Array gain is calculated by treating 
the dipoles as circuit elements having self and mutual impedances. Although 
direct pattern integration could be used to determine the gain, the circuit 
approach is simpler provided impedance values are available (patterns having 
been utilized in the impedance calculations). In most of the arrays the dipoles are 
driven but Sec. 11-9 discusses arrays having parasitic dipoles. 

Retro, phased, scanning, adaptive, microstrip, low-sidelobe, long-wire and 
curtain arrays are topics of Secs. 11-10 through 11-16. The remaining sections 
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N| > 


1 2 Figure 11-1 Broadside array of 2 in-phase 4/2 elements. 


discuss continuous apertures, Fourier transform relations between far-field pat- 
terns and aperture distributions, total power and correlation arrays, interferome- 
ters, aperture synthesis, very large arrays and very long baseline arrays. 


11-2 ARRAY OF TWO DRIVEN 4/2 ELEMENTS. BROADSIDE 
CASE. Consider two center-fed 1/2 elements (dipoles) arranged side by side with 
a spacing d as in Fig. 11-1. Two special cases will be considered: the broadside 
case’ treated in this section, in which the two elements are fed with equal in-phase 
currents, and the end-fire case” (Sec. 11-3), in which the two elements are fed with 
equal currents in opposite phase. The more general case where the currents are 
equal in magnitude but in any phase relation is treated in Sec. 11-4. 


11-2a Field Patterns. The first part of the analysis will be to determine the 
absolute far-field patterns. It is convenient to obtain two pattern expressions, one 
for the horizontal plane and one for the vertical plane. Ordinarily, the relative 
patterns would be sufficient. However, the absolute patterns will be needed in 
gain calculations. Let the elements be vertical as shown in Fig. 11-2a. It is 
assumed that the array is in free space, i.e., at an infinite distance from the ground 
or other objects. The field intensity E,(¢) from a single element as a function of @ 


1 In the so-called “ broadside case” there is always a major lobe of radiation broadside to the array, 
although at large spacings there may be an end-fire lobe of equal magnitude (as, for example, when 
the spacing is 1A). 

* In the so-called “end-fire case” the pattern always has zero radiation broadside. The maximum 
radiation is always end-fire if the spacing is 1/2 or less. However, for greater spacings the maximum 
radiation is, in general, not end-fire. Since spacings of 4/2 or less are of principal interest, the array 
may be referred to as an end-fire type. 
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2 elements 


Figure 11-2 Patterns for broadside array of 2 linear in-phase A/2 elements with spacing d = 4/2. 


and at a large distance D (D > d) in a horizontal plane (6 = 90° or xy plane in 
Fig. 11-2a) is 


E,(¢) = kl, (1) 


where k is a constant (Q m~'*) involving the distance D and I, is the terminal 
current. Equation (1) is the absolute field pattern in the horizontal plane. It is 
independent of ¢ so that the relative pattern is a circle as indicated in Fig. 11-2b. 

Next let the elements be replaced by isotropic point sources of equal ampli- 
tude. The pattern E;,,(¢) as a function of ¢ in the horizontal plane for two such 
isotropic in-phase point sources is given by (4-2-6) as 


Ea(6) = 2Ep cos (42°) 0) 
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where d, is the distance between sources expressed in radians; that is, 


2nd 
d, = ae (3) 


Applying the principle of pattern multiplication, we may consider that E) is the 
field intensity from a single element at a distance D. Thus, 


Ey = E,() =F kI, (4) 


Introducing (4) into (2) yields the field intensity E(¢) as a function of @ in the 
horizontal plane at a large distance D from the array, or 


E(@) = E.(d)2 cos (ae = 2kI, cos (ee#) (5) 


This expression may be called the absolute field pattern in the horizontal plane. 
The electric field at points in this plane is everywhere vertically polarized. The 
shape of this pattern is illustrated in Fig. 11-2c, and also partially in Fig. 11-2a, 
for the case where d = 1/2. The maximum field intensity is at @ = 90° or broad- 
side to the array. 

The field intensity E,(@) as a function of 6 from a single 1/2 element at a 
distance D in the vertical plane (yz plane in Fig. 11-2a) is, from (5-5-12), given by 


cos [(z/2) cos 0] 


FO igh sin 0 


(6) 
The shape of this pattern is shown in Fig. 11-2d. It is independent of the angle @. 


The pattern E,,,(0) in the vertical plane for two isotropic sources in place of the 
two elements is 


Eizo(9) on 2Eo (7a) 
Applying the principle of pattern multiplication, we put 
Ey = E,(9) (7b) 


so that the field intensity E(0) in the vertical plane at a distance D from the array 
is 


cos [(z/2) cos 6] 


E(6) = 2kI, mit 


(8) 
This may be called the absolute field pattern in the vertical plane. This pattern has 
the same shape as the pattern for a single element in the vertical plane and is 
independent of the spacing. The relative pattern is presented in Fig. 11-2e and 
also partially in Fig. 11-2a. The relative 3-dimensional field variation for the case 
where d = 4/2 is suggested in Fig. 11-2a. This pattern is actually bidirectional, 
only half being shown. 
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P 
paving” 
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array 


Figure 11-3 Broadside array of 2 linear 1/2 ele- 
To transmitter ments with arrangement for driving elements with 
equal in-phase currents. 


11-2b Driving-Point Impedance. Suppose that the array is energized by the 
transmission-line arrangement shown in Fig. 11-3. Two transmission lines of 
equal length / join at P to a third line extending to a transmitter. Let us find the 
driving-point impedance presented to the third line at the point P.' This will be 
called the driving point for the array. 

Let V, be the emf applied at the terminals of element 1. Then 


V, =1,2,, + 1,2, (9) 


where I, is the current in element 1, J, the current in element 2, Z,, is the 
self-impedance of element 1 and Z,, is the mutual impedance between the two 
elements. Likewise, if V, is the emf applied at the terminals of element 2, 


V, = 1,222 + 1,212 (10) 
where Z,, = the self-impedance of element 2 


The currents are equal and in phase so 


jE BS (11) 
Therefore, (9) and (10) become 
Vig TZ te 245) (12) 
and V, = 1,(Z,. + 212) (13) 
The terminal impedance Z, of element 1 is 
Z,=t=Z,4Zy3 (14) 


1 


1G. H. Brown, “A Critical Study of the Characteristics of Broadcast Antennas as Affected by 
Antenna Current Distribution,” Proc. IRE, 24, 48-81, January 1936. 
G. H. Brown, “ Directional Antennas,” Proc. IRE, 25, 78-145, January 1937. 
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and the terminal impedance Z, for element 2 is 


V. 
Lee Oe + Z12 (15) 
Ps 
Since the elements are identical 
Z 2 =. Zi (16) 


Therefore, the terminal impedances given by (14) and (15) are equal; that is, 
Z,=2,=21,+212 (17) 


Since Z, = Z, and I, =I, it is necessary that the emf V, applied at the terminals 
of element 1 be equal and in phase with respect to the emf V, applied at the 
terminals of element 2. 

For the case where the spacing d is 1/2, the terminal impedance Z, of each 
element is 


Zi = 24, + 2142 = Ry, + Rin +A ia + X12) 
= 73 — 13 + j(43 — 29) 
=60+j14 Q (18) 


Suppose that the reactance of 14Q is tuned out at the terminals by a series 
capacitance.’ The terminal impedance then becomes a pure resistance of 60 Q. If 
the length | of each transmission line between the antenna terminals and P is 4/2, 
the driving-point impedance of the array at P is a pure resistance of 30 Q. This 
value is independent of the characteristic impedance of the 4/2 lines. However, a 
resistance of 30 Q is too low to be matched readily by an open-wire transmission 
line. Therefore, a more practical arrangement would be to make / equal to 4/4. 
Suppose that we wish to have a driving-point resistance of 600 Q. To do this, we 
let the characteristic impedance of each //4 line be ./1200 x 60 = 269 Q.? Each 
line transforms the 60 Q to 1200 Q and since two such lines are connected in 
parallel at P, the driving-point impedance for the array is a pure resistance of 
600 ©. This is the impedance presented to the line to the transmitter. For an 
impedance match this line should have a characteristic impedance of 600 Q. 


11-2c Gain in Field Intensity. As the last part of the analysis of the array, let 
us determine the gain in field intensity for the array. This could be done by 


‘It is often simpler to resonate the elements by shortening them slightly. This modifies the resistive 
component of the impedance and also alters the E(6) field pattern, but to a first approximation these 
effects can usually be neglected. 


* For the special case of a 4/4 line, the general transmission-line formula reduces to Z,, = Z2/Z, 
where Z;, is the input impedance, Z, the characteristic impedance and Z, the load impedance. Thus, 


Dee D7 
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pattern integration as in Chap. 3, but with self- and mutual-impedance values 
available a shorter method is as follows. 

Let the total power input (real power) to the array be P.' Assuming no heat 
losses, the power P, in element 1 is 


Py= It(Ri + R42) (19) 
and the power P,, in element 2 is 
P, = 13(R22 + Ry») (20) 


where I, and I, are rms currents. However, R,, = R,, and I, =1,. Making 
these substitutions and adding (19) and (20) to obtain the total power P, we have 


P =P, + Py = 217(Ry; + Ri2) (21) 


P 
and Tee (22 
ee NRE RY) 


Suppose that we express the gain with respect to a single 4/2 element as the 
reference antenna. Let the same power P be supplied to this antenna. Then 
assuming no heat losses, the current I, at its terminals is 


ede 
23 
Io Re (23) 


where Rog is the self-resistance of the reference antenna (= R,,). 

In general, the gain in field intensity* of an array over a reference antenna is 
given by the ratio of the field intensity from the array to the field intensity from 
the reference antenna when both are supplied with the same power P. The com- 
parison is, of course, made in the same direction from both the array and the 
reference antenna. In the present case it will be convenient to obtain two gain 
expressions, one for the horizontal plane and the other for the vertical plane. 

In the horizontal plane the field intensity E,,,(@), as a function of ¢, at a 
distance D from a single vertical center-fed 4/2 reference antenna is of the form of 
(1). Thus, 


Eywl?) = kIo (24) 


1 It is important that the antenna power P be considered constant. Most transmitters are essentially 
constant power devices which can be coupled to a wide range of antenna impedance. Until the 
antenna power was considered constant by G. H. Brown (Proc. IRE, January 1937) the advantages of 
closely spaced elements were not apparent. Prior to this time the antenna current had usually been 
considered constant. 

* The power gain discussed in Chap. 2 is equal to the square of the gain in field intensity. The power 
gain is the ratio of the radiation intensities (power per unit solid angle) for the array and reference 
antennas, the radiation intensity being proportional to the square of the field intensity. 
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where J, is the terminal current and “HW” indicates “Half-Wavelength (//2) 
antenna.” Substituting the value of I) from (23), we obtain 


ej 
De) e be (25) 
(f) | ae 


The field intensity E(#) in the horizontal plane at a distance D from the array is 
given by (5). Introducing the value of the terminal current J, from (22) into (5) 


yields 
ZR. d, cos @ 
Fy ac sti 2 ere (pa (26) 
?) ‘ Ry, an Ry Me ( Z 


The ratio of (26) to (25) gives the gain in field intensity of the array (as a function 
of ¢ in the horizontal plane) with respect to a vertical 4/2 reference antenna with 
the same power input. This gain will be designated by the symbol G,(o)[A/HW] 
where the expression in the brackets is by way of explanation that it is the gain in 
field of the array (A) with respect to a half-wavelength reference antenna (HW)' in 
the same direction from both array and reference antenna. Thus, 


G | AY EO | 2Roo | (4 cos *) a7 
HW Evw() Ri, + Ry, 2 

The absolute value bars || are introduced so that the gain will be confined to 
positive values (or zero) regardless of the values of d, and @. A negative gain 
would merely indicate a phase difference between the fields of the array and the 
reference antenna. 

If the gain is the ratio of the maximum field of the array to the maximum 
field of the reference antenna, it is designated by G, (not a function of angle). 

The self-resistances Rog = R,, = 73 Q. For the case where the spacing is 
4/2, d, = mand R,, = —13 Oso that (27) becomes 


é 10) ar = 1.56 cos (5 cos 6) (28) 


In the broadside direction (@ = 7/2), the pattern factor becomes unity. The gain 
is then 1.56. This is the ratio of the maximum field of the array to the maximum 
field of the reference antenna (see Fig. 11-4). Hence, Gy = 1.56. 


‘ Both the array and the 4/2 reference antenna are assumed to be in free space. Thus, to be more 
explicit, the expression G,(d)[AFS/HWFS], meaning the gain in field intensity of the Array in Free 
Space (AFS) with respect to a Half-Wavelength reference antenna in Free Space (HWFS), might be 
used. However, to simplify the notation, the letters “FS” will be omitted when both antennas are in 
free space. 
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$= 180° 


\/2 reference 
antenna 
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Array 


$= -90° 


x 
¢=0° 
Figure 11-4 Horizontal plane pattern of broadside array of 2 vertical in-phase j/2 elements spaced 
4/2. The pattern of a single vertical A/2 reference antenna with the same power input is shown for 
comparison. 


It is also of interest to find the angle ¢, for which the gain is unity. For this 
condition (28) becomes 


cos (; cos 66] = 0.64 (29) 


or Pe="b56° or + 124° 


These angles are shown in Fig. 11-4. The array has a gain of greater than unity in 
both broadside directions over an angle of 68°. 
The gain as a decibel ratio is given by the relation 
Gain = 20 log;o Gy (dB) 
whete G, = gain in field intensity 
Thus, a field-intensity gain of 1.56 is equal to 3.86 dB. 
| Turning our attention now to the gain in the vertical plane (yz plane of 
Fig. 11-2a), the field intensity E,,y(0) as a function of 6 in this vertical plane at a 
distance D from a single vertical 4/2 reference antenna with the same power input 
is of the form of (6). Thus, 
cos [(z/2) cos 0] 


Eyw(8) = KI sin 6 


(30) 


where I, = the terminal current 


Substituting its value from (23), we get 


_, [_P. oos [(z/2) cos 8] 31 
Enw(6) = k_| Ri a (31) 
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\/2 reference 
antenna 
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Figure 11-5 Vertical-plane pattern 
of broadside array of 2 vertical in- 
phase 4/2 elements spaced 4/2. The 
pattern of a single vertical 4/2 refer- 


Antenna i 
elements ence antenna with the same power 


input is shown for comparison. 


The field intensity E(6) as a function of 0 in the vertical plane at a distance D 
from the array is given by (8). Introducing the value of the terminal current J, 
from (22) into (8), we have 


& 2P. cos [(2/2) cos 0] 32 
£0) =k |g sin 0 Un 


The ratio of (32) to (31) gives the gain in field intensity, G,(@)[A/HW], of the 
array as a function of 6 in the vertical plane over a vertical 4/2 reference antenna 
with the same power input. Thus, 


ate) ahs Eee Due Roane 33 
6/0) saw |~ Et ~ meee ae 


The gain is a constant, being independent of the angle 0. For the case where the 
spacing is 4/2, (33) becomes 


G 10) = 1.56 (or 3.86 dB) (34) 


The shape of the pattern for the array and for the 4/2 reference antenna is the 
same as shown in Fig. 11-5, but the ratio of the radius vectors in a given direc- 
tion is a constant equal to 1.56. 

If the reference antenna is an isotropic source instead of a 1/2 antenna, the 
gain in the vertical plane is a function of the angle 0. The maximum gain in field 
intensity of the array over an isotropic source with the same power input 
is ./1.64 times greater than the voltage gain over a 4/2 reference antenna 
[ D(A/2) = 1.64, see Sec. 2-24]. Thus, when the spacing is 1/2, the maximum gain in 
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Figure 11-6 End-fire array of 2 linear A/2 elements with currents of 
equal magnitude but opposite phase. 


field intensity of the array with respect to an isotropic source 1s 


A | 
6) A | = 1.56 x ./1.64 = 2.0 (or 6.0 dBi)! (35) 


iSO 


This value is in the broadside direction (@ = 0 = 90°). 


11-3 ARRAY OF 2 DRIVEN A/2 ELEMENTS. END-FIRE 
CASE. Consider an array of 2 center-fed vertical 1/2 elements (dipoles) in free 
space arranged side by side with a spacing d and equal currents in opposite phase 
as in Fig. 11-6. The only difference between this case and the one discussed in 
Sec. 11-2 is that the currents in the elements are taken to be in the opposite phase 
instead of in the same phase. As in Sec. 11-2, the analysis will be divided into 3 
subsections on the field patterns, driving-point impedance and gain in field inten- 
sity. 


11-3a Field Patterns. The field intensity E,(¢) as a function of ¢ at a distance 
D in a horizontal plane (xy or ¢ plane in Fig. 11-7a) from a single element is 


E,(@) = KI, 


where k = aconstant involving the distance D 
I, = the terminal current 


Replacing the elements by isotropic point sources of equal amplitude, the pattern 
E;,.(@) in the horizontal plane for two such isotropic out-of-phase sources is given 
by (4-2-10) as 


B,9(6) = 2Eo sin (5°) (1) 


1 Distinguish between “dB” for gain with respect to a reference antenna (A/2 dipole in the present 
case) and “dBi” for gain with respect to an isotropic source. 
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Figure 11-7 Patterns for end-fire array of 2 linear out-of-phase 4/2 elements with spacing d = A/2. 


Applying the principle of pattern multiplication, we may consider that Eo is the 
field intensity from a single element at a large distance D. Thus 


Eo = E\(o) = kl, (2) 


and the field intensity E(#) as a function of ¢ in the horizontal plane at a large 
distance D from the array is 


EM Gle bess (as) 3) 


This is the absolute field pattern in the horizontal plane. The electric field at 
points in this plane is everywhere vertically polarized. The relative pattern for the 
case where the spacing d is 4/2 is shown in Fig. 11-7b and also partially in 
Fig. 11-7a. The maximum field intensity is at ¢ = 0° and gd = 180°. Hence, the 
array is commonly referred to as an “end-fire” type. 
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The field intensity E,(@) as a function of 0 from a single 4/2 element at a 
distance D in the vertical plane (xz plane in Fig. 11-7a) is, from (5-5-12), given by 


cos [(z/2) cos 6] 


Es sin 0 


(4) 


The pattern E;,,(0) as a function of @ in the vertical plane for two isotropic 
sources in place of the two elements is, from (4-2-10), 


E,,.(0) = 2Ep sin (* = ") (5) 


Note that # is complementary to ¢ in (4-2-10), so cos @ = sin 80. 
Putting E, = E,(0), the field intensity E(@) as a function of 6 in the vertical 
plane at a large distance D from the array is 
cos [(z/2) cos 8] . /d, sin 6 
eS ee ee 6 
(9) 1 sin 0 sin 5 (6) 
This is the absolute field pattern in the vertical plane. The relative pattern is 
illustrated in Fig. 11-7c, and also partially in Fig. 11-7a, for the case where the 
spacing is 4/2. The relative 3-dimensional field variation for this case (d = 4/2) is 
suggested in Fig. 11-7a. This pattern is actually bidirectional, only half being 
shown. 


11-3b Driving-Point Impedance. Let V, be the emf applied to the terminals 
of element 1. Then 


V, =1,2,, + 1,242 (7) 
Likewise, if V, is the emf applied to the terminals of element 2, 
Vz = 1,222 + 1,242 (8) 
The currents are equal in magnitude but opposite in phase so 
ho eens tis (9) 
Therefore, (7) and (8) become 
V, = 1,(Z11 — 212) (10) 
and V, = 1,(Z22 — Z 2) (11) 
The terminal impedance Z, of element 1 is 
Z,=pb= Zu - Zin (12) 


and the terminal impedance Z, of element 2 is 


V. 
Dice seta (13) 
2 
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Figure 11-8 End-fire array of 2 linear 1/2 elements 
To transmitter | With arrangement for driving elements with currents 
of equal magnitude but opposite phase. 
Therefore, 
LiL Lie Ag (14) 
V, ~O«. 
or a (15) 
it elo 
Since I, = —I, it follows from (15) that V, = —V,. This means that the 2 ele- 


ments must be energized with emfs which are equal in magnitude and opposite in 
phase. This may be done by means of a crossover in the transmission line from 
the driving point P to one of the elements as shown in Fig. 11-8. The length / of 
each line is the same. 

For the case where the spacing between elements is 1/2, the terminal imped- 
ance of each element is | 


Z, a Ry ro Ry (here oe X 12) 
= 86+j72 Q (16) 


Consider that the reactance of 72 Q is tuned out by a series capacitance at the 
terminals of each element. The terminal impedance is then a pure resistance of 
86 Q. To obtain a driving-point resistance of 600 Q, let the length / of the line 
from P to each element be 4/4 and let the line impedance be ./1200 x 86 = 
321 Q. For an impedance match, the line from the driving point P to the trans- 
mitter should have a characteristic impedance of 600 Q. 


11-3c Gain in Field Intensity. Using the same method as in Sec. 11-2c, the 
current J, in each element for a power input P to the array is given by 


P 


Td are (17) 
: 2(Ri, — R12) 


It is assumed that there are no heat losses. The current J, in a single 4/2 reference 
antenna is given by (11-2-23). The gain in field intensity G fP)LA/HW] as a func- 
tion of @ in the horizontal plane with respect to a 4/2 reference antenna is 
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Figure 11-9 Horizontal plane pattern (a) and vertical plane pattern (b) of end-fire array of 2 vertical 
4/2 elements with 4/2 spacing. The patterns of a vertical 1/2 reference antenna with the same power 
input are shown for comparison. 


obtained by substituting (17) in (3) and taking the ratio of this result to (11-2-25). 


This yields 
A ok d, cos @ 
CG Se a eee oe hs aA S| (18) 
Ord is RG : ( 2 ) 


For a spacing of 4/2, (18) reduces to 
G 10) | = 1,3] sin (2) cos 6|| (19) 


In the end-fire directions (@ = 0° and 180°) the pattern factor becomes unity, and 
the gain is 1.3 or 2.3 dB. This is the gain G, (see Fig. 11-9). 

The gain in field intensity G,(0)[A/HW] as a function of @ in the vertical 
plane (xz plane of Fig. 11-7a) with respect to a 4/2 reference antenna is found by 
substituting (17) in (6) and taking the ratio of this result to (11-2-31), obtaining 


pal 2Roo d, sin 
6,0) a | 7 = ae Ry c ( 2 


which is of the same form as the gain expression (18) for the horizontal plane 
(note that maximum radiation is in a direction 6 = 90°, @ = 0°). 

The gain in field intensity G, of the array over an isotropic source with the 
same power input is 1.3 x ./1.64 = 1.66 (or 4.4 dBi). 


(20) 


11-4 ARRAY OF 2 DRIVEN 1/2 ELEMENTS. GENERAL CASE 
WITH EQUAL CURRENTS OF ANY PHASE RELATION." In the 


preceding sections 2 special cases of an array of two 4/2 driven elements have 


' For a more detailed discussion of this case and also of the most general case where the current 
amplitudes are unequal, see G. H. Brown, “Directional Antennas,” Proc. IRE, 25, 78-145, January 
1937. 
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Element 1 
yElement 2 


¢=0 
Figure 11-10 Array of 2 side-by-side elements 
a normal to plane of page. 


been treated. In one case the currents in the elements are in phase (phase 
difference = 0°) and in the other the currents are in opposite phase (phase 
difference = 180°). In this section the more general case is considered where the 
phase difference may have any value. As in the preceding cases, the two 4/2 
elements are arranged side by side with a spacing d and are driven with currents 
of equal magnitude. 

For the general-phase case the radiation-field pattern in the horizontal 
plane (xy plane of Fig. 11-7a) is, from (4-2-20), given by 


E(@) =2kF,cos : (1) 


where wy is the total phase difference between the fields from element 1 and ele- 
ment 2 at a large distance in the direction ¢ (see Fig. 11-10). Thus, 


yw=d,cos¢+o (2) 
where 6 = the phase difference of the currents in the elements 


A positive sign in (2) indicates that the current in element 2 of Fig. 11-10 is 
advanced in phase by an angle 6 with respect to the current in element 1; that is, 


I, =I, /6 
or 1 Beh od hie a6) (3) 
The voltages applied at each element are 
V, = 1,24, + 1,24. =1,(Z1, + Zy2 /0) (4) 
and Vo = 1,222 + 1,212. = 1,(Z22. + Zy2 [—9) (5) 
The driving-point impedances of the elements are then 
Zy= b= Zi + Zia ld (6) 
and Zy == Zy, +24 (-6 (7) 


2 


The real parts of the driving-point resistances are 
and R, = R,, + |Z,2| cos (t — 0) (9) 
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where t = the phase angle of the mutual impedance Z,, (that is, t = arctan 
X 12/Ry2 where Z,. = Ry. + jX 12) 


Therefore, the power P, in element 1 is 


P, =(2, Ry =|, |7ERi1 +1Z12| cos (t + 5] (10) 
and the power P,, in element 2 is 
P, =|1,|°LR22 + |Z12| cos (t — 0)] (11) 


Since R,, = R,,, the total power P is 
P=P, + P, =|1,|*{2R,, +|Z,2|[cos (t + 6) + cos (t — 4)]} 
OO), eR IZ 70 COST. COS 0) 
= hla Ri, 2 R,3 cos 0) (12) 


It follows that the gain in field intensity as a function of ¢ in the horizontal 
plane’ of the array over a single 1/2 element with the same power input is 


A 2R d,cos d+ 6 
c Suc d [ees Wal r 13 
0) | le + R,> | 0 ( 2 ) US) 


A polar plot of (13) with respect to the azimuth angle @ gives the radiation-field 
pattern of the array in the horizontal plane, the ratio of the magnitude of the 
radius vector to a unit radius indicating the gain over a reference 4/2 antenna. 
Brown? has calculated such patterns as a function of phase difference 6 and 
spacing d,. Examples of these are shown in Fig. 11-11. 

The radiation-field pattern in the vertical plane containing the elements (in 
the plane of the page of Fig. 11-12) is 


(14) 


E(6) = 2kI, cos [esae es) Gos [{nj2) cos 0] 


2 sin 0 


Thus, the pattern in the vertical plane has the shape of the patterns of Fig. 11-11 
multiplied by the pattern of a single 4/2 antenna. The gain in the vertical plane 
over a vertical 4/2 reference antenna with the same power input is then 


A Re d, sin @+6 
Be | ee oe ae ee Sr ee ee 15 
G10] le ER eases le ( ) a 


2 
It is often convenient to refer the gain to an isotropic source with the same 
power input. Since the power gain of a 1/2 antenna over an isotropic source is 
1.64 [D(A/2) = 1.64, see Sec. 2-24], the gain in field intensity as a function of 6 in 


1 This is the plane of the page in Fig. 11-10. 
2 G. H. Brown, “Directional Antennas,” Proc. IRE, 25, 78-145, January 1937. 
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Figure 11-11 Horizontal-plane field patterns of 2 vertical elements as a function of the phase differ- 
ence 6 and spacing d. (After G. H. Brown, “Directional Antennas,” Proc. IRE, 25, 78-145, January 
1937.) Both elements are the same length and have currents of equal magnitude. The circles indicate 
the field intensity of a single reference element of the same length with the same power input. 


—=0 


\ Figure 11-12 Relation of polar angle @ in the plane of the 
Elements elements. 
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the vertical plane of a vertical 4/2 antenna in free space over an isotropic source 
1S 


cos [(2/2) cos 6] 


sin 0 re 


G 10) =) h64 


iSO 


The gain in field intensity in the vertical plane of the array over the isotropic 
source is then the product of (15) and (16) or 


A A HW 
6405 |= 910 jr |e 
3.28R,, | (4 sin 0 + *) cos [(z/2) cos 0] 
= |————_| cos | —&—____ ] ——_—>—"_——" | 


R,, + R,2 cos 6 2 sin 6 


| (17) 
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11-5a_ Introduction. In 1932 I joined the Institute of Radio Engineers (IRE, 
now IEEE). The following year I received my Ph.D. degree in physics from the 
University of Michigan, publishing my dissertation research in the Proceedings of 
the IRE. I read every issue with interest. On opening the January 1937 Pro- 
ceedings I delved into a monumental treatise on “Directional Antennas” by 
George H. Brown of RCA." Buried deep in the article was, to me, an astonishing 
calculation which indicated that parallel linear dipoles with spacings of 4/8 or 
less had higher gains than the customary larger spacings. 

Within one week of the time I received my Proceedings I had designed and 
built an array of 4 close-spaced 1/2 dipoles at my amateur station W8JK. Oper- 
ating at a wavelength of 20 m, the array was phenomenally effective. I published 
the design and in subsequent articles extended it to an entire family of close- 
spaced arrays. The antennas outperformed all others. I called them “flat-top 
beams” but everyone else called them W8JK arrays.” They were soon in use by 
the thousands world-wide. 


" G. H. Brown, “ Directional Antennas,” Proc. IRE, 25, 78-145, January 1937. 

* J. D. Kraus, “A Small but Effective Flat Top Beam Antenna,” Radio, no. 213, 56-58, March 1937 
and no. 216, 10-16, June 1937. 

J. D. Kraus, “Rotary Flat Top Beam Antennas,” Radio, no. 222, 11-16, December 1937. 

J. Kraus, “Directional Antennas with Closely-Spaced Elements,” QST, 22, 21-23, January 1938. 

J. D. Kraus, “Characteristics of Antennas with Closely-Spaced Elements,” Radio, no. 236, 9-19, Feb- 
ruary 1939. 

J. D. Kraus, “Antenna Arrays with Closely-Spaced Elements,” Proc. IRE, 28, 76-84, February 1940. 

J. Kraus, “W8JK 5-Band Rotary Beam Antenna,” QST, 54, 11-14, July 1970. 

J. Kraus, “The W8JK Antenna,” QST, 66, 11-14, June 1982. 
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In 1937 close spacing was a new and revolutionary concept. In George 
Brown’s autobiography’ he states: 


Ironically, the particular portion of my paper which John Kraus used so effectively 
was a small paper which I submitted to the Proceedings in 1932 only to have it 
rejected by a reviewer who denied its validity. When I prepared “Directional 
Antennas” I tucked this older material into the middle of this bulky manuscript on 
the assumption that the reviewer would not notice it. 


George Brown’s ruse worked and the world finally learned of his idea but 
only after it had languished in obscurity for five years! 

In the next part of this section, the benefits and limitations of close spacing 
are analyzed and its application to the W8JK array is outlined. 


11-5b Closely Spaced Elements and Radiating Efficiency. The W8JK 
Array. The end-fire array of two side-by-side, out-of-phase 4/2 dipole elements 
discussed in Sec. 11-3 can produce substantial gains when the spacing is 
decreased to small values. As indicated by the R, = 0 curve in the gain-versus- 
spacing graph of Fig. 11-13a, the gain approaches 3.9 dB at small spacings. At 
4/2 spacing the gain is 2.3 dB. This curve is calculated from (11-3-18) for ¢ = 0° 
or (11-3-20) for 6 = 90°. As the spacing d approaches zero, the coupling factor 
becomes infinite, but at the same time the pattern factor approaches zero. The 
product of the two or gain stays finite, leveling off at a value of about 3.9 dB 
(6.0 dBi) for small spacings, as illustrated by Fig. 11-13b. The fact that increased 
gain is associated with small spacings makes this arrangement attractive for 
many applications. : 

Thus far it has been assumed that there are no heat losses in the antenna 
system. In many antennas such losses are small and can be neglected. However, 
in the W8JK antenna such losses may have considerable effect on the gain 
(Fig. 11-13). Therefore, the question of losses and of radiating efficiency will be 
treated in this section in connection with a discussion of arrays of 2 closely 
spaced, out-of-phase elements. The term “closely spaced” will be taken to mean 
that the elements are spaced 4/4 or less. 

A transmitting antenna is a device for radiating radio-frequency power. Let 
the radiating efficiency be defined as the ratio of the power radiated to the power 
input of the antenna. The real power delivered to the antenna that is not radiated 
is dissipated in the loss resistance and appears chiefly in the form of heat in the 
antenna conductor, in the insulators supporting the antenna, etc. An antenna 
with a total terminal resistance R,; may be considered to have a terminal radi- 
ation resistance R, and an equivalent terminal loss resistance R,, (see Sec. 2-13) 


‘ G. H. Brown, “And Part of Which I Was,” Angus Cupar, 117 Hunt Drive, Princeton, NJ 08540, 
1982. 
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Figure 11-13 (a) Gain of end-fire array of 2 out-of-phase 4/2 elements (W8JK array) with respect to 
a 4/2 reference antenna as a function of the spacing for 5 values of the loss resistance R,. (b) Gain 


curve for R; = 0 with variation of its component factors, the coupling factor and the pattern factor 
for @ = 0. 


> 


such that 
Rip=R, + Ry (1) 
It follows that 


R 
Radiating efficiency (%) = aa x 100 (2) 
1 1L 


Since many types of high-frequency antennas have radiation resistances 
that are large compared to any loss resistance, the efficiencies are high. In an 
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array with closely spaced, out-of-phase elements, however, the radiation resist- 
ance may be relatively small and the antenna current very large, as illustrated by 
Fig. 11-14. Hence, a considerable reduction in radiating efficiency may result 
from the presence of any loss resistance. The radiating efficiency may also be 
small for low-frequency antennas which are very short compared to the wave- 
length. Although the effect of loss resistance will be discussed specifically for an 
array of 2 closely spaced 4/2 elements, the method is general and may be applied 
to any type of antenna. 

Let the equivalent loss resistance at the terminals of each element be R,,. 
The elements are center fed and are arranged side by side with a spacing d. The 
total terminal resistance R,7 is as given by (1). The terminal radiation resistance 
R, is given by 


R, = Ry, — Ri2 (3) 
Substituting (3) in (1) the total terminal resistance for each element is then 
Rip = Ri, + Riz — Rip (4) 


If a power P is supplied to the 2-element array, the current I, in each element is 


fae Pen RIE 6 (5) 
(Ri, + Ryp — Ry2) 


The total terminal resistance Ro; of a single, center-fed 4/2 reference antenna is 
Ror = Roo + Rox (6) 


where Roo is the self-resistance and Ro, the loss resistance. of the reference 
antenna. The current J, at the terminals of the reference antenna is then 


P 
feng preencet ia (7) 
Roo ae Roz 
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With the array elements vertical, the gain in field intensity as a function of ¢ in 
the horizontal plane (xy plane in Fig. 11-7a) is obtained by substituting (5) in 
(11-3-3), (7) in (11-2-24) and taking the ratio which gives 


G.( | A i | ARoo + Ror) | (4 cos (8) 
This expression reduces to (11-3-18) if the loss resistances are zero (Ro, = Ry, = 
0). 
In a similar way the gain in field intensity as a function of @ in the vertical 
plane (xz plane in Fig. 11-7a) is 
d, sin 6 
+t (9) 
ra 


A eR gon Ra 
6,10} of oo + Rox 
HW Ri eeR RA 


This reduces to (11-3-20) if the loss resistances are zero. 

The effect of loss resistance on the gain of a closely spaced array of 2 out-of- 
phase 4/2 elements over a 4/2 reference antenna is illustrated by the curves in 
Fig. 11-13a. The gain presented is the maximum gain which occurs in the direc- 
tions of maximum radiation from the array (¢ = 0 and 180°; 6 = 90°). The top 
curve is for zero loss resistance (Ry, = R,, = 0). The lower curves are for 4 differ- 
ent values of assumed loss resistance: 4, 1, 5 and 20 Q. The assumption is made 
that the loss resistance R,, of each element of the array is the same as the loss 
resistance Ry, of the reference A/2 antenna (that is, R,,; = Ro,). It is apparent 
from the curves that a loss resistance of only 1 Q seriously limits the gain at 
spacings of less than 1/10, and larger loss resistances cause reductions in gain at 
considerably greater spacings. If the loss resistance is taken to be 1 Q (a not 
unlikely value for a typical high-frequency antenna), the gain is almost constant 
(within 0.1 dB) for spacings between 4/8 and 4/4. Smaller spacings result in 
reduced gain because of decreased efficiency while larger spacings also give 
reduced gain, not because of decreased efficiency but because of the decrease in 
the coupling factor. A spacing of 4/8 has the advantage that the physical size of 
the antenna is less. However, resonance is sharper for this spacing than for wider 
spacings. Hence, a spacing of 4/4 is to be preferred if a wide bandwidth is desired. 
In some situations an intermediate or compromise spacing is indicated. 

The Q of an antenna, like the Q of any resonant circuit, is proportional to 
the ratio of the energy stored to the energy lost (in heat or radiation) per cycle. 
For a constant power input to the closely spaced array the Q is nearly proportion- 
al to the square of the current I in each element. Referring to Fig. 11-14, it is 
apparent that the current for 4/8 spacing is about twice the value for 4/4 spacing. 
Hence the Q for 4/8 spacing is about 4 times the Q for 4/4 spacing. A large Q 
indicates a large amount of stored energy near the antenna in proportion to the 
energy radiated per cycle. This also means that the antenna acts like a sharply 
tuned circuit. Since the bandwidth (if it is narrow) is inversely proportional to the 
Q, a spacing of 1/4 provides about 4 times the bandwidth obtained with 1/8 
spacing. Although the efficiency of an array with closely spaced, out-of-phase 
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Figure 11-15 Horizontally polarized W8JK array 
Tete 
To transmitter with closely spaced elements carrying equal out-of- 
phase currents. 


elements might be increased, e.g., by using a large diameter conductor for each 
element, any substantial increase in bandwidth requires an increase in the spacing 
between the elements. This increase also raises the radiating efficiency. 

A single-section horizontally polarized W8JK closely spaced array consists 
of two side-by-side, out-of-phase 4/2 elements as indicated in Fig. 11-15. A single- 
section array is also shown in Fig. 11-16a. Five other examples of W8JK 
antennas are shown in Fig. 11-16 with arrows located at current maxima, indicat- 
ing the instantaneous current directions. The type at Fig. 11-16b has an addi- 
tional collinear 14/2 section, the 2 sections being energized from the center. A 
4-section center-fed array is illustrated in Fig. 11-16c. The additional sections 
yield a higher gain by virtue of the sharper beam in the plane of the elements. 
The antennas of Fig. 11-16d, e and f are end-fed types corresponding to the 
center-fed arrays in the left-hand group. The spacing d is usually between 1/8 and 
2/4. : 
Referring to the horizontally polarized W8JK array in Fig. 11-15, the loca- 
tion of the short circuit S on the vertical line is adjusted for resonance (total 
length from open end of horizontal dipole to S an odd number of 4/4 
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Figure 11-16 Six W8JK arrays with gains (top to bottom) of 5.9, 7.7 and 9.5 dBi. 
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approximately). The distance of the tap point T above S is then adjusted for 
minimum VSWR on the line to the transmitter (or receiver). The other types in 
Fig. 11-16 can also be matched in the same way. An adjustable trombone tuner 
matching a W8JK array to a coaxial line is shown in Fig. 16-29 (see also accom- 
panying discussion). A W8JK array fed by constant-impedance lines without 
tuners is shown in Fig. 11-62. 


11-6 ARRAY OF n DRIVEN ELEMENTS. The field pattern of an 
array of many elements can often be obtained by an application of the principle 
of pattern multiplication. As an example, consider the volume array of Fig. 11-17 
consisting of 16 4/2 dipole elements with equal currents. In the y direction the 
spacing between elements is d, in the x direction the spacing is a and in the z 
direction the spacing is h. Let the y-direction and z-direction arrays be broadside 
types and the x-direction array an end-fire type such that the maximum radiation 
of the entire volume array is in the positive x direction. Let d=h = 4/2 and 
a = 4/4. Consider that the currents in all elements are equal in magnitude and 
that the currents in the front 8 elements are in phase but retarded by 90° with 
respect to the currents in the rear 8 elements. By the principle of pattern multipli- 
cation the pattern of the array is given by the pattern of a single element multi- 
plied by the pattern of a volume array of point sources, where the point sources 
have the same space distribution as the elements. In general, the field pattern 
E(@, @) of a volume array as a function of @ and @ is 


E(6, $) = EO, P)ELO, PEO, P)EL9, &) (1) 


if 
i 


5 


inh 
radiation 
Figure 11-17 Array of 16 A/2 


x dipole elements. 
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where E,(6, @) = pattern of single element 
E,(@, @) = pattern of linear array of point sources in x direction 
E,(@, @) = pattern of linear array of point sources in y direction 
E(@, @) = pattern of linear array of point sources in z direction 


The product of the last 3 terms in (1) is the pattern of a volume array of point 
sources. If, for instance, we wish to obtain the pattern of the entire array E(@) as 
a function of ¢ in the xy plane (0 = 90°), we introduce the appropriate pattern 
expression in this plane for each component array in (1). For the example being 
considered the normalized pattern becomes 


_ sin (2z sin @) Teak 
AN iealremrcer entry i oa) E ea 6)| we 2) 


Only the E,(@) broadside pattern and the E,(@) end-fire pattern contribute to the 
array pattern in the xy plane, since in this plane the E,(@) pattern of a single 
element and the E,(¢) broadside pattern are uniform. 

The impedance relations for an array of any number n of identical elements 
are derived by an extension of the analysis used in the special cases in the preced- 
ing sections.’ Thus, for n driven elements we have 


Wa 24 + Ziel Zia eZ 
V2 =1,2Z3,; + 1,Z2. + 13223 + °° +1, Zan 
Vz = 1,23, + 1,23, + 13233 + °° +1,Z3, (3) 


Vi, = 112 yy + 1,212 + 13 2,3 apes. lit Zan 


where V, = terminal voltage of the nth element 
[,, = terminal current of the nth element 
Z,, = Mutual impedance between element 1 and the nth element 
Zin = Self-impedance of the nth element 


In matrix form (3) can be expressed as 
Bea (Bes (4) 


The driving-point or terminal impedance of one of the elements, say element 1, is 
then 


V, L I I 
Zy=— = Zit Za ee (5) 
Ly I, I, I, 


* See, for example, P. S. Carter, “Circuit Relations in Radiating Systems and Applications to Antenna 
Problems,” Proc. IRE, 20, 1007, June 1932. 
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If the currents in the elements and the self and mutual impedances are known, 
the driving-point impedance Z, can be evaluated. 

The voltage gain of an array of n elements over a single element can be 
determined in the same manner as outlined for the special cases considered in the 
previous sections. For instance, the gain in field intensity as a function of @ in the 
xy plane (6 = 90°) for the array of Fig. 11-17 with respect to a single vertical 4/2 
element with the same power input is 


A 
(0) a | 


Riv +R 
Ry, + Rip + Rig + Ris + Riz + 3(Riz2 + Rie) + 3(Ri4 + Ris) 


sin (27 sin @) T 
x sin [(n/2) sin 6] COS E (1 — COS 6)| (6) 


where R,, = self-resistance of one element 
R,, = loss resistance of one element 
R,> = mutual resistance between element 1 and element 2 
R,3 = mutual resistance between element 1 and element 3, etc. 


The numbering of the elements is as indicated in Fig. 11-17. It is assumed that 
d =h= 4/2 and a = //4 and that the current magnitudes are equal, the currents 
in the front 8 elements being all in the same phase but retarded 90° with respect 
to the currents in the rear 8 elements. 


11-7 HORIZONTAL ANTENNAS ABOVE A PLANE GROUND. 
In the previous discussions it has been assumed that the antenna is in free space, 
i.e., infinitely remote from the ground. Although the fields near elevated micro- 
wave antennas may closely approximate this idealized situation, the fields of most 
antennas are affected by the presence of the ground. The change in the pattern 
from its free-space shape is of primary importance. The impedance relations may 
also be different than when the array is in free space, especially if the array is very 
close to the ground. In this section the effect of the ground on horizontal 
antennas is discussed. In Sec. 11-8 the effect of the ground is analyzed for vertical 
antennas. A number of special cases are treated in each section, these being 
limited to single elements or to simple arrays of several elements. Perfectly con- 
ducting ground is assumed. The effect of imperfect (ordinary) ground is discussed 
in Sec. 16-4. 


11-7a Horizontal 1/2 Antenna above Ground. Consider the horizontal 4/2 
antenna shown in Fig. 11-18 at a height h above a plane ground of infinite extent. 
Owing to the presence of the ground, the field at a distant point P is the resultant 
of a direct wave and a wave reflected from the ground as in Fig. 11-19. Assuming 
that the ground is perfectly conducting, the tangential component of the electric 
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cb, hak AA ai aa Figure 11-18 Horizontal 4/2 antenna at height h 
| Xr | above ground with image at equal distance below 
2 


ground. 


field must vanish at its surface. To fulfill this boundary condition, the reflected 
wave must suffer a phase reversal of 180° at the point of reflection. 

To obtain the field at a distant point P, it is convenient to transform the 
problem by the method of images. In this method the ground is replaced by an 
image of the antenna situated a distance h below the ground plane. By taking the 
current in the image equal in magnitude but reversed in phase by 180° with 
respect to the antenna current, the condition of zero tangential electric field is 
met at all points along a plane everywhere equidistant from the antenna and the 
image. This is the plane of the ground which the image replaces. In this way, the 
problem of a horizontal antenna above a perfectly conducting ground’ of infinite 
extent can be transformed into the problem already treated in Sec. 11-3 of a 
so-called end-fire array. One point of difference is that in developing the gain 
expression it is assumed that if a power P is delivered to the antenna, an equal 
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Figure 11-19 Antenna above ground with image showing direct and reflected waves. 


‘It is also possible to apply the method of images to the case of a ground of infinite extent but of 
finite conductivity o and of dielectric constant ¢ by properly adjusting the relative magnitude and 
phase of the image current with respect to the antenna current. 
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Figure 11-20 Driving- or feed- 
point resistance R, at the center of 
a horizontal 4/2 dipole antenna as 
a function of its height above a 
perfectly conducting ground. 
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power is also supplied to the image. Hence, a total power 2P is furnished to the 
“end-fire array ” consisting of the antenna and its image. 

Owing to the presence of the ground, the driving-point impedance of the 
antenna is, in general, different from its free-space value. Thus, the applied 
voltage at the antenna terminals is 


V, = 1,21, + 1.2, (1) 


where /, = the antenna current 
I, = the image current 
Z11 = the self-impedance of the antenna 
Zm = the mutual impedance of the antenna and its image at a distance of 


2h 
Since J, = —I,, the driving- or feed-point impedance of the antenna is 
V, 
Bea ig (2) 


1 


The real part of (2) or driving-point radiation resistance is 
R, = Ri, —R,, (3) 


The variation of this resistance at the center of the 4/2 antenna is shown in 
Fig. 11-20 as a function of the antenna height h above the ground. As the height 
becomes very large, the effect of the image on the resistance decreases, the radi- 
ation resistance approaching its free-space value. 

Since the antenna and image have currents of equal magnitude but opposite 
phase, there is zero radiation in the horizontal plane, i.e., in the direction for 
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Figure 11-21 Vertical-plane field patterns of a horizontal 4/2 dipole at various heights h above a 
perfectly conducting ground as calculated from (4) for R,,; = 0. Patterns give gain in field intensity 
over a A/2 dipole with the same power input. Note that the presence of the ground increases the field 
by approximately 6 dB or more in certain directions. 


which the elevation angle « is zero (see Fig. 11-19). If the height h is 1/4 or less, 
the maximum radiation is always in the vertical direction (« = 90°). For larger 
heights the maximum radiation is, in general, at some elevation angle between 0 
and 90°. 

It is convenient to compare the horizontal 4/2 antenna at a height h above 
ground with respect to a A/2 antenna in free space with the same power input. At 
a large distance the gain in field intensity of the “Half-Wavelength antenna 
Above Ground” (HWAG) with respect to the “ Half-Wavelength antenna in Free 
Space” (HWFS) is given by 


HWAG Reee Re ae 
G («| —— |= | ——*—_*_ 2 h (4) 
fo one = Re SRG Sn eae 


where h, = (2n/A)h 
R,, = Self-resistance of 4/2 antenna 
R,, = loss resistance of 1/2 antenna 
R,, = mutual resistance of 1/2 antenna and its image at a 
distance of 2h 


Sf Fe 


Equation (4) gives the gain in the vertical plane normal to the antenna as a 
function of « (see Fig. 11-21). 
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Figure 11-22 Horizontal antenna at height h 
above ground (xy plane) showing azimuth angle 
x @ and elevation angle « for a distant point P. 


The vertical-plane patterns of a horizontal 4/2 antenna are shown in 
Fig. 11-21 for heights h = 0.1, 0.25, 0.5 and 1.01. The circular pattern is for a 4/2 
antenna in free space (i.e., with the ground removed) with the same power input. 
It is assumed that loss resistances are zero. 

It is also of interest to calculate the field pattern as a function of the 
azimuth angle @ for a constant elevation angle w. The radius vector to the distant 
point P then sweeps out a cone as suggested in Fig. 11-22. To find this field 
pattern, let us first consider the field pattern of a horizontal antenna in free space 
as in Fig. 11-23. The xy plane is horizontal. The field intensity at a large distance 


Cross-section 
through doughnut 
shaped field pattern 


Cone of constant 
elevation angle, a 


vy 


Figure 11-23 Geometrical construction for finding the field intensity at a constant elevation angle « 
in direction of line OA. 
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in the direction of « and @ is then given by the length OA between the origin 
and the point of intersection of a cone of elevation angle « and the surface of the 
3-dimensional doughnut field pattern of the antenna as suggested in Fig. 11-23. 
This length is obtained from the field-pattern formula of the antenna in free space 
by expressing the polar angle ¢’ from the antenna axis in terms of « and @¢. For 
the spherical right triangle in Fig. 11-23 we have 


cos ¢’ = cos @ Cos a (5) 
or sin d’ = ./1 — cos” ¢ cos? a (6) 


Substituting these relations in the pattern formula, we get the field intensity in the 
direction «, @. For example, by substituting (5) and (6) into (5-5-12), noting that 
@’ in (5) and (6) equals @ in (5-5-12), we obtain for the field of a 1/2 horizontal 
dipole antenna 


cos [(z/2) cos @ cos a] 


= 7 
ee ./1 — cos* ¢ cos? « ul 


Then the relative field pattern of the horizontal 1/2 dipole antenna in free space 
as a function of ¢ at a fixed elevation angle a, is given by 


cos [(2/2) cos f cos a& | 


E(@) = 8 
SAP ERS Chace, - 


To obtain the field pattern of the antenna when situated at a height h above a 
perfectly conducting ground, we multiply the above free-space relations by the 
pattern of 2 isotropic point sources of equal amplitude but opposite phase. The 
sources are separated by a distance 2h along the z axis. From (4-2-10) the pattern 
of the isotropic sources becomes in the present case 


E;., = sin (ho sin @) (9) 
where h, is the height of the antenna above ground in radians; that is, 
_2nh 
: A 


The pattern is independent of the azimuth angle ¢. Multiplying the free-space 
field pattern of any horizontal antenna by (9) yields the field pattern for the 
antenna above a perfectly conducting ground. Thus, for a horizontal 2/2 dipole 
antenna above a perfectly conducting ground, the 3-dimensional field pattern as 
a function of both « and @ is obtained by multiplying (7) and (9) which gives 


_ cos [(2/2) cos @ cos a] 
./1 — cos? ¢ cos” « 


where h, = the height of the antenna above ground, rad 


E sin (h, sin a) (10) 


As an example, the field patterns as a function of the azimuth angle @ at ele- 
vation angles « = 10, 20 and 30° are presented in Fig. 11-24 as calculated from 
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180° 


Figure 11-24 Azimuthal field patterns of horizontal 1/2 antenna 4/2 above ground at elevation 
angles « = 10, 20 and 30°. 


(10) for a horizontal 1/2 antenna at a height of 1/2 (h, = 2) above a perfectly 
conducting ground of infinite extent. The relative magnitudes of these patterns at 
g@ = 90 or 270° are seen to correspond to the field intensities at « = 10, 20 and 
30° in the vertical-plane pattern of Fig. 11-21 for h =0.5/. It should be noted 
that the field is horizontally polarized at ¢ = 90 or 270° and is vertically pol- 
arized at 6 = 0° and ¢ = 180°. At intermediate azimuth angles the field is lin- 
early polarized at a slant angle. 


Ground 


Image ; 
elements Figure 11-25  W8JK antenna above ground. 
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11-7b W8JK Antenna above Ground. In this section the case of 2 horizon- 
tal, closely spaced, out-of-phase 4/2 elements or W8JK antenna above a perfectly 
conducting ground is discussed. Referring to Fig. 11-25, let the 4/2 elements be at 
a height h above the ground and separated by a distance d. The gain in field 
intensity of this antenna relative to a 4/2 antenna in free space with the same 
power input is given by’ 


AAG |t 
C8 ews 


ze Ry, “F Ry, 
VW 20Raa ee Rip Ra aR) 
x |{1 —1 /(d..cos «) — 1 (2h; sin a) + 1 ((d,-cos « + 2h, sinma) eed) 


where d, = spacing of elements, rad = 2nd// 
h, = height of element above ground, rad = 2zh// 
R,, = self-resistance of a single element 
R,, = loss resistance of a single element 
R,, = mutual resistance of elements 1 and 2 
R,3 = mutual resistance of elements 1 and 3, etc. 


where the elements are numbered as in Fig. 11-25. The gain in (11) is expressed as 
a function of « in the vertical plane normal to the elements. 

Polar plots calculated by (11) for the gain in field intensity of a W8JK 
antenna consisting of two j/2 elements spaced 4/8 apart are presented by the 
solid curves in Fig. 11-26 for antenna heights of 4/2 and 34/4 above ground. 
Patterns of a single 4/2 antenna at the same heights above ground and with the 
same power input are shown for comparison (dashed curves). The gain in field 
intensity is expressed relative to a 4/2 antenna in free space with the same power 
input. 

In Fig. 11-27 the gain is given as a function of height above ground for 
several elevation angles. Curves are shown for both a 2-element W8JK and a 
single horizontal 4/2 antenna. It is assumed that loss resistances are zero. If, for 
example, the effective elevation angle at a particular time on a certain short-wave 
circuit (transmission via ionospheric reflections) is 30°, we note from Fig. 11-27 
that the optimum height for a 2-element W8JK beam is 0.54. For a single 4/2 
antenna the optimum height is about 0.572. 


'J. D. Kraus, “Antenna Arrays with Closely Spaced Elements,” Proc. IRE, 28, 76-84, February 1940. 


+ The symbols in the brackets are by way of explanation that the gain in field intensity is for the 
“ Array Above Ground with respect to a Half-Wavelength antenna in Free Space.” 
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Figure 11-26 Vertical-plane patterns (solid curves) of 2-element W8JK antenna with //8 spacing at 
heights of 4/2 and 34/4 above ground. The patterns are plotted relative to a 4/2 antenna in free space 
with the same power input. The vertical plane patterns of a single 4/2 antenna at the same heights 
above ground and with the same power input are shown for comparison by the dashed curves. The 
left-hand quadrants of the vertical planes are mirror images. 
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Figure 11-27 Gain in field intensity of 2-element W8JK antenna with 4/8 spacing (solid curves) and 
of a single 4/2 antenna (dashed curves) as a function of the height above a perfectly conducting 
ground. Gains are relative to a single 4/2 antenna in free space with the same power input. Curves are 
given for elevation angles « = 5, 15 and 30°. We note that the gain of a 1-section (2-element) W8JK 
antenna at a = 15° and h = A exceeds 3 (=11.8 dBi). For a 4-section W8JK antenna at this angle and 
height the gain is about 16 dBi. 
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Ground Figure 11-28 Tilted W8JK antenna. 


It is interesting to consider the effect of tilting the plane of the W8JK ele- 
ments by an angle y as in Fig. 11-28. Results calculated by an extension of the 
above analysis are illustrated in Figs. 11-29 and 11-30 for 2-element arrays at 
average heights of 4/2 and 34/4 above a perfectly conducting ground.’ Patterns 
are shown for tilt angles y = 0, 30, 45 and 90°. In all cases the effect of the tilt is to 
increase the field intensity at large elevation angles and to decrease it at small 
angles. 


11-7c Stacked Horizontal 1/2 Antennas above Ground. Consider the case 
of two horizontal 4/2 elements stacked in a vertical plane above a perfectly con- 
ducting ground of infinite extent. The elements have equal in-phase currents. The 


Gain in field intensity 


Figure 11-29 Vertical-plane patterns for horizontal 2-element W8JK antenna with 4/8 spacing at an 
average height of 4/2 above ground for tilt angles y = 0, 30, 45 and 90°. Patterns give gain in field 
intensity over a single 4/2 antenna in free space with the same power input. 


"J. D. Kraus, “Characteristics of Antennas with Closely Spaced Elements,” Radio, 9-19, February 
1939. 
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Figure 11-30 Same as for Fig. 11-29 but with array elements at average height of 31/4 above 
ground. 


arrangement of the elements and their images is shown in Fig. 11-31. The height 
of the upper element above ground is h. Let the spacing between elements be 4/2 
so that the height of the lower element above ground is h — 4/2. The gain in field 
intensity of this array over a single 4/2 dipole antenna in free space with the same 
power input is 


B a] AAG | £ | Roo + Rox 
"| HWFS (Riz + Riz + Riz — Riz) — Roy — Ria 


x 2| {sin (h, sin a) + sin [(h, — 2) sin «]}| (2) 


where R,, is the mutual resistance between elements 1 and 2, R,; the mutual 
resistance between elements 1 and 3, etc. The elements are numbered as in 
Fig. 11-31. This expression gives the gain as a function of h and of the elevation 
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Figure 11-32 Gain in field intensity of array of 2 stacked horizontal 4/2 elements as a function of the 
height above ground of the upper element for an elevation angle of 20°. The elements are stacked 4/2 
apart. The gain is relative to a single 4/2 dipole antenna in free space with the same power input. 
Gains of a 2-element W8JK antenna and single 4/2 antenna as a function of the height above ground 
are also shown for comparison at the same elevation angle. At all heights less than 0.94 the W8JK 
antenna produces the highest gain. 


angle « in the vertical plane normal to the plane of the elements. As an example, 
the gain in field intensity for two stacked in-phase horizontal 4/2 elements over a 
free-space 4/2 antenna with the same power input is presented in Fig. 11-32 as a 
function of the height h above ground, for an elevation angle « = 20°. The gains 
at a = 20° for a 2-element W8JK antenna and a single horizontal 4/2 antenna are 
also shown as a function of height for comparison. At all heights less than 0.94 
the W8JK antenna produces the highest gain. This gain improvement at low 
heights and angles has been emphasized by Regier.’ 


11-8 VERTICAL ANTENNAS ABOVE A PLANE GROUND. 


Consider a vertical stub antenna of length / above a plane horizontal ground of 
infinite extent and perfect conductivity as in Fig. 11-33. By the method of images 


' F. Regier, “A New Look at the W8JK Antenna,” Ham Radio, 60-63, July 1981. 
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Figure 11-33 Vertical stub antenna above a 
“\|mage antenna ground plane. 


the ground may be replaced by an image antenna of length | with sinusoidal 
current distribution and instantaneous current direction as indicated. The 
problem of the stub antenna above ground then reduces to the problem already 
treated in Chap. 5 of a linear center-fed antenna with symmetrical current dis- 
tribution. The electric field intensity as a function of the elevation angle « and 
distance r may be derived from (5-5-11), obtaining 


vee 60 j& cos (I, sin a) — cos l, (V m=) (1) 
rV Rit Riu COS & 


where /, = fl = (27/A)I, dimensionless 
R,, = Self-resistance of a vertical stub antenna of length / referred to the 
point of current maximum, Q 
R,, = effective loss resistance of antenna referred to same point, Q 
P = power input, W 
r = distance, m 


Values of the self-resistance referred to the current loop of a vertical stub 
antenna above a perfectly conducting ground have been given by Brown! and by 
Labus.” These values are presented as a function of antenna length in Fig. 11-34. 
Using these values of self-resistance, or radiation resistance, the field intensity of 
a vertical stub antenna of any length / and power input P can be calculated by (1) 
at any elevation angle a and distance r. Thus, the field intensity by (1) along the 
ground (a = 0) for a 4/4 vertical antenna (/, = 2/2) with a power input P = 1 W 
at a distance of 1609 m is 6.5 mV m“’*. The value of R,, for a 4/4 stub antenna is 
36.5 Q, and R,, is assumed to be zero. 


*G. H. Brown, “A Critical Study of the Characteristics of Broadcast Antennas as Affected by 
Antenna Current Distribution,” Proc. IRE, 24, 48-81, January 1936. 


*J. Labus, “Rechnerische Ermittlung der Impedanz von Antennen,” Hochfrequenztechnik und Electro- 
akustik, 41, 17-23, January 1933. 
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Figure 11-34 Radiation resistance 
at the current maximum of a thin 
vertical antenna as a function of the 
height / of the antenna. (After G. H. 
Brown, “‘A Critical Study of the 
Characteristics of Broadcast 
Antennas as Affected by Antenna 
Current Distribution,’ Proc. IRE, 
24, 48-81, January 1936; and also J. 
Labus, ‘‘Rechnerische Ermittlung 
der Impedanz von Antennen,” Hoch- 
frequenztechnik und _ Electro- 
Antenna height /, akustik, 41, 17-23, January 1933.) 
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~S 
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Vertical stub antennas, singly or in directional arrays, are very widely used 
for AM broadcasting. In this application the field intensity along the ground 
(a = 0) is of particular interest. It is also customary to compare field intensities at 
some standard distance, say 1.61 km, and for some standard input such as 1 kW. 
For this case (1) reduces to 


_-1.18(1 — cos /,) 


a) Rig Ray 


where E is the field intensity along the ground at a distance of 1.61 km for a 
power input of 1 kW. The variation of E as given by (1) is presented in Fig. 11-35 
as a function of antenna length.’»* The vertical-plane patterns calculated by (1) 
as a function of the elevation angle a for vertical antennas of various heights are 
presented in Fig. 11-36.':* A length of about 0.644 yields the greatest field inten- 
sity along the ground, but as pointed out by Brown’ the large high-angle radi- 


E (Vm) (2) 


'G. H. Brown, “A Critical Study of the Characteristics of Broadcast Antennas as Affected by 
Antenna Current Distribution,” Proc. IRE, 25, 78-145, January 1937. 


2 C. E. Smith, Directional Antennas, Cleveland Institute of Radio Electronics, Cleveland, Ohio, 1946. 
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Figure 11-35 Field intensity at the ground (zero 
elevation angle) at a distance of 1.61 km from a ver- 
tical antenna with 1 kW input as a function of its 
height J. Perfectly conducting ground is assumed. 
The solid curve is for an assumed loss resistance 
Height / of antenna, A R,, = 0 and the dashed curve for R,; = 1 Q. 


ation (at « = 60°) for this length reduces the nonfading range at broadcast 
frequencies (500 to 1500 kHz) as compared, for example, with an antenna about 
4/2 long. The nonfading range is largest for an antenna height of 0.528/. It is 
assumed that the loss resistance R,, = 0, that is, the entire input to the antenna 
is radiated. The small amount of high-angle radiation, which is an important 
factor in reducing fading, is apparent for the / = 0.5284 antenna as compared to 
other lengths (see Fig. 11-36b and c). | 

The analysis of arrays of several vertical stub antennas can be reduced in a 
similar fashion to arrays of symmetrical center-fed antennas. Many of these have 
been treated in previous sections. In this case it is often convenient to compare 
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Figure 11-36 Vertical-plane field patterns of vertical antennas for several values of antenna height I. 
The field intensity is expressed in millivolts per meter at a distance of 1.61 km for 1 kW input. 
Perfectly conducting ground and zero loss resistance are assumed. 
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the pattern and refer the gain to a single vertical stub antenna with the same 
power input. The situation of a symmetrical center-fed vertical antenna with its 
lower end some distance above the ground can also be treated by the method of 
images. In this case the antenna is reduced to a collinear array. 

For the case of a linear array of vertical elements of equal height and of the 
same current distribution, the pattern E(@) as a function of the azimuth angle @ 
at a constant elevation angle « is given by 


E(p) = Eis(P') x Ey (3) 


where E,,,(¢’) = relative pattern of array of isotropic point sources used to 
replace elements 
E, = relative field intensity of a single vertical element at the elevation 
angle « 


The angle @’ in the pattern formula of the array of isotropic sources is the angle 
with respect to the array axis or x axis in Fig. 11-37a. Before inserting this 
formula into (3), it is necessary to express ¢’ in terms of the azimuth angle @ and 
elevation angle a (Fig. 11-37a). This is done by the substitutions 


cos @’ = cos @ Cos « (4) 


and sin ¢’ = ./1 — cos? ¢ cos” a (5) 


If the relative field intensity formula E, of a single vertical element is given in 
terms of the polar angle 0, the elevation angle a is introduced by means of the 
substitution 0 = 90° — a, since, as indicated in Fig. 11-37b, 6 and « are comple- 
mentary angles. 


11-9 ARRAYS WITH PARASITIC ELEMENTS 


11-9a Introduction. In the above sections it has been assumed that all the 
array elements are driven, i.e., all are supplied with power by means of a trans- 
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Figure 11-38 Array with one driven dipole element and 
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mission line. Directional arrays can also be constructed with the aid of elements 
in which currents are induced by the fields of a driven element. Such elements 
have no transmission-line connection to the transmitter and are usually referred 
to as “ parasitic elements.” 

Let us consider the case of an array in free space consisting of one driven 
A/2 dipole element (element 1) and one parasitic element (element 2), as in 
Fig. 11-38. The procedure follows that used by Brown.’ Suppose that both ele- 
ments are vertical so that the azimuth angle ¢ is as indicated. The circuit rela- 
tions for the elements are 


V, = 1,21, + 1,212 (1) 
0= 1,22. + 12,2 | (2) 
From (2) the current in element 2 is 
Z12 |Z12| [fm Z12 
RON i pence NORS, hie pegenerr reall a Sad Oh Pee aet (0b OR (3) 
mee isn ee Zia a Th Oba 232 
Z12 
= 1 4 
or 2 1 7 [é (4) 


where € = 1 + T,, — T2, in which 


X12 
Ce = di Cita 
Ry 


X32 


Te AC Al 
Ry 


1 G. H. Brown, “ Directional Antennas,” Proc. IRE, 25, 78-145, January 1937. 
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where R,, + jX,> = Z,2 = mutual impedance of elements 1 and 2, Q 
R,, +jX. = Z,, = self-impedance of the parasitic element, Q 


The electric field intensity at a large distance from the array as a function of ¢ is 


E(~) = kU, + I, /d, cos ) (5) 


2 
where d, = Bd = = d 


Substituting (4) for I, in (5), 


E(@) = a (i ae f /¢ + d, cos 6) (6) 


Ai12 
Z22 
Solving (1) and (2) for the driving-point impedance Z, of the driven element, we 
Scie ta. 


Zi ae oon 
Z tar ea ee ial (ot (7) 
Z, |Z22| [to 
The real part of Z, is 
72 
R, = Ris —|5—| COs (21, — 2) (8) 
22 


Adding a term for the effective loss resistance, if any is present, we have 


v2 
212 


R, = Ri, + Ry, Z COs (2t,, — T>) (9) 


Pap 


For a power input P to the driven element, 


P ie 
VR, Ry, + Rip — | Z72/Z22| cos (2t,, — T2) 


and substituting (10) for J, in (6) yields the electric field intensity at a large dis- 
tance from the array as a function of ¢. Thus, 


P 
E =k a a 
(9) Rit tRis SZeai Zen cose eee 
Z 
«(1 +] 24] e+ a, co Cy) 
22 


For a power input P to a single vertical 1/2 element the electric field intensity at 
the same distance is 


P -1 
Euwl?) = kIp =k eeerenss (VemiRG) (12) 
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where Rog = self-resistance of single 1/2 element, Q 
Ro, = loss resistance of single 4/2 element, Q 


The gain in field intensity (as a function of ¢) of the array with respect to a single 
A/2 antenna with the same power input is the ratio of (11) to (12). Since Roo = 
R,, and letting Ry, = R,,, we have 


2 


A) HW| VR R 2 
11 + Ry, — | Z72/Z22| cos (21,, — T2) 


od ES 
Le 


If Z,, is made very large by detuning the parasitic element (i.e., by making X,, 
large), (13) reduces to unity, that is to say, the field of the array becomes the same 
as the single 4/2 dipole comparison antenna. 

By means of a relation equivalent to (13), Brown’ analyzed arrays with a 
single parasitic element for various values of parasitic element reactance (X ,,) 
and was the first to point out that spacings of less than 4/4 were desirable. 

The magnitude of the current in the parasitic element and its phase relation 
to the current in the driven element depends on its tuning. The parasitic element 
may have a fixed length of 4/2, the tuning being accomplished by inserting a 
lumped reactance in series with the antenna at its center point. Alternatively, the 
parasitic element may be continuous and the tuning accomplished by adjusting 
the length. This method is often simpler in practice but is more difficult of 
analysis. When the 4/2 parasitic dipole element is inductive (longer than its resonant 
length) it acts as a reflector. When it is capacitive (shorter than its resonant length) 
it acts as a director.* 

Arrays may be constructed with both a reflector and a director. A 3-element 
array of this type is shown in Fig. 11-39, one parasitic element acting as a reflec- 
tor and the other as a director. The analysis for the 3-element array is more 
complex than for the 2-element type treated above. 

Experimentally measured field patterns of a horizontal 3-element array situ- 
ated 1A above a square horizontal ground plane about 13/ on a side are present- 
ed in Fig. 11-40. The element lengths and spacings are as indicated. The gain at 
a = 15° for this array at a height of 1/4 is about 5 dB with respect to a single 1/2 


le +d, c0s 6) (13) 


II) 


' G. H. Brown, “ Directional Antennas,” Proc. IRE, 25, 78-145, January 1937. 

* From Fig. 9-9, we note that the reactance of a thin linear element varies rapidly as a function of 
frequency when its length is about 1/2, going from positive (inductive) reactance through zero reac- 
tance (resonance) to negative (capacitive) reactance values as the length is reduced. 
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Figure 11-40 Measured vertical plane pattern (a) and horizontal plane patterns (b) at 3 elevation 
angles for a 3-element array located 1/ above a large ground plane. (Patterns by D. C. Cleckner, Ohio 
State University.) 
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Figure 11-41a Shintaro Uda’s experimental antenna with 1 reflector and 7 directors on the roof of 
his laboratory at Tohoku University for vertically polarized transmission tests during 1927 and 1928 
over land and sea paths up to 135 km using a wavelength 4 = 4.4 m. The horizontal wooden boom 
supporting the array elements is 15 m long. 


dipole antenna at the same height.’ The vertical plane pattern is shown in 
Fig. 11-40a. It is interesting to note that because of the finite size of the ground 
plane there is radiation at negative elevation angles. This phenomenon is charac- 
teristic of antennas with finite ground planes, the radiation at negative angles 
being largely the result of currents on the edges of the ground plane or beneath it. 
The azimuthal patterns at elevation angles a = 10, 15 and 20° are shown in 
Fig. 11-40b. A parasitic array of this type with closely spaced elements has a 
small driving-point radiation resistance and a relatively narrow bandwidth. 


11-9b The Yagi-Uda Array. Shintaro Uda, an assistant professor at Tohoku 
University, had not turned 30 when he conducted experiments on the use of 
parasitic reflector and director elements in 1926. This led to his publication of a 
series of 11 articles (from March 1926 to July 1929) in the Journal of the Institute 
of Electrical Engineers of Japan titled “On the Wireless Beam of Short Electric 
Waves.”* He measured patterns and gains with a single parasitic reflector, a 
single parasitic director and with a reflector and as many as 30 directors. One of 
his many experimental arrays is shown in Fig. 11-41a. He found the highest gain 
with the reflector about 4/2 in length and spaced about 1/4 from the driven 
element, while the best director lengths were about 10 percent less than 4/2 with 
optimum spacings about 1/3. Even though many patterns were measured in the 


1 Note that it is necessary to specify both the height and elevation angle at which the comparison is 
made. In comparing one antenna with another, the gain as a function of elevation angle at a given 
height (or as a function of height at a given elevation angle) may, in general, range from zero to 
infinity. 

2 §. Uda, “On the Wireless Beam of Short Electric Waves,” JIEE (Japan), March 1926, pp. 273-282 
(I); April 1926 (II); July 1926 (III); January 1927 (IV); January 1927 (V); April 1927 (VI); June 1927 
(VII); October 1927 (VIII); November 1927, pp. 1209-1219 (IX); April 1928 (X); July 1929 (XI). 
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near field, these lengths and spacings agree remarkably well with optimum values 
determined since then by further experimental and computer techniques. After 
George H. Brown demonstrated the advantages of close spacing, the reflector-to- 
driven-element spacings were reduced. 

Hidetsugu Yagi, professor of electrical engineering at Tohoku University 
and 10 years Uda’s senior, presented a paper with Uda at the Imperial Academy 
on the “ Projector of the Sharpest Beam of Electric Waves” in 1926, and in the 
same year they both presented a paper before the Third Pan-Pacific Congress in 
Tokyo titled “On the Feasibility of Power Transmission by Electric Waves.” The 
narrow beams of short waves produced by the guiding action of the multidirector 
periodic structure, which they called a “wave canal,” had encouraged them to 
suggest using it for short-wave power transmission, an idea now being considered 
for beaming solar power to the earth from a space station or from earth to a 
satellite (but not necessarily with their antennas). 

It is reported that Professor Yagi had received a substantial grant from 
Sendai businessman Saito Zenuemon which supported the antenna research done 
by Uda with Yagi’s collaboration. Then in 1928 Yagi toured the United States 
presenting talks before Institute of Radio Engineers sections in New York, Wash- 
ington and Hartford, and in the same year Yagi published his now famous article 
on “Beam Transmission of Ultra Short Waves” in the Proceedings of the IRE.' 
Although Yagi noted that Uda had already published 9 papers on the antenna 
and acknowledged that Uda’s ingenuity was mainly responsible for its successful 
development, the antenna soon came to be called “a Yagi.” In deference to Uda’s 
contributions, I refer to the array as a Yagi-Uda antenna, a practice now becom- 
ing common. Uda has summarized his researches on the antenna in two data- 
packed books.’ 

A typical modern-version 6-element Yagi-Uda antenna is shown in Fig. 
11-41b. It consists of a driven element (folded 4/2 dipole) fed by a 300-Q 2-wire 
transmission line (twin line), a reflector and 4 directors. Dimensions (lengths and 
spacings) are indicated on the figure. The antenna provides a gain of about 
12 dBi (maximum) with a bandwidth at half-power of 10 percent. By adjusting 
lengths and spacings appropriately (tweeking), the dimensions can be optimized, 
producing an increase in gain of another decibel.* However, the dimensions are 
critical. 


1 H. Yagi, “Beam Transmission of Ultra Short Waves,” Proc. IRE, 16, 715—740, June 1928. 
* §. Uda and Y. Mushiake, Yagi-Uda Antenna, Maruzden, Tokyo, 1954. 


S. Uda, Short Wave Projector; Historical Records of My Studies in the Early Days, published by Uda, 
1974. 


> C. A. Chen and D. K. Cheng, “Optimum Spacings for Yagi-Uda Arrays,” [EEE Trans. Ants. Prop., 
AP-21, 615-623, September 1973. 

C. A. Chen and D. K. Cheng, “Optimum Element Lengths for Yagi-Uda Arrays,” IEEE Trans. Ants. 
Prop., AP-23, 8-15, 1975. 

P. P. Viezbicke, “ Yagi Antenna Design,” NBS Technical Note 688, December 1968. 
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Figure 11-41b Modern-version 6-element Yagi-Uda antenna with dimensions. It has a maximum 
directivity of about 12 dBi at the center of a bandwidth of 10 percent at half-power. 


The inherently narrow bandwidth of the Yagi-Uda antenna can be 
broadened to 1.5 to 1 by lengthening the reflector to improve operation at low 
frequencies and shortening the directors to improve high-frequency operation. 
However, this is accomplished at a sacrifice in gain of as much as 5 dB. 


11-9c Square-Corner—Yagi-Uda Hybrid. The corner reflector (Sec. 12-3) is 
an inherently wideband antenna producing substantial gains. Thus, a square- 
corner reflector with maximum dimension equal to the 1.5/ length of the Yagi- 
Uda antenna of Fig. 11-41b produces about 1 dB more gain. Furthermore, the 
corner reflector can operate over a 2 to 1 bandwidth with 5 or 6 dB more gain 
than a 1.5 to 1 bandwidth Yagi-Uda antenna of the same size. 

Although reducing the length of the reflector elements and reducing their 
number (by increasing the spacing between them) decreases the gain of a corner 
reflector antenna, the gain may still be more than that of a wideband Yagi-Uda 
antenna. However, if the increased spacing is as much as 4/6 or 4/4 at the low- 
frequency end of a 2 to 1 band, the spacing becomes 4/3 to 4/2 at the high- 
frequency end, reducing the effectiveness of the reflector. To compensate for this 
effect at the high-frequency end a number of directors can be added in front of 
the driven element of the corner reflector, resulting in a corner reflector with 
directors or corner—Yagi-Uda hybrid antenna as shown in Fig. 11-42. The length 
and spacing of the directors are made appropriate for the high-frequency end of 
the band. The thinned corner reflector is effective at the low and mid frequencies 
while the directors are effective at the high frequencies, resulting in an average 
gain of 7 or 8 dBi over a bandwidth of nearly 2 to 1, which is adequate for the 
UHF USS. TV band. Although less than the gain of a full-element corner reflector 
antenna, the hybrid has less wind resistance. 

In the competitive high-volume UHF TV antenna market, in which mil- 
lions of corner reflector and Yagi-Uda antennas have been sold, the hybrid offers 
an alternative. At least half of the reflector elements can be removed from the 
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Figure 11-42 Square-corner-Yagi-Uda hybrid anten- 
Mast na. It has an average directivity of about 8 dBi over a 
2 to 1 bandwidth. 


corner reflector. The directors which are added are much shorter and may be 
fewer in number, resulting in a net savings in cost. 

Compare the wide bandwidth corner reflector of Fig. 12-14 and also the 
Yagi-Uda—corner—log-periodic array described in Sec. 15-6. 


11-9d_ Circular polarization with a Yagi-Uda Antenna. To produce circular 
polarization, 2 Yagi-Uda antennas can be crossed (elements at right angles on the 
same boom) with the driven elements fed in phase quadrature, or both driven 
elements can be fed in phase but with one array displaced 4/4 along the boom 
with respect to the other. Another alternative is to feed the crossed director pairs 
with a monofilar axial-mode helical antenna (see Fig. 7-55). An advantage of this 
arrangement is that it can be fed by a single coaxial transmission line. 


11-9e The Landsdorfer Shaped-Dipole Array. The gain of a Yagi-Uda 
antenna can be increased by adding more directors and increasing the length of 
the array. As with all end-fire arrays, twice the gain (3 dB improvement) requires 
a 4-fold increase in length. Another method of obtaining a 3 dB improvement is 
to stack 2 arrays. As yet another alternative, Landsdorfer’ has demonstrated that 
higher gain can be obtained by extending and shaping the conductors of a 3- 
element close-spaced Yagi-Uda antenna. 

Consider the center-fed 31/2 dipole shown in Fig. 11-43a. Assuming a sinus- 
oidal current distribution, the field pattern is as indicated in (b) (see also Fig. 5-9). 
There are small broadside lobes and also large lobes at an angle. If the center 4/2 


1 F. M. Landsdorfer, “Zur Optimalen Form von Linearantennen,” Frequenz, 30, 344-349, 1976. 

F. M. Landsdorfer, “A New Type of Directional Antenna,” Ant. Prop. Soc. Int. Symp. Digest, 169-172, 
1976. 

F. M. Landsdorfer and R. R. Sacher, Optimization of Wire Antennas, Wiley, 1985. 
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Figure 11-43 (a) A 34/2 center-fed dipole and (5) its field pattern. (c) Center section folded into a 4/4 
stub reducing length to 1A and (d) the field pattern. (e) Further shaping and addition of shaped 
director and reflector forms a Landsdorfer array with the field pattern (/). 


section is folded into a 4/4 stub as in (c) the antenna reduces to an in-phase 1A 
dipole with a bidirectional broadside field pattern as in (d). Now pulling the stub 
apart and shaping it and the 4/2 sections, it can be arranged with a similarly 
shaped director and reflector as done by Landsdorfer and shown in (e) with the 
unidirectional pattern at (f). The overall length is 1.34 with gain reported to be 
about 11.5 dBi. This compares to about 8.5 dBi for a close-spaced 3-element 
array of 4/2 dipoles. 


11-10 PHASED ARRAYS 


11-10a_ Introduction. Although the elements of any antenna array must be 
phased in some manner, the term phased array has come to mean an array of 
many elements with the phase (and also, in general, the amplitude) of each ele- 
ment being a variable, providing control of the beam direction and pattern shape 
including sidelobes. These arrays are discussed in the second part of this section. 
Specialized phased arrays given different names are the frequency scanning 
array, the retro-array and the adaptive array. 
In the scanning array, phase change is accomplished by varying the fre- 
quency. These frequency scanning arrays are among the simplest phased arrays 
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since no phase control is required at each element. Several of these arrays were 
discussed in Sec. 7-11. Additional ones are described in the next section (11-11). 

A retro-array is one which automatically reflects an incoming signal back 
toward its source. This type of array is considered in Sec. 11-12. 

Adaptive arrays have an awareness of their environment and adjust to it in 
a desired fashion. Thus, an adaptive array can automatically steer its beam 
toward a desired signal while steering a null toward an undesired or interfering 
signal. In a more versatile adaptive array the output of each element is sampled, 
digitized and processed by a computer which can be programmed to accomplish 
tasks limited mainly by the sophistication of the computer program and the 
available computer power. Such an array may be called a smart antenna. These 
arrays are described in Sec. 11-13. 


11-10b Phased Array Designs. An objective of a phased array is to accom- 
plish beam steering without the mechanical and inertial problems of rotating the 
entire array. In principle, the beam steering of a phased array can be instanta- 
neous and, with suitable networks, all beams can be formed simultaneously. 
However, the look angle or field of view of a planar phased array may be more 
restricted than for a steerable array (although a phased array on a curved surface 
may cover as much solid angle). Also the beam of a rotatable array maintains its 
shape with change in direction whereas a phased array beam may not. 

Another objective of the phased array is to provide beam control at a fixed 
frequency or at any number of frequencies within a certain bandwidth in a 
frequency-independent manner. 

In its most simplistic form, beam steering of a phased array can be done by 
mechanical switching. Thus, consider the case of the rudimentary 3-element array 
of Fig. 11-44a. Let each element be a 1/2 dipole (seen end-on in the figure). An 
incoming wave arriving broadside as in (a) will induce voltages in the transmis- 
sion lines (or cables) in the same phase so that if all cables are of the same length 
(|, = 1, =1,) the voltages will be in phase at the (dashed) in-phase line. By bring- 
ing all 3 cables to a common point as in (b), the 3-element array will operate as a 
broadside array. For an impedance match, the cable to the receiver (or 
transmitter) should be 4 the impedance of the 3 cables, or a 3 to 1 impedance 
transformer can be inserted at the common junction point with all cables of the 
same impedance. 

Now consider a wave arriving at an angle of 45° from broadside as in 
Fig. 11-44c. If the wave velocity v = c on the cables, the (dashed) in-phase line is 
parallel to the wave front of the incoming wave, as suggested in (c). However, if 
v <c, the lengths |, and 1, must be increased as suggested in order for all phases 
to be the same (the in-phase condition). Then, if cables of these lengths are joined 
as in (d) the 3-element array will have its beam 45° from broadside. 

By installing a switch at each antenna element and one at the common feed 
point as in Fig. 11-44e and mechanically ganging all switches together, the beam 
can be shifted from broadside to 45° by operating the ganged switch. 
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Figure 11-44 (a) Array of three 4/2 dipoles (seen end-on) with incoming wave broadside. (5) Equal 
length cables joined. (c) Incoming wave at 45° from broadside. (d) Appropriate lengths of cable joined. 
(e) Switches for shifting from broadside to 45° reception. 


By adding more switch points and more cables of appropriate length the 
beam can be steered to an arbitrarily large number of directions. With more 
elements, narrower beams can be formed. With diodes (PIN type’) in place of 
mechanical switches, control can be electronic. However, even with these modifi- 


1 PIN (Positive Intrinsic Negative): high open-circuit impedance, low short-circuit impedance. 
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cations, it is obvious that for precision beam steering with many antenna ele- 
ments, the required number of interconnecting cables can become astronomic. 
Many schemes have been proposed to reduce the required number of cables. One 
of these, called a Butler matrix,! is a cable-connected matrix which is the hard- 
wire equivalent of a discrete fast Fourier transform. For an N element, N output- 
port matrix, forming N simultaneous beams, the number of required cables is 
reduced from N? to N In N, resulting in a significant economy for large values of 
N. Computers can do the same thing by appropriate programming of sampled 
signals. 

Instead of controlling the beam by switching cables, a phase shifter can be 
installed at each element. Phase shifting may be accomplished by a ferrite device. 
The same effect may be produced by the insertion of sections of cable (delay line) 
by electronic switching. Thus, insertion of cables of 1/4, 4/2, 34/4 (and no cable) 
provides phase increments of 90°. For more precise phasing, cables with smaller 
incremental differences are used. 

Figure 11-45a is the schematic of a phased array with a phase shifter and 
attenuator at each element. The feed cables are all of equal length in a corporate 
structure’ arrangement. Figure 11-45b shows an end-fed phased array, also with 
individual element phase shifter and attenuator. Since a progressive phase shift is 
introduced between elements with a frequency change, the phase shifters must 
introduce opposing phase changes to compensate, in addition to making the 
desired phase changes. 

Figure 11-45c shows a 4-element end-fed phased receiving array with each 
element fed from a transmission line via a directional coupler.* The transmission 
line has a matched termination (zero reflection) so that (ideally) there is a pure 
traveling wave on the line. Phasing is accomplished by physically sliding the 
directional couplers along the line. Element amplitude is controlled by changing 
the closeness of coupling. Reduction of amplitude can control or eliminate minor 
lobes as with a 1: 3:3: 1 (binomial) amplitude distribution. 

The literature on phased arrays is extensive. Robert Mailloux gives a very 
comprehensive overview of the subject, updating an earlier review article by L. 
Stark.* 


‘J. Butler and R. Lowe, “Beamforming Matrix Simplifies Design of Electronically Scanned 
Antennas,” Elect. Des., 9, 170-173, 1961. 

J. L. Butler, in R. C. Hansen (ed.), Microwave Scanning Antennas, vol. 3, Academic Press, 1966, 
chap. 3 (includes 80 references). 


* Named after the organizational structure of a corporation with president over 2 vice presidents each 
over 2 subordinates, etc., the diagram in Fig. 11-45a being an upside-down version. 


3 For explanation of directional coupler action, see J. D. Kraus, Electromagnetics, 3rd ed., McGraw- 
Hill, 1984, pp. 419-420. 


*R. J. Mailloux, “Phased Array Theory and Technology,” Proc. IEEE, 70, 246-291, March 1982 
(includes 174 references). 


L. Stark, “Microwave Theory of Phased Array Antennas—A Review,” Proc. IEEE, 62, 1661-1701, 
1974. 
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Figure 11-45 (a) Schematic of phased array fed by corporate structure and (b) end-fed. (c) Phased 
array with each element fed from a matched transmission line via a directional coupler. 


11-10c Rotatable Helix Phased Array. With monofilar axial-mode helices 
as elements of the array, phasing can be accomplished by rotating the helices on 
their axes, a rotation of 90° providing a 90° shift in phase of the (circularly 
polarized) wave. For example, with 3 helices of the same hand connected as in 
Fig. 11-46 the beam direction can be steered by rotation of the outer helices (1 
and 3) with helix 2 stationary. Thus, continuously rotating helix 1 clockwise and 
helix 3 counterclockwise will result in a continuously sweeping beam between 
two angular extremes, as suggested in the figure. In this type of operation a lobe 
appears at the left extreme of the sweep angle, grows in amplitude as it sweeps to 
the right, reaching maximum amplitude at broadside. It then becomes smaller as 
it sweeps further to the right. After reaching the extreme right of the sweep angle, 
a new lobe appears at the left extreme and the process repeats. The angle of sweep 
is determined by the pattern of a single helix. 

I designed and built a 3-helix beam-sweeping array of this type in 1958 for 
operation at 25 to 35 MHz at the Ohio State University Radio Observatory for 
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500 
planetary (Jupiter) and solar radio observations.’ The helices were 3 m in diam- 
eter, the outer 2 rotating in opposite directions. Each helix had 3 turns so that 
the beam width between first nulls (and sweep angle) was about 130°. With helix 
rotation at 3 revolutions per hour, the equatorial zone of the sky was swept or 
scanned from east to west every 20 min. 
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11-1la Frequency-Scanning Line-Fed Array. Consider a line-fed array of 
uniformly spaced elements (dipoles) with a receiver connected at the right end of 
the line as suggested by the schematic of Fig. 11-47. Each element is fed from the 
transmission line via a directional coupler. This arrangement is similar to that in 
Fig. 11-45c but in the present case the coupler positions are fixed, with beam 
sweeping or scanning done by changing the frequency. The transmission line is 
matched to eliminate reflections and insure an essentially pure traveling wave on 
the line. From (7-11-8), 


1 
Dede ar ae (1) 


where @ = beam angle from array axis, rad or deg 
p = phase velocity on transmission line = v/c, dimensionless 
m = mode number, dimensionless 
d = element spacing, m 
Ay = free-space wavelength at center frequency of array operation, m 


"J. D. Kraus, “Planetary and Solar Radio Emission at 11 m Wavelength,” Proc. IRE, 46, 266-274, 
January 1958. 
J. D. Kraus, Radio Astronomy, 2nd ed., Cygnus-Quasar, 1986, p. 6-40 (1st ed., 1966, p. 193). 
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Figure 11-47 Frequency-scanning line-fed array of uniformly spaced elements with tunable receiver 
at left end. Beam angle @ is a function of the frequency. 


For p = 1 and m = 0, ¢ = 0° (beam fixed at end-fire independent of 49). 
Consider now the situation for p = 1,m = —1,d=1manddA, =1m,or 


cos @=1-—1=0 (2) 


and @ = 90° (beam broadside). 
Suppose next that the frequency is increased so that the wavelength is 0.9/, 
or 0.9 m; then 
cos¢=1-09=Q0.1 (3) 


and @ = 84.3°, or 5.7° right of broadside. Shifting to a lower frequency so that the 
wavelength is 1.1A, or 1.1 m, 


cos @=1-1.1= —0.1 


and @ = 95.7°, or 5.7° left of broadside. 

Thus, a + 10 percent shift in wavelength (or frequency) swings the beam 
+5.7° from broadside (total scan 11.4°) with larger frequency shifts resulting in 
larger scan angles. To eliminate or reduce beams at ¢ = —90° (mirror image), 
and also end-fire and back-fire beams, the 4/2 dipoles can be replaced by identi- 
cal unidirectional elements, the scan angle then being restricted to the beam 
width of the individual element. 

This frequency-scanning array has no moving parts, no phase shifters and 
no switches, making it one of the simplest types of phased arrays. 


11-11b Frequency-Scanning Backward Angle-Fire Grid and Chain 
Arrays.’ The current on folded-wire antennas usually assumes a sinusoidal 
(standing-wave) distribution. In the 1930s I had constructed and used folded-wire 


1 Some call the frequency-scanning backward angle-fire grid array a Kraus grid and the frequency- 
scanning backward angle-fire chain array a Tiuri chain. 
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Figure 11-48 Frequency-scanning Kraus grid array. When fed at point 2 (with terminals at point 1 
short-circuited and a matched load connected at point 3) the beam is at an angle @ which is a 
function of the frequency. A frequency shift of +14 percent swings the beam angle ¢ through about 
75°. Switching the feed point to 3 and load to 2 puts the beam in the right-hand quadrant, making the 
total scan angle 150°. Typically, 1 ~ 4, s < A/2,h < A/4. 


antennas of this kind, such as the Bruce curtain (Fig. 11-58b), and became fam- 
iliar with their operation. A broadside array of these antennas (for increased gain) 
may require many interconnecting transmission lines to feed them. In thinking 
about these arrays during the winter of 1961-1962, I wondered if it would be 
possible to construct a continuous wire grid as a broadside array and feed it at a 
single centrally located point. | 

The basic arrangement is illustrated in Fig. 11-48. The dimensions of each 
mesh of the grid are] ~ A by s ~ 4/2. Assuming standing waves, the instantane- 
ous current distribution would be as indicated by the arrows, one located at each 
current maximum point. Currents on all of the short sides (A/2 long, horizontal in 
the figure) would be in phase, while on the long sides of the meshes (A long, 
vertical in the figure) there are as many current maxima in one direction as in the 
opposite so that radiation broadside from the long sides should (ideally) be zero. 
Thus, I reasoned, the array should produce a linearly polarized (horizontal in the 
figure) beam broadside to the array with a gain proportional to the number of 
4/2 sides (or elements) (31 in the figure). 
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I constructed an array similar to the one in Fig. 11-48, mounted it approx- 
imately 4/4 from a flat conducting ground plane and fed it with a balanced trans- 
mission line at the central point (1 in the figure). To my surprise, I found that the 
radiation was not in a single broadside beam but was split into 2 equal lobes, one 
left and one right of broadside. 

It was apparent that the current distribution was not that of a resonant 
standing wave but rather of two traveling waves, one to the left and one to the 
right from point 1. Accordingly, in order to have only one (left-to-right) traveling 
wave across the entire grid, I short-circuited the terminals at point 1 and fed the 
grid with a coaxial line at the left edge (point 2). This resulted in a single beam in 
the back-fire direction (opposite to the traveling wave) as indicated in Fig. 11-48, 
with the beam angle ¢ a function of the frequency. Thus, in this mode of oper- 
ation, the antenna is a nonresonant frequency-scanning array with the long sides 
of the meshes behaving essentially as transmission-line sections and the short 
sides as both radiating and transmission-line sections. Although the terminals at 
the other edge of the array (point 3) may be left open, connecting a matched load 
reduces any reflected wave which could degrade the desired condition of a single 
left-to-right traveling wave. Thus, the antenna may be regarded as a traveling- 
wave-fed array of discrete radiating elements.’ 

Feeding the array at point 2 (terminals at 1 short-circuited and 3 matched), 
the beam direction ¢ as a function of the grid parameters is given by 


— cos ¢ —-—— —~—— = —2nm (4) 


wheres = length of short side, m 
| = length of long side, m 
¢@ = beam angle from array axis 
p,. = relative phase velocity along short side = v,/c 
Py = relative phase velocity along long side = v,/c 
m = mode number = integer 


For m = 1, p, = p, = 1, (4) becomes 


2 
~2n == (s cos 6-5-5] (5) 
or typically (J = 2.75s) 


cos @ = 2.37 — = (6) 


1J. D. Kraus, “A Backward Angle-Fire Array Antenna,” IEEE Trans. Ants. Prop., AP-12, 48-50, 
January 1964. 

J. D. Kraus, “ Backward Angle Traveling Wave Wire Mesh Antenna Array,” U.S. Patent 3,290,688, 
applied for June 11, 1962, granted Dec. 6, 1966. 
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Figure 11-49 Beam angle @¢’ as a 
function of frequency expressed in 
terms of s/A. The dashed curves are 
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relative phase velocity p. The solid 


curve is measured, suggesting that 
0'307/ 0732 7.0934 77-0736) FOI38 1014070142 p is a (wéak) function of the fre- 


S/N quency. 


The beam direction ¢’ (complement to ¢ in Fig. 11-48) varies from about 15 to 
90° for changes in s from 0.3 to 0.424. A wavelength (or frequency) change of 
+ 14 percent swings the beam through a scan angle of 75°. By switching the feed 
point to 3 and matched load to point 2 the beam can be placed in the right 
quadrant, increasing the total scan angle to 150°. Although this analysis is over- 
simplified it illustrates the basic relations. Comparing calculations with measure- 
ments indicates that the relative phase velocity p (=p, = py) is a function of the 
frequency, as suggested by Fig. 11-49, and not a constant (= 1) as assumed above. 
Additional measurements suggest further that Pepe 


* J. D. Kraus and K. R. Carver, “Wave Velocities on the Grid-Structure Backward Angle-Fire 
Antenna,” IEEE Trans. Ants. Prop., AP-12, 509-510, July 1964. 
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Figure 11-50 Frequency-scanning Tiuri chain array for feeding at one end (point 1) with matched 
load at point 2, or vice versa. With array mounted about 0.15/ from a flat conducting ground plane, 
the impedance of a single chain is typically about 300 Q and the terminal impedance (at points 1 or 2) 
typically 50 Q. Polarization is horizontal. (After S. Tallqvist, “ Theory of the Meander Type Chain and 
Grid Antenna,” Lic. thesis, Helsinki University of Technology, 1977.) 


My experimentally determined “best” average value of s (=0.364) corre- 
sponds to an average value for the long sides of | = 2.75s ~ 4. Thus, in practice 
the long sides of the meshes are ~ / long, as envisioned in the initial design, but 
the short sides are less than 4/2. 

Considering the array as a transmission line, the extra path length 4/2 
between radiating elements reduces the effective phase velocity (left. to right) in 
the ratio s/[s + (A/2)]. Typically, | = 2.75s so that the effective phase velocity is 
about 0.4c, making the grid a slow-wave structure. The average gain of a grid 
array as in Fig. 11-48 is about 17 dBi. 

A microstrip version of the array is described by Conti et al.’ 

The Kraus grid array principle has been extended by Tiuri, Tallqvist and 
Urpo? and by Tallqvist? to an array in which the meshes are divided into parallel 
matched chains, with a typical configuration as in Fig. 11-50. This Tiuri chain 


1R. Conti, J. Toth, T. Dowling and J. Weiss, “The Wire Grid Microstrip Antenna,” [EEE Trans. 
Ants. Prop., AP-29, 157-166, January 1981. 

2 M. Tiuri, S. Tallqvist and S. Urpo, “Chain Antenna,” [EEE Ant. Prop. Soc. Int. Symp. Digest, June 
10, 1974. 


3§. Tallqvist, “Theory of the Meander Type Chain and Grid Antenna,” Lic. thesis, Helsinki Uni- 
versity of Technology, 1977. 
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design is also well adapted to microstrip or printed circuit construction. The 
array shown has an endpoint input impedance of 50 Q for an impedance of 
300 Q for the individual chains. The current attenuation from input to matched 
output is about 10 dB, which is considered optimum. Higher attenuation reduces 
the gain due to the larger taper in current distribution while lower attenuation 
lowers the gain because more power is lost in the matched load. Average aperture 
efficiencies are typically about 50 percent. 

By bending the chain elements, Hendriksson, Markus and Tiuri have devel- 
oped a circularly polarized chain array.! 


11-12 RETRO-ARRAYS. THE VAN ATTA ARRAY. If a wave inci- 
dent on an array is received and transmitted back in the same direction, the array 
acts as a retro-reflector or retro-array. The passive square-corner reflector 
(Sec. 12-3b) does the same thing. 

In general, each element of a retro-array reradiates a signal which is the 
conjugate of the received signal. The Van Atta array of Fig. 11-51 is an example.” 
The 8 identical elements may be 4/2 dipoles, shown in end view in the figure. 
With element pairs (1 and 8, 2 and 7, 3 and 6, and 4 and 5) connected by identical 
equal-length cables, as indicated, a wave arriving at any angle @ is transmitted 
back in the same direction. The array shown in Fig. 11-51, like the square-corner 
reflector, is passive.-An adaptive (active) array (Sec. 11-13) can also be made 
retrodirective by using a mixer to produce a conjugate phase shift for each 
element.* An advantage of an active array is that the elements need not be 
arranged in a line or, in a 2-dimensional case, in a plane. Active retro-arrays can 
also incorporate amplifiers.* 


11-13 ADAPTIVE ARRAYS AND SMART ANTENNAS. The 
antenna elements and their transmission-line interconnections discussed so far 
produce a beam or beams in predetermined directions. Thus, when receiving, 
these arrays look in a given direction regardless of whether any signals are arriv- 
ing from that direction or not. However, by processing the signals from the indi- 
vidual elements, an array can become active and react intelligently to its 
environment, steering its beam toward a desired signal while simultaneously 
steering a null toward an undesired, interfering signal and thereby maximizing 
the signal-to-noise ratio of the desired signal. The term adaptive array is applied 
to this kind of antenna. 


* J. Hendriksson, K. Markus and M. Tiuri, “A Circularly Polarized Traveling-Wave Chain Antenna,” 
European Microwave Conf., Brighton, September 1979. 

*-L,..C.-Van Atta, “ Electromagnetic Reflector,” U.S. Patent 2,909,002, Oct. 6, 1959. 

> C. Y. Pon, “Retrodirective Array Using the Heterodyne Method,” JEEE Trans. Ants. Prop., AP-12, 
176-180, March 1964. 


*S. N. Andre and D. J. Leonard, “An Active Retrodirective Array for Satellite Communications,” 
IEEE Trans. Ants. Prop., AP-12, 181-186, March 1964. 
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Figure 11-51 Eight-element Van Atta retro-array. Element pairs are connected by equal length lines. 


Also, by suitable signal processing, performance may be further enhanced, 
giving simulated patterns‘ of higher resolution and lower sidelobes. In addition, 
by appropriate sampling and digitizing the signals at the terminals of each 
element and processing them with a computer, a very intelligent or smart antenna 
can, in principle, be built. For a given number of elements, such an antenna’s 
capabilities are limited, mainly by the ingenuity of the programmer and the avail- 
able computer power. Thus, for example, multiple beams may be simultaneously 
directed toward many signals arriving from different directions within the field of 
view of the antenna (ideally =2z7 sr for a planar array). These antennas are some- 
times called Digital Beam Forming (DBF) antennas.” 

As a rudimentary example of an adaptive array, a simple 2-element system 
is shown in Fig. 11-52 with A/2 spacing between the elements at the signal fre- 
quency f,. Let each element be a 4/2 dipole seen end-on in Fig. 11-52 so that the 
patterns of the elements are uniform in the plane of the page. With elements 
operating in phase, the beam is broadside (up in the figure). 

Consider now the case of a signal at 30° from broadside as suggested in 
Fig. 11-52 so that the wave arriving at element 2 travels 4/4 farther than to 
element 1, thus retarding the phase of the signal by 90° at element 2. Each 
element is equipped with its own mixer, Voltage-Controlled Oscillator (VCO), 
intermediate frequency amplifier and phase detector. An oscillator at the interme- 


1 Simulated patterns are ones that exist only in the signal-processing domain. 
2-H. Steyskal, “ Digital Beamforming Antennas,” Microwave J., 30, 107-124, January 1987. 
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Figure 11-52 Two-element adaptive array with signal-processing circuitry. 


diate frequency fo is connected to each phase detector as reference. The phase 
detector compares the phase. of the downshifted signal with the phase of the refer- 
ence oscillator and produces a voltage proportional to the phase difference. This 
voltage, in turn, advances or retards the phase of the VCO output so as to reduce 
the phase difference to zero (phase locking). The voltage for the VCO of element 
1 would ideally be equal in magnitude but of opposite sign to the voltage for the 
VCO of element 2 so that the downshifted signals from both elements are locked 
in phase, making 


~, = 2 = Po (1) 


where ¢~, = phase of downshifted signal from element 1 
2 = phase of downshifted signal from element 2 
Po = phase of reference oscillator 


With equal gain from both IF amplifiers the voltages V, and V, from both 
elements should be equal so that 


V; [G1 a: V,/b2 (2) 


making the voltage from the summing amplifier proportional to 2V, (=2V,) and 
maximizing the response of the array to the incoming signal by steering the beam 
onto the incoming signal. In our example, 45° phase corrections of opposite sign 
would be required by the VCOs (+for element 1, —for element 2). 
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signals from 0 and 30° directions. For the 0° signal, nulls are 
at 90 and 270° while for the 30° signal, nulls are at 210 and 


330°. These patterns are identical with those of Figs. 4-1 and 
180° 4-4. 


In our rudimentary 2-element example, the beam will be in the 0° direction 
for a signal from the 0° direction and at 30° for a signal from that direction, as 
shown by the patterns in Fig. 11-53. If interfering signals are arriving from the 
210 and 330° directions when the main signal is at 30°, the nulls at 210 and 330° 
will suppress the interference. However, an interfering signal at 150° would be at 
a pattern maximum, the same as the desired signal at 30°. To provide more 
effective adaptation to its environment, an array with more elements and more 
sophisticated signal processing is required. For example, the main beam may be 
steered toward the desired signal by changing the progressive phase difference 
between elements, while, independently, one or more nulls are steered toward 
interfering signals by modifying the array element amplitudes with digitally con- 
trolled attenuators. 


11-13a Literature on Adaptive Arrays. There is an extensive literature on 
adaptive arrays. Three special issues of the IEEE Transactions on Antennas and 
Propagation have been devoted to adaptive arrays. They are: vol. AP-12, March 
1964; vol. AP-24, September 1976; and vol. AP-34, March 1986. Additional refer- 
ences are as follows: 


Bickmore, R. W.: “Time Versus Space in Antenna Theory,” in R. C. Hansen 
(ed.), Microwave Scanning Antennas, vol. 3, Academic Press, 1966, 
pp. 289-339. 

Blank, S.: “An Algorithm for the Empirical Optimization of Antenna Arrays,” 
IEEE Trans. Ants. Prop., AP-31, 685-689, July 1983. 

Butler, J. L.: “ Digital, Matrix, and Intermediate Frequency Scanning,” in R. C. 
Hansen (ed.), Microwave Scanning Antennas, vol. 3, Academic Press, 1966, 
pp. 217-288. 

Dinger, R. J.: “A Computer Study of Interference Nulling by Reactively Steered 
Adaptive Arrays,” Ant. Prop. Soc. Int. Symp. Proc., 2, 807-810, 1984. 
Einarsson, O.: Optimization of Planar Arrays, JEEE Trans. Ants. Prop., AP-27, 

86-92, January 1979. 
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Figure 11-54 An 896-element microstrip array for remote sensing the earth from space. The 
9.5 x 2.4 m array has 34 dBi gain at 2 ~ 30 cm. (Courtesy Robert Munson, Ball Aerospace, Boulder, 
Colorado.) 


11-14 MICROSTRIP ARRAYS. Printed circuit and microstrip techniques 
facilitate the construction of multielement arrays for microwave frequencies.’ The 
Kraus grid and Tiuri chain arrays (Sec. 11-11b) are examples. The 896-element 
microstrip antenna for space research shown in Fig. 11-54 is another. All ele- 
ments are photoetched from one side of a printed circuit board. The corporate 
structure feed has amplitude taper in the narrow dimension. The 9.5 x 2.4m 
array has a 34-dBi gain at 2 ~ 30 cm. 

Although the microstrip element is inherently narrowband, log-periodic 
patch arrays have achieved bandwidths of 4 to 1. Patch (or microstrip) antennas 
are discussed further in Chap. 16. 


11-15 LOW-SIDELOBE ARRAYS. Ideally it may be desirable for an 
antenna to have a narrow, well-defined beam with no sidelobes, or at least none 
above a certain prescribed level. A prime factor affecting the sidelobe level is the 
aperture distribution (Sec. 11-22). Although some distributions yield 
(theoretically) zero sidelobes, they may be more difficult of realization on reflector 
antennas than on phased arrays. The typical large parabolic reflector antenna 
(Chap. 12) may also have significant sidelobes due to other causes such as aper- 
ture blocking and diffraction from its prime focus feed or Cassegrain reflector, 
from struts of the supporting structure, from feed spillover, from surface irregu- 
larities and from the edge of the parabola. The edge diffraction may be reduced 
by using a rolled edge (see Sec. 18-3d). Although offset feeds or integral horn 
reflectors may have significantly lower minor lobes, accurate construction tech- 
niques providing precise amplitude and phase control of all elements of a phased 


' H. G. Oltman and D. A. Huebner, “ Electromagnetically Coupled Microstrip Dipoles,” IEEE Trans. 
Ants. Prop., AP-29, 151-157, January 1981. 


--P; S; Hall, “ Microstrip Antenna Array with Multi-Octave Bandwidth,” Microwave J .. 29, 133-139, 
March 1986. 
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array have resulted in phased array designs with sidelobe levels down 50 dB or 
more. This is as good or better than has been achieved to date with reflector 
antennas.’ However, phased arrays are inherently narrower band than reflector 
antennas. 


11-16 LONG-WIRE ANTENNAS. Most of the preceding parts of this 
chapter deal with arrays of individual, discrete elements (usually 4/2 long) inter- 
connected by transmission lines. A linear wire antenna, many wavelengths long, 
may also be regarded as an array of 4/2 elements but connected in a continuous 
linear fashion with each element serving as both a radiator and a transmission 
line. The long-wire antennas discussed in this section are the V, rhombic and 


Beverage types. The V antenna may be either unterminated (with standing wave) 


or terminated (with traveling wave). The rhombic and Beverage antennas are 
almost always terminated (with traveling wave). 


11-16a V Antennas.” By assuming a sinusoidal (standing-wave) current dis- 
tribution, the pattern of a long thin wire antenna can be calculated as described 
in Chap. 5. A typical pattern is shown in Fig. 11-55a for a wire 2A long. The main 
lobes are at an angle £ = 36° with respect to the wire. By arranging two such 
wires in a V with an included angle y = 72° as in Fig. 11-55b, a bidirectional 
pattern can be obtained. This pattern is the sum of the patterns of the individual 
wires or legs. Although an included angle y = 2 results in the alignment of the 
major lobes at zero elevation angle (wires horizontal) and in free space, it is 
necessary to make y somewhat less than 2 in order to obtain alignment at ele- 
vation angles greater than zero.* This is because the space pattern of a single wire 
is conical, being obtained by revolving the pattern of Fig. 11-55a, for example, 
with the wire as the axis. 

If the legs of the thin-wire V antenna are terminated in their characteristic 
impedance, as in Fig. 11-55c, so that the wires carry only an outgoing traveling 
wave, the back-radiation is greatly reduced. The patterns of the individual wires 
can be calculated, assuming a single traveling wave as done in Chap. 5. 

A similar effect may be produced without terminations by the use of V 
conductors of considerable thickness. The reflected wave on such a conductor 
may be small compared to the outgoing wave, and a condition approaching that 
of a single traveling (outgoing) wave may result. For example, a V antenna con- 


‘ H. E. Schrank, “Low Sidelobe Phased Array Antennas,” IEEE Ant. Prop. Soc. Newsletter, 25, 5—9, 
April 1983. 

> P. S. Carter, C. W. Hansell and N. E. Lindenblad, “ Development of Directive Transmitting 
Antennas by R. C. A. Communications, Inc.,” Proc. IRE, 19, 1773-1842, October 1931. 

P. S. Carter, “Circuit Relations in Radiating Systems and Applications to Antenna Problems,” Proc. 
IRE, 20, 1004-1041, June 1932. 


> The A.R.R.L. Antenna Book, American Radio Relay League, West Hartford, Conn., 1984, p. 7-4. 
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ae (a) 


V-antenna 


(b) 


Terminated 
V-antenna 


(c) 


AN aa oe Figure 11-55 (a) Calculated pattern of 24 wire with 


standing wave, (b) V antenna of two such wires, (c) 


eas terminated V antenna with legs 2A long and (d) V 
n (d) antenna of cylindrical conductors 1.25/ long with 
20 measured pattern. 


sisting of two cylindrical conductors 1.25/ long and 4/20 diameter with an 
included angle y = 90° has the highly unidirectional pattern’ of Fig. 11-55d. 


11-16b Rhombic Antennas.” A rhombic antenna may be regarded as a 
double-V type. The wires at the end remote from the feed end are in close prox- 
imity, as in Fig. 11-56a. A terminating resistance, usually 600 to 800 Q, can be 


"A. Dorne, in Very High Frequency Techniques, Radio Research Laboratory Staff, McGraw-Hill, 
New York, 1947, chap. 4, p. 115. 

2 E. Bruce, “Development in Short-wave Directive Antennas,” Proc. IRE, 19, 1406-1433, August 
1931. 

E. Bruce, A. C. Beck and L. R. Lowry, “Horizontal Rhombic Antennas,” Proc. IRE, 23, 2446, 
January 1935. 

A. E. Harper, Rhombic Antenna Design, Van Nostrand, New York, 1941. 

Donald Foster, “ Radiation from Rhombic Antennas,” Proc. IRE, 25, 1327-1353, October 1937. 
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Axis of _ 
Sai 
Terminating 


resistance 


Azimuthal pattern at a= 10° 


(b) 
Figure 11-56 Terminated rhombic 


antenna (a) with azimuthal pattern (b) 
and vertical plane pattern (c) for a 
rhombic 6A long on each leg, ¢ = 70°, 


a and at a height of 1.14 above a perfectly 

conducting ground. (After A. E. Harper, 

Vertical pattern Rhombic Antenna Design, Van Nos- 
(c) trand, New York, 1941.) 


conveniently connected at this location so that there is substantially a single 
outgoing traveling wave on the wires. The length of each leg is L, and half of the 
included side angle is ¢. The calculated patterns! of a terminated rhombic with 
legs 6A long are shown in Fig. 11-56b and c. The rhombic is assumed to be 1.1/ 
above a perfectly conducting ground, and @ = 70°. 

In designing a rhombic antenna, the angle @¢, the leg length and the height 
above ground may be so chosen that (1) the maximum of the main lobe coincides 
with the desired elevation angle « (alignment design) or (2) the maximum relative 
field intensity E for a constant antenna current is obtained at the desired ele- 
vation angle « (maximum E design).? 

If the height above ground is less than that required for these designs, align- 
ment may be obtained by increasing the leg length. If the height is maintained 
but the leg length is reduced, alignment may be obtained by changing the angle 
@. As a third possibility, if both the height and the leg length are reduced, the 
angle @ can be changed to produce alignment. Any of these 3 modifications 
results in a so-called compromise design” having reduced gain. If moderate depar- 
tures from optimum performance are acceptable, a rhombic antenna can be oper- 
ated without adjustment over a frequency band of the order of 2 to 1. 


1 From A. E. Harper, Rhombic Antenna Design, Van Nostrand, New York, 1941. 
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The pattern of a rhombic antenna may be calculated as the sum of the 
patterns of four tilted wires each with a single outgoing traveling wave. The effect 
of a perfectly conducting ground may be introduced by the method of images. 
For a horizontal rhombic of perfectly conducting wire above a perfectly conduct- 
ing plane ground, Bruce, Beck and Lowry” give the relative field intensity E in 
the vertical plane coincident with the rhombic axis® as a function of a, ¢, L, and 
H, as 


_ (cos ¢)[sin (H, sin «)][sin (WL,)]? 
g Wy 


where « = elevation angle with respect to ground 
@ = half included side angle of rhombic antenna 
H, = H/A = height of rhombic antenna above ground 
L, = L/A = leg length 
Hy= 20H, = 2n(H/A) 
Pe 2nb,= 2nL/r 
Ww =(1 —sin ¢ cos «)/2 


E (1) 


A uniform antenna current is assumed and mutual coupling is neglected. 

Following the procedure of Bruce, Beck and Lowry, the various parameters 
may be determined as follows. For the maximum E condition, E is maximized 
with respect to H,, that is, we make 


OE 
ict t ts 5) 
Hae (2) 


which yields 
cos (27H, sin a) = 0 


which is satisfied when 


a 


2nH, sina=n-= 


N 


mete |. 3.5... 


For the lowest practical height, n = 1. Therefore, 


_ 1 
~ 4sin a 


(3) 


A, 


2 E. Bruce, A. C. Beck and L. R. Lowry, “Horizontal Rhombic Antennas,” Proc. IRE, 23, 24-26, 
January 1935. 


° The radiation in this plane is horizontally polarized. However, in other planes the polarization is 
not, in general, horizontal. 
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Equation (3) gives the height H, for the antenna. To find the leg length, E is 
maximized with respect to L,, obtaining 


es 2(1 — @ cos a) (4) 
Finally, by maximizing E with respect to ¢ and introducing the condition of (4), 
od = 90° — « (5) 
Substituting (5) back into (4) yields 
beet (6) 
2 sin” a 


Equations (3), (5) and (6) then give the height in wavelengths H,, the half- 
side angle ¢ and the leg length in wavelengths L,, for maximum E at the desired 
elevation angle a. This is for a uniform antenna current. It does not follow that 
the field intensity at the desired elevation angle is a maximum for a given power 
input to the antenna. However, it is probably very close to this condition. It is 
also of interest that for the maximum E condition the maximum point of the 
main lobe of radiation is not, in general, aligned with the desired elevation angle. 

In the alignment design the maximum point of the main lobe of radiation is 
aligned with the desired elevation angle «. For this condition, E at « is slightly 
less than for the maximum E condition. Alignment is accomplished by maximiz- 
ing E with respect to a and introducing the condition of (3). This gives 


0.371 


lp Ss ee 
4 1—sin ¢ cos « 


(7) 
Substituting (7) in (1) and maximizing the resulting relation for the field with 
respect to @ gives 


d= 90° —a (8) 
as before. Finally substituting (8) in (7) we obtain 


0.371 


sin? a 


a (9) 

Equations (3), (8) and (9) then give H,, @ and L, for alignment of the 
maximum point of the main lobe of radiation with the desired elevation angle a. 
Only the length is different in the alignment design, being 0.371/0.5 = 0.74 of the 
value for the maximum E design. 

The above design relations are summarized in Table 11-1 together with 
design formulas for 3 kinds of compromise designs. 

An end-to-end receiving array of a number of rhombics may be so con- 
nected as to provide an electrically controllable vertical plane pattern which can 
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Table 11-1 Design formulas for terminated rhombic 


antennast 
Type of 
rhombic antenna Formulas 
Maximum E at 1 
elevation angle « “ae 
go = 90° —« 
Paes 
4 sin? a 
Alignment of major ae i! 
lobe with elevation 4" Asin « 
angle 
ae $ = 90° — a 
_ 0371 
4 sin? a 
Reduced height H’ bd = 90° — « 
Compromise design tan [(xL,) sin? @] 1 H', 
for alignment at L,=— | ———_ - 
sin & 2x sina tan (H; sin a) 


elevation angle « 


, , 


where H’, = r and H) = 22 aE 


Reduced length L one 

Compromise design 4” 4 sin a 

for ali t at 

or alignment a PL, 0371 

elevation angle a Oma, 
L‘, cos « 


where L’, = L/A 


Reduced height H’ Solve this equation for @: 

and length i . Hi, 1 Ly 

Compromise design =£©§ ——H——*~—___—_- = —— — ——*~_ 

for alignment at sin @ tanatan(H;) sina) 4ny tan (WL) 

elevation angle « 1 — sin ¢ cos a L 
where yy = STARS Es and L} = 2x = 


+ After E. Bruce, A. C. Beck, and L. R. Lowry, “Horizontal Rhombic Antennas,” Proc. 


IRE, 23, 24-26, January 1935. 
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be adjusted to coincide with the optimum elevation angle of downcoming waves. 
This Multiple Unit Steerable Antenna,’ or MUSA, is a vertically steerable system 
of this kind for long-distance short-wave reception of horizontally polarized 
downcoming waves. 


1H. T. Friis and C. B. Feldman, “A Multiple Unit Steerable Antenna for Short-Wave Reception,” 
Proc. IRE, 25, 841-917, July 1937. 


508 11 ARRAYS OF DIPOLES AND OF APERTURES 


E 
Ej] Direction of Direction of 
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transmitter 


Receiver 
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Figure 11-57 (a) Wave front over a perfect conductor. (b) Wave front over imperfect conductor. 
(c) Beverage antenna. 


11-16c Beverage Antennas. The electric field of a wave traveling along a per- 
fectly conducting surface is perpendicular to the surface as in Fig. 11-57a. 
However, if the surface is an imperfect conductor, such as the earth’s surface or 
ground, the electric field lines have a forward tilt near the surface as in 
Fig. 11-57b. Hence, the field at the surface has a vertical component E, and a 
horizontal component E,..' The component E, is associated with that part of the 
wave that enters the surface and is dissipated as heat. The E,, component con- 
tinues to travel along the surface. 

The fact that a horizontal component E, exists is applied in the wave 
antenna of Beverage, Rice and Kellogg for receiving vertically polarized waves.” 
This antenna consists of a long horizontal wire terminated in its characteristic 
impedance at the end toward the transmitting station as in Fig. 11-57c. The 
ground acts as the imperfect conductor. The emfs induced along the antenna by 
the E, component, as the wave travels toward the receiver, all add up in the same 
phase at the receiver. Energy from a wave arriving from the opposite direction is 


' Actually the wave exhibits elliptical cross-field, i.e., the electric vector describes an ellipse whose 
plane is parallel to the direction of propagation. However, the axial ratio of this ellipse is usually very 
large. 


* H. H. Beverage, C. W. Rice and E. W. Kellogg, “The Wave Antenna, a New Type of Highly 
Directive Antenna,” Trans. AIEE, 42, 215, 1923. 
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Figure 11-58 (a) Array of 4/2 dipoles with reflectors, (b) symmetrical Bruce antenna, (c) Sterba 
curtain array and (d) Chireix-Mesny array. Arrows indicate instantaneous current directions and dots 
indicate current minimum points. 


largely absorbed in the termination. Hence, the antenna exhibits a directional 
pattern in the horizontal plane with maximum response in the direction of the 
termination (to the left in Fig. 11-57c). The Beverage antenna finds application as 
a receiving antenna in the low- and medium-frequency range. 


11-17 CURTAIN ARRAYS. In short-wave communications the curtain 
type of array finds many applications. As an example, a curtain type is illustrated 
in Fig. 11-58a that consists of an array of 1/2 dipoles with a similar curtain at a 
distance of about 1/4 acting as a reflector.’ If the array is large in terms of wave- 
lengths, the reflector curtain is nearly equivalent to a large sheet reflector. 


’ H. Briickmann, Antennen, ihre Theorie und Technik, S. Hirzel, Leipzig, 1939, p. 300. 
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Figure 11-59 (a) Loop with 2-wire feed for horizontal polarization, (b) loop with 1-wire feed from 
coaxial line for vertical polarization, (c) center-fed broadside array of two A/2 dipoles, (d) end-fed 
end-fire array of two 4/2 dipoles and (e) end-fed broadside array of two 4/2 dipoles. Arrows indicate 
instantaneous current directions and dots indicate current minimum points. 


Several other examples of curtain arrays are the Bruce type of Fig. 11-58), 
the Sterba type! of Fig. 11-58c and the Chireix-Mesny type? of Fig. 11-58d. The 
arrows are located at or near current maxima and indicate the instantaneous 
current direction. The small dots indicate the locations of current minima. 


11-18 LOCATION AND METHOD OF FEEDING ANTENNAS. 
It is interesting to note the effect that the method and location of feeding has on 
the characteristics of an antenna. As illustrations, let us consider the following 
cases. | 
If an antenna is fed with a balanced 2-wire line, equal out-of-phase currents 
must flow at the feed point. Thus, a square loop 1A in perimeter and fed at the 
bottom as in Fig. 11-59a must have the current distribution indicated. The 


1B. J. Sterba, “Theoretical and Practical Aspects of Directional Transmitting Systems,” Proc. IRE, 
19, 1184-1215, July 1931. 


2H. Chireix, “French System of Directional Aerials for Transmission on Short Waves,” Exp. Wire- 
less and Wireless Engr., 6, 235, May 1929. 
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arrows indicate the instantaneous current directions and the dots the locations of 
current minima. The radiation normal to this loop is horizontally polarized. 

Consider now the situation shown in Fig. 11-59b. Here the loop is fed at the 
same location. However, the loop is continuous and is fed at a point by an unbal- 
anced line. In this case, the antenna currents flowing to the feed point are equal 
and in phase, so that the current distribution on the antenna must be as indi- 
cated. The radiation normal to this loop is vertically polarized. 

The location at which an antenna is energized also may be important. For 
example, two 4/2 elements have in-phase currents when symmetrically fed as in 
Fig. 11-59c but out-of-phase currents when fed from one end as in Fig. 11-59d. 
For the currents to be in phase when the array is fed from one end requires that 
the line between the elements be transposed as in Fig. 11-59e. 


11-19 FOLDED DIPOLE ANTENNAS. A simple 4/2 dipole has a ter- 
minal resistance of about 70 Q so that an impedance transformer is required to 
match this antenna to a 2-wire line of 300 to 600 Q characteristic impedance. 
However, the terminal resistance of the modified 4/2 dipole shown in Fig. 11-60a 
is nearly 300 Q so that it can be directly connected to a 2-wire line having a 
characteristic impedance of the same value. This “ultra close-spaced type of 
array” is called a folded dipole. More specifically the one in Fig. 11-60a is a 
2-wire folded 1/2 dipole. The antenna consists of 2 closely spaced 4/2 elements 
connected together at the outer ends. The currents in the elements are substan- 
tially equal and in phase. 

Assuming that both conductors of the dipole have the same diameter, the 
approximate value of the terminal impedance may be deduced very simply as 


x 
2 
\ e 
mA, | : % 
2-wire ame 
folded d > 
dipole 


(a) (db) 


Figure 11-60 Folded dipoles. 
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follows.’ Let the emf V applied to the antenna terminals be divided between the 2 
dipoles as in Fig. 11-605. Then 


V 
sane! + 1,242 (1) 
where J[, = current at terminals of dipole 1 
I, = current at terminals of dipole 2 
Z11 = self-impedance of dipole 1 
Z12 = mutual impedance of dipoles 1 and 2 


since] ,.= J, .(1) becomes 


V =21,(Z4, + Z12) (2) 


Further, since the 2 dipoles are close together, usually d is of the order of 4/100, 
Z12 = Z,,. Thus, the terminal impedance Z of the antenna is given by 


V 

Li fa 4Za1 (3) 
1 

Taking Z,, ~ 70+ j0 Q for a 4/2 dipole, the terminal impedance of the 2-wire 

folded dipole becomes 


Z =~ 280Q9 


For a 3-wire folded 1/2 dipole as in Fig. 11-60c the terminal resistance calculated 
in this way is 9 x 70 = 630 Q. In general, for a folded 4/2 dipole of N wires, the 
terminal resistance is 70N? Q. Equal currents in all wires are assumed. 

Several other types of folded-wire antennas” are shown in Fig. 11-61. The 
one at (a) is a 3-wire type which differs from the one in Fig. 11-60c in that there 
are no closed loops. The measured terminal resistance of this antenna is about 
1200 Q. The antenna at (b) is a 4-wire type with a measured terminal resistance of 
about 1400 ©. Thus far, all the folded dipoles discussed have been 4/2 types. The 
total current distribution for these types is nearly sinusoidal, the same as for a 
simple 4/2 dipole. Folded dipoles of length other than 4/2 are illustrated in 
Fig. 11-61c and d. The one at (c) is a 2-wire type 3/4 long and that at (d) is a 
4-wire type 34/8 long. The instantaneous current directions, the current distribu- 
tion on the individual conductors and the total current distribution are also indi- 
cated. Half of the 2-wire 34/4 dipole can be operated with a ground plane as in 
Fig. 11-61e, yielding the 34/8 stub antenna with total current distribution shown. 


'R. W. P. King, H. R. Mimno and A. H. Wing, Transmission Lines, Antennas and Wave Guides, 
McGraw-Hill, New York, 1945, p. 224. 

W. V. B. Roberts, “Input Impedance of a Folded Dipole,” RCA Rev., 8, 289-300, June 1947, which 
treats folded dipoles with conductors of equal diameter and also unequal diameter. 


? J. D. Kraus, “ Multi-wire Dipole Antennas,” Electronics, 13, 26-27, January 1940. 
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Figure 11-61 (a) Three-wire folded 1/2 dipole, (b) 4-wire folded 4/2 dipole, (c) 2-wire 34/4 antenna, (d) 
4-wire 34/8 antenna and (e) 2-wire 3A/8 stub antenna. Arrows indicate instantaneous current direc- 
tions and dots indicate current minimum points. (After Kraus.) 


The measured terminal resistance of the 2-wire 34/4 dipole is about 450 Q, of the 
4-wire 34/8 dipole about 225 Q and of the 2-wire 34/8 stub antenna about 225 Q. 

An application of the 3-wire folded 4/2 dipole of Fig. 11-61a to a W8JK 
array with 1/5 spacing is shown in Fig. 11-62." The impedance of each folded 
dipole in free space is about 1200 Q (resistive) but in the array is reduced to 
300 Q, which transforms via a 4/4 600-Q line to 1200 9. At the junction of the 
two transformers the impedance is half 1200 Q, or 600 Q, matching a 600-Q line 
to the transmitter or receiver. Thus, the W8JK array is fed entirely by lines of 
constant impedance (600 Q) with no resonant stubs or tuning adjustments 
required. 


1 J. D. Kraus, “ Twin-Three Flat-Top Beam Antenna,” Radio, no. 243, 10-16, November 1939. 
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6000 line 
to transmitter, 
any length 


Figure 11-62 W8JK array with 
3-wire folded dipole elements fed by 
transmission lines of constant 
impedance. The dipoles are separ- 
ated by wooden or plastic spreaders 
and supported by nylon rope. 


11-20 MODIFICATIONS OF FOLDED DIPOLES. Consider a 
2-wire folded dipole shown in Fig. 11-63a. The terminal resistance is approx- 
imately 300 Q. By modifying the dipole to the general form shown in Fig. 11-635, 
a wide range of terminal resistances can be obtained, depending on the value of 
D. This arrangement is called a T-match antenna.’ Dimensions in wavelengths for 
providing an impedance match to a 600 Q line are shown in Fig. 11-63c. 


——— 


: | Folded dipole 
(a) 
0.48X 
[0.120] 


~0.0001 to 0.001A T-match 


~0.01A 
000 


line (c) 


Figure 11-63 Folded dipole and T-match antennas. 


: | T-match 


' J. D. Kraus and S. S. Sturgeon, “The T-Matched Antenna,” QST, 24, 24-25, September 1940. 
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Figure 11-64 (a) Two-wire folded dipole and (b) as modified to form single-turn loop. (c) Four-wire 
folded dipole and (d) as modified to form 2-turn loop. 


A 2-wire folded 1/2 dipole is also shown in Fig. 11-64a. The arrows indicate 
the instantaneous current direction and the small dots indicate the locations of 
current minima. By pulling the dipole wires apart at the center, the single-turn 
_ loop antenna of Fig. 11-64b is obtained. The length of each side is 1/4. The loop 
has a lower terminal resistance than the folded dipole. 

A 4-wire folded 4/2 dipole is shown in Fig. 11-64c. This dipole is the same 
type as shown in Fig. 11-61b. It is, however, sketched in a different manner. By 
pulling this dipole apart at the center the 2-turn loop or quad antenna of Fig. 11- 
64d results. 

The directivity of all the types shown in Fig. 11-64 is nearly the same as for 
a simple 1/2 dipole, although the types at (b) and (d) are equivalent to 2 horizon- 
tal dipoles stacked ~0.18/A giving a small increase. With the loop types vertical 
and the terminals at the lowest corner, the radiation normal to the plane of the 
loops is horizontally polarized. 


11-21 CONTINUOUS APERTURE DISTRIBUTION.’ Extending 


our discussion of Sec. 4-14, consider now a continuous-current sheet or field dis- 


1 The following sections (11-21 through 11-25) are from J. D. Kraus, Radio Astronomy, 2nd ed., 
Cygnus-Quasar, 1986. 
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Figure 11-65 Aperture of width a and amplitude distribution E(x). 


tribution over an aperture as in Fig. 11-65. Assuming a current or field perpen- 
dicular to the page (y direction) that is uniform with respect to y, the electric field 
at a distance r from an elemental aperture dx dy is’ 


ms | 
dE = —ja dd, = — nD em dx dy (1) 


J 
where .%, = vector potential e = {| | — dv, in general), Vsme 
Tl r 


J, = current density, A m*? 


E(x) = aperture electric-field distribution, V m™* 


Z = intrinsic impedance of medium, Q square” ' 


1 


w = 2nf(f = frequency), rad s~ 


uu = permeability of medium, H m“* 


For an aperture with a uniform dimension y, perpendicular to the page and with 
the field distribution over the aperture a function only of x, the electric field as a 
function of ¢ at a large distance from the aperture (r > a) is, from (1), 


mam LSU cet Ge 
Arr Z for 


E(?) = 


The magnitude of E(@) is then. 


E(x)e/®* sin? dx 1(2) 


+a/2 


|E()| =~ | Elxjel#* 89% dx 3) 
2rod J—aj2 


‘ Note that E(x)/Z = E,(x)/Z = H, = J,z, where z (up in Fig. 11-65) is the thickness of the current 
sheet. Also dE = dE,. 
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where B = 2z/A. For a uniform aperture distribution [ E(x) = E,], (3) reduces to 


Vb +a/2 ; 
E eo a eiBx sin d 
EO) = 5 io dx (4 
and on axis (@ = 0) we have 
Eay, 5, A 
E — aoe 
RN sere ee (5) 


where A = aperture area (=ay,) 
E,, = electric field in aperture plane 


For unidirectional radiation from the aperture (in direction ¢ = 0 but not in 
direction @ = 180°), | E(@)| is twice the value given in (5). 
Integration of (4) gives 


_ , sin [(Ba/2) sin ¢] 
where 
AE, 
ols aro A t) 


From (4-14-17) the field of a long array of n discrete sources of spacing d is 


sin [(Ba’/2) sin ¢] 
(Ba’/2) sin 


where the length of the long array is a’ =(n — 1)d ~ nd and Ep, = field of one 
source. It is also assumed in (8) that ¢ is restricted to small angles. This is not an 
undue restriction if the array is large and only the main lobe and first sidelobes 
are of interest. Under these conditions it is clear that the field pattern (8) of the 
long array of discrete sources is the same as the pattern (6) for the continuous 
array of the same length (a = a’) (as already noted in Sec. 4-14). 


E=nE, (8) 


11-22 FOURIER TRANSFORM RELATIONS BETWEEN THE 
FAR-FIELD PATTERN AND THE APERTURE DISTRIBUTION. 
According to Booker and Clemmow’ a 1-dimensional aperture distribution E(x,) 
and its far-field distribution E(sin @) are reciprocal Fourier transforms as given 


1H. G. Booker and P. C. Clemmow, “The Concept of an Angular Spectrum of Plane Waves and Its 
Relation to That of Polar Diagram and Aperture Distribution,” Proc. Instn. Elec. Engrs. London, ser. 
3, 97, 11-17, January 1950. 

For the more general 2-dimensional case see R. N. Bracewell, “Radio Astronomy Techniques,” in S. 
Fliigge (ed.), Handbuch der Physik, vol. 54, Springer-Verlag OHG, Berlin, 1962, pp. 42-129. 
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by 


[e.@) 


E(sin ¢$) = | E(Xy)e 6 ee ne, (1) 


me. 


and EG = (@ E(sin d)e /2™*45'"® d(sin @) (2) 


— c& 


where x, = x/A. For real values of ¢, |sin @| < 1, the field distribution represents 
radiated power, while for |sin ¢| > 1 it represents reactive or stored power.’ The 
field distribution E(sin ¢), or angular spectrum, refers to an angular distribution 
of plane waves. Except for |sin @| > 1 the angular spectrum for a finite aperture 
is the same as the far-field pattern E(@) (the far-field condition r > a does not 
hold for an infinite aperture, i.e., where a = 00). Thus, for a finite aperture the 
Fourier integral representation of (1) may be written 


E(¢) — [0° Bove sin d dx, (3) 


=i pii/74 


This is identical with (11-21-2) except for constant factors. Equation (11-21-2) is 
an absolute relation, whereas (3) is relative. Examples of the far-field patterns 
E(¢) for several aperture distributions E(x,) of the same extent are presented in 
Fig. 11-66. 

Taking the uniform distribution as reference, the more tapered distributions 
(triangular and cosine) have larger beam widths and smaller minor lobes, while 
the most gradually tapered distributions (cosine squared and Gaussian) have still 
larger beam widths but no minor lobes. On the other hand, an inverse taper (less 
amplitude at the center than at the edge), such as shown in Fig. 11-66f, yields a 
smaller beam width but larger minor lobes than for the uniform distribution. 
Such an inverse taper might inadvertently result from aperture blocking due to a 
feed structure in front of the aperture. Carrying the inverse taper to its extreme 
limit results in the edge distribution of Fig. 11-66g. This distribution is equivalent 
to that of a 2-element interferometer and has a beam width 3 that of the uniform 
distribution but sidelobes equal in amplitude to the main lobe. 

A uniform line source or rectangular aperture distribution (Fig. 11-66a) 
produces the highest directivity. However, the first sidelobe is only about 13 dB 
down. Thus, aperture distributions used in practice are a trade-off or compromise 
between desired directivity (or gain) and sidelobe level, as already discussed in 
Sec. 4-10 and Sec. 4-11 on the Dolph-Tchebyscheff distribution. A table of beam- 
width and sidelobe level for various rectangular and circular aperture distribu- 
tions is given in App. A, Sec. A-10. 


" D. R. Rhodes, “The Optimum Line Source for the Best Mean Square Approximation to a Given 
Radiation Pattern,” JEEE Trans. Ants. Prop., AP-11, 440-446, July 1963. 
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Figure 11-66 Seven different anten- 
na aperture distributions with assoc- 
iated far-field patterns. 


Theoretically, the directivity of a uniform aperture distribution can be 
exceeded (supergain condition) by large field fluctuations near the edges of the 
aperture. However, according to Rhodes,! to obtain a 4 dB increase in directivity 
from a 5A aperture requires that the field near the edges be at least 20 times the 
field for a uniform aperture. The currents to produce these fields would have I ak 
losses which offset any gain unless all conductors were perfectly conducting and 


1D. R. Rhodes, “On an Optimum Line Source for Maximum Directivity,” [EEE Trans. Ants. Prop., 
AP-19, 485-492, July 1971. 
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the surrounding media were completely lossless. Furthermore, the antenna would 
have an enormous Q and an extremely narrow bandwidth, making supergain 
attempts impractical. 

The situation here is reminiscent of the W8JK array which theoretically has 
a 4-dB gain over a single dipole even when the spacing between elements 
approaches zero; however, enormous currents would be required. With appre- 
ciable losses and for usable bandwidths a minimum spacing of 4/8 is a practical 
limit, as indicated in Fig. 11-13a. 

A useful property of (3) is that the distribution may be taken as the sum of 2 
or more component distributions, E,(x,), E(x,), etc., the resulting pattern being 
the sum of the transforms of these distributions. Thus, 


E,(p) + E(o) + °°: 


+aj,/2 ; agi 2 
= | Bi (calee, ea ee | E,(x,)e7"72 9"? dx. 


Sp? = (1 }p/] 7? 


11-23 SPATIAL FREQUENCY RESPONSE AND _ PATTERN 
SMOOTHING. It has been shown further by Booker and Clemmow that the 
Fourier transform of the antenna power pattern is proportional to the complex 
autocorrelation function of the aperture distribution. Thus, 


[e.0) 


P(X.) & | E(x, — X4,)E*(x,) dx, (1) 
where P(x,,) = Fourier transform of antenna power pattern P,()« 
autocorrelation function of aperture distribution 
E(¢) = field pattern 
E(x,) = aperture distribution 
=) Aalst ances 
Xa) = X/Ao = displacement, / 


The autocorrelation function involves displacement x,,, multiplication and inte- 
gration. The situation for a uniform aperture distribution is illustrated by 
Fig. 11-67. The aperture distribution is shown at (b) and as displaced by x,, at 
(a). The autocorrelation function, as shown at (c), is proportional to the area 
under the product curve of the upper 2 distributions or, in this case, to the area 
of overlap. It is apparent that the autocorrelation function is zero for values of 
Xj, greater than the aperture width a, since POa.) — Oto |oc le =nae 

If a source moves through the beam of an antenna (or if the source is fixed 
and the antenna is rotated) the observed response of this scanning process is pro- 
portional to the convolution of the antenna power pattern and the source bright- 
ness distribution. Thus, 


S(Po) = | B(p)P (Po — &) ad (2) 
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E(x, = Xxo! 
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Figure 11-67 The autocorrelation function of the aperture distribution yields the Fourier transform 
of the antenna pattern. 


where S($,.) = observed power distribution, W m~* Hz! 
B() = true source brightness distribution, W m~? Hz~! sr~! 
P(¢) = mirror image of normalized antenna power pattern 
9 = displacement angle (scan angle) 


It follows that 
S(x,) = B(x,)P (X,,) (3) 


where the bars mean the Fourier transform. Since P(x,,) varies as the autocorre- 
lation function of the aperture distribution, it follows that S(x,) and S(@,) are 
zero where P(x,,) = 0. This means that there is a cutoff for all values of x,, 
greater than a,.' The quantity x,, is called the spatial frequency (wavelengths per 
aperture) and a, its cutoff value. Thus, 


NAc 4h 3 (4) 


Cc 


where x, = spatial-frequency cutoff 


1 R. N. Bracewell and J. A. Roberts, “Aerial Smoothing in Radio Astronomy,” Australian J. Phys., 7, 
615-640, 1954. 
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Figure 11-68a Smoothed distribution S observed with antenna pattern P. 


The reciprocal of x,, gives an angle 


Oy = ot fadi— me deg (5) 
a; a, 

It follows that this (cutoff) angle @, is equal to + the Beam Width between 
First Nulls (BWFN) for a uniform aperture distribution (6, = BWFN/2), and is 
12 percent greater than the beam width at half-power (¢, = 1.12 HPBW). The 
significance of @, is that structure in the source distribution having a period of 
less than BWFN/2 will not appear in the observed response. Thus, the antenna 
tends to smooth the true brightness distribution.’ This is illustrated in Fig. 
11-68a. Half of the beam width between first nulls (BWFN/2) is equal to the 
Rayleigh resolution.* Thus, 2 point sources separated by this distance will be just 
resolved, as indicated at the right in Fig. 11-68a. 

The observed half-power width as a function of the source width in half- 
power beam widths for a large uniform linear-aperture antenna and a uniform 
1-dimensional source is shown in Fig. 11-68b. A source of half-power width equal 
to the antenna half-power beam width produces about 20 percent beam broaden- 
ing, or an observed width of 1.2 beam widths. For larger source widths the 
observed width approaches the actual source width. Thus, from the amount of 
broadening an estimate may be made of the equivalent source extent. 


11-24 THE SIMPLE (ADDING) INTERFEROMETER. The 
resolution of an antenna or of a radio telescope can be improved, for example, by 
increasing the aperture a. However, this may not be economically feasible. A 


1’ R. N. Bracewell and J. A. Roberts, “Aerial Smoothing in Radio Astronomy,” Australian J. Phys., 7, 
615-640, 1954. 


* The Rayleigh resolution can, in principle, be improved upon in the signal-processing domain of an 
adaptive array (see Sec. 11-13). 
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Figure 11-68b Observed half-power 
width as a function of source width 
in half-power beam widths for a 


Observed width in beam widths 
NS) Ww 


O 1 2 = 4 ; 
large uniform linear-aperture an- 
Source extent in beam widths tenna and a uniform 1-dimensional 
(b) source. 


common expedient is to use two antennas spaced a distance s apart, as in Fig. 
11-69. If each antenna has a uniform aperture distribution of width a, the 
resulting autocorrelation function is as shown in Fig. 11-70. It is apparent that by 
making observations with spacings out to s, it is possible to obtain higher 
spatial-frequency components in the observed pattern to a cutoff 


Xa, = 5, + a, (1) 
and a smaller resolution angle 
1 Si 
a d) = d Z 
aD Tena gu (2) 


In the following analysis it will be shown that if observations are made to 
sufficiently large spacings, it is possible, in principle, to deduce the true source 
distribution. 

The normalized far-field pattern of the 2-element array is 


B(6) = E,($) cos 3) 
p 


i?) 


Figure 11-69 Simple 2-element interferometer. 
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Figure 11-70 Autocorrelation function of aperture distribution of simple 2-element interferometer. 


where E,(d) = normalized field pattern of individual array element 


W = 2s, sin d 
The relative power pattern is equal to the square of | E(@)|, or 
W 1+ cos w 
P(¢) = | E(p)|? = | E,(P) |? cos? rire te E 7 Sooners (4) 


For large spacings the pattern has many lobes, which, in optics, are referred to as 
fringes. The first null occurs when Ww = z, from which the beam width between 
first nulls, or fringe spacing, is 


BWEN = a (rad) = aus (deg) (5) 
S2 S} 
This is the BWFN/2 value for a continuous array of aperture width a, = s, ora 
large array of discrete sources of the same length (L, = s,). 
The pattern maxima occur when w = 2zn, where n (=O, 1, 2, 3, ...) is the 
fringe order. Thus, 


OME 
(rad) = (deg) (6 
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Figure 11-71 (a) Individual-element pattern, (b) array pattern and (c) the resultant interferometer 
pattern for the case of a point source. 


Referring to Fig. 11-71, the first factor in (4) represents the individual-element 
pattern, as shown in (a), and the second factor the pattern of the array O12 
elements, as in (b). The product of the 2 factors gives the interferometer pattern, 
as indicated in (c). In these patterns a point source is implied. In the general case, 
for a source of angular extent « the observed flux density is the convolution of 
the true source distribution and the antenna power pattern. Assuming that the 
source extent is small compared to the individual-element pattern, so that | E,(@)| 
is essentially constant across the source, we have in the 1-dimensional case that 


+a/2 
S(Po; S,) = | E,(¢) |? | B(p){1 + cos [2zs, sin (Po — )]} a 
ey [2 
+a/2 +a/2 
= | E,(o) | i Bp) do + | B(¢) cos [2zs, sin (Po — ¢)] io 
=H? = (04/?2 
+a/2 
=| E,(¢) Ps. + | B($) cos [2ns, sin ($o — $)] io (7) 
=%/P2 
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Figure 11-72 Interferometer pattern (a) for point source, (b) for a uniform extended source of angle 
a < 1/s, and (c) for a uniform extended source of angle « = 1/s,. 


where S(#o, S,) = observed flux-density distribution, W m~* Hz 
B(¢) = true source (brightness) distribution, W m~* Hz™? sr~? 
>» = displacement angle (=hour angle), rad 
= source extent, rad 
s, = s/A (where s = interferometer element spacing) 
S) = flux density of source, W m~? Hz~ 


The observed distribution as a function of displacement or scan angle is 
shown in Fig. 11-72 for 3 cases: Fig. 11-72a, source extent very small compared 
with the lobe spacing (« < 1/s,), the same as in Fig. 11-71; Fig. 11-72b, source 
extent comparable to, but smaller than, the lobe spacing (a < 1/s,); and Fig. 
11-72c, source distribution uniform and equal in extent to the lobe spacing (a = 
1/s,). 

Assuming that the observations are made broadside to the array or that the 
source is tracked by the individual array elements, so that | E,()|? = 1, (7) 
becomes 


+a/2 


S(Po, 53) = So + | B(p) cos [2ns, sin (bo — @)] do (8) 


=i? 
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If the source is small, so that dy — @ < 2, we may write 
+a/2 


S(@o, 5,) = So + 608 225; bo | B(d) cos 2ns, 6 do 


—a/2 
+a/2 


+ sin 27s, bo | B(d) sin 22s, @ dp (9) 


=il/?? 


S(@o, S,) may also be expressed as the sum of a constant term and a variable 
term (sum of 2 terms). Thus, 


S(¢o, S,) = SoL1 + V(Go0,-S4)] (10) 
where 
Vido. S,).= = cos 27s, po | a cos 21s, h dd 
0 aie4 4 
1 +a/2 
+ 5. sin 27s, ho | B(d) sin 2ns, d dh (11) 
O —a/2 


The variable term may also be expressed as a cosine function with a displacement 
Ady. Thus, 


V(do, Sa) = Vo(s,) cos [275,(9 — Ado)] (12) 
or V(do, S;) = Vols,(cos 275, ho cos 27s, Ado + sin 218, ho sin 21s, Ado) 
(13) 


The quantity Vo(s,) represents the amplitude of the observed lobe pattern, i.e., the 
fringe amplitude. It is also called the fringe visibility or simply the visibility. As a 
function of s,, it may be referred to as the visibility function. The angle Ado 
represents the fringe displacement from the position with a point source. Hence, 


1 +a/2 
V.(s,) cos 21s, Ago = 5. | B(d) cos 21s, d dp (14) 
0 J-a/2 
1 +a/2 
and V.(s,) sin 27s, Ado = 5. | B(d) sin 22s, ¢ dd (15) 
OF —ia/2 
It follows that 
1 +a/2 
Vase ee | B(p)e?*** de (16) 
So =61)/7) 


The quantity Vo(s,)e/2"**4%° is called the complex visibility function. If the source is 
contained within a small angle, the limits can be extended to infinity without 
appreciable error, giving 


; 1 * ; 
Vols,jenraeo = — | Bipje?* de (17) 
0) 


— 0 


+ 


According to (17), the complex visibility function is equal to the Fourier trans- 
form of the source brightness distribution (times 1/S,). By the inverse Fourier 
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transform we obtain 

+ 0 

B(Po) = So | Volspel stare a seree ds, (18) 

+ 0 
or B(Po) = So | Vo(S)on gees as) (19) 
According to (18) and (19), the true brightness distribution of a source may be 
obtained, in principle, as the Fourier transform of the complex visibility function 
(an observable quantity). 

To do this in practice requires observations at suitable intervals out to 
sufficiently large spacings, a high source signal-to-noise ratio and no other 
(confusing) sources of significant power in the individual-element response 
pattern. Thus, there are practical limits to the detail with which the source dis- 
tribution can be determined. According to Bracewell,’ the spacing interval need 
be no smaller than 1/a, where « is the full source extent. 

Referring to Fig. 11-72b, the visibility may be read from the observed 
record as 


Sc ese 
Vo(s,) = [5 = visibility (20) 


max min 


where 
V(s,) = visibility [0 < V(s,) < 1] 


Referring to Fig. 11-73a, the value of the integral in (8) is proportional to the net 
shaded area, the areas above the @ axis being positive and the areas below nega- 
tive. This integral (times 1/S,) is the variable quantity V(¢,, s,), and its variation 
with respect to do for a fixed s, is a cosine function, as suggested by the solid 
curves in Fig. 11-73b, one for a point source («—>0) and the other for an 
extended source. For symmetrical source distributions (even functions) the fringe 
displacement is zero or 4-fringe (Ad, = 4s,). For unsymmetrical sources, such as 
the one shown by the dashed lines in Fig. 11-73a, the fringes will have a displace- 
ment Ago, as suggested in Fig. 11-73b. 
For symmetrical sources the visibility is, from (14), 
i +a/2 
Vols) )i tee B(p) cos 2ns, p dp (21) 

So dP 
For a uniform source [B(¢@) = constant] and noting that «B(@) = So, (21) reduces 
to 


sin 273s ,(«/2) 


VolSs) = + 5 (0/2) 


(22) 


1 R. N. Bracewell, “Radio Interferometry of Discrete Sources,” Proc. IRE, 46, 97-105, January 1958. 
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Figure 11-73 Interferometer patterns for symmetrical and unsymmetrical source distributions. 


A graph of the visibility Vo(s,) as a function of s, is presented in Fig. 11-74 for the 
case where the source is uniform and 1° in width. As the source extent becomes 
small compared to the fringe spacing (« < 1/s,), the visibility Vo(s,) approaches 
unity, but as the fringe spacing becomes very small compared to the source extent 
(x > 1/s,), Vo(s,) tends to zero. The visibility is also zero (for a uniform source) 
when the source extent is equal to the fringe spacing (1/s,) or integral multiples 
thereof. For symmetrical sources we have from (19) that the source power dis- 
tribution is given by the Fourier cosine transform of the visibility function, or 


+ co 
B(Po) = So | Vo(s,) Cos 278, Po ds, (23) 
Also, from (13), 
V(do, Sa) = Vo(s,) cos 278, Po (24) 
so that another form for (23) is 
+ co + a 
B(Po) = So | Vigo, 84) ds, = 28o | V(do, S,) as, (25) 
= 69) O 
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B(¢o) 


in 1 ed 
pea jo 
2 2 Figure 11-75 Source distribution reconstructed 


(m= = 1) (m= 1) from visibility function. 


Curves of V(¢o, s,) as a function of s, for several values of do are also 
shown in Fig. 11-74 for the uniform 1° source. 


Example. A uniform source of unknown extent is observed with a simple 2-element 
interferometer at spacings up to 100A for determining the source visibility function. 
Find the source extent. 


Solution. Substituting (22) in (23), 


a in 2 2 
By ost lac aan e a (26) 
0 218 ,(a/2) 
This equation has the form 
Pm ad Ue 
Beh eee | Sy aaa (27) 
an Jo x 
where x= 275, «/2 
m = 2o/« 
The definite integral (27) is well known and yields 
os S 
Be) oe eee Wiine He se) 
oie WA A! 


for —1<m< +land Bid.) = Oform< —landm> +1. 
Suppose that the visibility function is like the one in Fig. 11-74 with the 
visibility going through zero at an interferometer spacing of 57.34 (s, = 57.3) or 


litadeieiis.: 


with the resulting source brightness 


S 
Be=— 215738," 7° (Wm Hz rad’) 
04 


where S, = source power density 


The source has this brightness in the range —3° < do < +4° (-1<m< +1) and 
is zero outside, as indicated in Fig. 11-75. 

By scanning a source with an interferometer over a range of spacings the 
visibility function was obtained. Then by taking the Fourier transform of the visibil- 
ity a source brightness distribution was reconstructed (Fig. 11-75) which is the same 
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Figure 11-76 (a) Visibility functions for a source of uniform brightness with holes of various widths 
B; (b) visibility function for a uniform source with a bright center. 


one discussed earlier in our analysis. Thus, in this hypothetical example we have 
gone full circle. 


Examples of visibility functions for other source distributions are given in 
Fig. 11-76. The case of a uniform source of extent « with a symmetrical hole of 
extent # is shown in Fig. 11-76a for several cases of hole width. When f 
approaches a, the distribution approaches that of 2 point sources with a separa- 
tion a. When f = 0, the source distribution is uniform. In Fig. 11-76b the visibil- 
ity function is presented for a uniform source with a bright center of 4 times the 
side brightness. 

It is to be noted that the visibility functions of Fig. 11-76a can be obtained 
as the visibility for a uniform source distribution of width « minus the visibility of 
a uniform source of width f, while in Fig. 11-76b the result can be obtained as 
the sum of 2 uniform distributions of widths « and f. 

Comparing (17) with (11-22-1) and (11-22-3), it is apparent that the complex 
visibility function is related to the source brightness distribution in the same 
manner that the far-field pattern of an antenna is related to the antenna aperture 
distribution. Accordingly, the graphs of Fig. 11-66 may also be interpreted as 
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giving the visibility functions for various source distributions and the graphs of 
Fig. 11-76 the field patterns for various aperture distributions. The restriction 
holds that the source extent is small and the aperture extent large. 

For simplicity only 1-dimensional distributions have been considered. This 
case is of considerable practical importance. The principles may be extended also 
to the more general 2-dimensional case. A thorough treatment of the 2- 
dimensional problem is given by Bracewell.’ 

In the above discussion monochromatic radiation at a single frequency is 
assumed. If the antennas and receiver respond uniformly over a bandwidth f, 
+ Af/2 with the radiation considered to be made up of mutually incoherent 
monochromatic components, the result for a point source is similar in form to 
the one above for a uniform source of width «, but with «/2 replaced by Af/2. A 
result of too wide a bandwidth is that the higher-order fringes may be obliter- 
ated. 


11-25 APERTURE SYNTHESIS AND MULTI-APERTURE 
ARRAYS. The example of the preceding section is illustrative of 1-dimensional 
aperture synthesis. To obtain resolution of the 1° uniform source of the example 
to a Rayleigh resolution (=BWEFN/2) of 0.1° requires a single aperture 573A in 
length [=114.6°/(2 x 0.1°)]. An interferometer, on the other hand, can produce 
the same result with two small (say, 54) apertures operated at various spacings 
provided that the source is strong enough to give a satisfactory signal-to-noise 
(S/N) ratio with the small apertures. Thus, the interferometer can synthesize a 
large continuous aperture—hence the term aperture synthesis. 

Instead of using only 2 apertures and moving one or both of them, a 
number of apertures can be employed with unequal spacings in order to provide 
data points on the visibility curve. Many types of interferometers including 
phase-switched (multiplying), multi-element, grating, compound and cross arrays 
and the use of phase-closure and self-calibration techniques are discussed by 
Kraus.’ 

In radio astronomy observations, the baseline separation of the apertures 
and the angle of the baseline changes with the earth’s rotation providing more 
visibility data, making it possible to do 2-dimensional aperture synthesis and 
produce 2-dimensional maps of the source distribution. Spreading the apertures 
over a plane (instead of all in-line) also improves the data. Typically, a celestial 
object is tracked (as the earth rotates) by a number of radio telescope antennas 
with each antenna-pair combination producing a complex visibility function 
(amplitude and phase) as a function of displacement (hour) angle. A map or image 


1 R. N. Bracewell, “Radio Interferometry of Discrete Sources,” Proc. IRE, 46, 97-105, January 1958. 
See also A. R. Thompson, J. M. Moran and G. W. Swenson, Jr., Interferometry and Synthesis in Radio 
Astronomy, Wiley-Interscience, 1986. 


J. D. Kraus, Radio Astronomy, 2nd ed., Cygnus-Quasar, 1986, chap. 6. 


534 11 ARRAYS OF DIPOLES AND OF APERTURES 


Bee: iia Hie LA Be é Zs 


Figure 11-77 Antennas of the Very Large Array (VLA) of the National Radio Astronomy Observa- 
tory in compact configuration. The array, on the Plains of San Augustin, New Mexico, has 27 steer- 
able Cassegrain-type reflector antennas 25 m in diameter mounted on 3 rail tracks (radials at 120°), 
each 21 km long for deployment in a variety of aperture spacings. (Courtesy NRAO/AUI,) 


of the object or sky region is then constructed as a Fourier transform of the 
complex visibility. 

The largest and most elaborate aperture synthesis array is presently the 
VLA (Very Large Array) of the National Radio Astronomy Observatory built at 
a cost of $78M (1975 $) on the Plains of San Augustin near Socorro, New 
Mexico. This array consists of 27 Cassegrain-type reflector antennas (apertures), 
shown in Fig. 11-77, each with a diameter of 25 m. Each dish can be moved 
along one of three radial railroad tracks 21 km long so that the dishes can be 
deployed in a Y-shaped configuration with spacings of 0.6 to 36 km in order to 
maximize the visibility data with the earth’s rotation. In the photograph 9 dishes 
are shown in their most compact, close-in configuration along one track. Synthe- 
sized sky maps of 107 pixels (picture elements) can be produced with sensitivities 
of 1 mJy or better. At 1 = 6 cm the resolution is about 4+ arcsecond.' 

Radio telescope antennas separated by intercontinental distances have also 
been operated as interferometers at even higher resolution. With antenna aper- 
tures separated by 10000 km, milliarcsecond resolution is possible at 2 = 6 cm. 
In this Very Long Baseline Interferometry (VLBI), signals are downconverted 


1 p. J. Napier, A. R. Thompson and R. D. Ekers, “The Very Large Array: Design and Performance of 


a Modern Synthesis Radio Telescope,” Proc. IEEE, 71, 1295-1320, November 1983 (includes 155 
references). 
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and the IF signals taped and sent to a central location. By synchronizing the 
tapes using atomic standards, a real-time comparison can be simulated. Such 
observations require a high degree of coordination between participating obser- 
vatories and being time-consuming have only been performed on an intermittent 
basis. A dedicated full-time Very Long Baseline Array (VLBA) has been proposed 
which has at least 10 antennas (apertures) with locations coast-to-coast in the 
continental United States and in Puerto Rico and Hawaii.' The cost is estimated 
at $75M (1985 $) with completion scheduled for 1995. 

A logical next step is to add an orbiting antenna to the array, increasing the 
resolution and visibility data resulting in maps with better detail and dynamic 
range. The rapid change of baseline distances for an orbiting antenna also 
reduces the mapping time. Ultimately with 2 or more orbiting antennas, all of the 
interferometry could be done above the earth’s atmosphere obtaining higher 
phase stability. High elliptical or circular orbits of 10000 to 60000 km apogee or 
radius are contemplated.” 

Aperture-synthesis arrays were pioneered by Martin Ryle of Cambridge 
University, England, and used by him and his students for mapping celestial 
radio sources.* Currently, the most complete and definitive work on aperture 
synthesis is the book by Thompson, Moran and Swenson.* 


11-26 GRATING LOBES. If a uniform linear array of n elements has a 
spacing d, between elements exceeding unity, sidelobes appear which are equal in 
amplitude to the main (center) lobe. These so-called grating lobes have a spacing 
from the main lobe of 


¢ = sin! > Pe Sine og Pa eR (1) 
A 


If d, > 1, this reduces approximately to 


m 


aT 


(rad) (2) 


' K. I. Kellermann and A. R. Thompson, “The Very Long Baseline Array,” Science, 229, 123-130, 
1985. 


? B. F. Burke, “Orbiting VLBI: A Survey,” in R. Fanti, K. Kellermann and G. Setti (eds.), VLBI and 
Compact Radio Sources, Reidel, 1984. 

R. A. Preston, B. F. Burke, R. Doxsey, J. F. Jordan, S. H. Morgan, D. H. Roberts and I. I. Shapiro, 
“The Future of VLBI Observations in Space,” in F. Biraud (ed.), Very Long Baseline Interferometry 
Techniques, Cepadues, 1983. 

3 See, for example, M. Ryle, A. Hewish and J. R. Shakeshaft, “The Synthesis of Large Radio Tele- 
scopes by the Use of Radio Interferometers,” IRE Trans. Ants. Prop., AP-7, S120-124, December 
1959. 


* A. R. Thompson, J. M. Moran and G. W. Swenson, Jr., Interferometry and Synthesis in Radio 
Astronomy, Wiley-Interscience, 1986. 
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Figure 11-78 Grating lobes with array of n widely spaced elements. Solid line: pattern with isotropic 
elements (array factor). Dashed line: total pattern with directional elements, each with pattern of 
dotted line. 


with the first sidelobe (m = 1) at 1/d, as given by the solid line (array factor) in 
Fig. 11-78 [individual array elements are nondirectional (isotropic) ]. To suppress 
all grating lobes including the first requires directional elements, each with an 
aperture of approximately d,. This puts the first null of the individual element 
pattern on the first grating lobe, but the array is now equivalent to a continuous 
aperture. With less directivity (smaller aperture) elements, with pattern as sug- 
gested by the upper-dashed line in Fig. 11-78, the resultant (total) pattern is as 
suggested by the lower dashed line with some grating lobe suppression but not 
elimination. 
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PROBLEMS' 


*11-1 Two i/2-element broadside array. 

(a) Calculate and plot the gain of a broadside array of 2 side-by-side 1/2 elements 
in free space as a function of the spacing d for values of d from 0 to 24. Express 
the gain with respect to a single 4/2 element. Assume all elements are 100 
percent efficient. 

(b) What spacing results in the largest gain? 

(c) Calculate and plot the radiation field patterns for 4/2 spacing. Show also the 
patterns of the 4/2 reference antenna to the proper relative scale. 


11-2 Two i/2-element end-fire array. A 2-element end-fire array in free space consists of 
2 vertical side-by-side 1/2 elements with equal out-of-phase currents. At what 
angles in the horizontal plane is the gain equal to unity: 

(a) When the spacing is 1/2? 
(b) When the spacing is 1/4? 

11-3 Two-element VP array. Calculate and plot the field and phase patterns of the far 
field for an array of 2 vertical side-by-side 4/2 elements in free space with 4/4 
spacing when the elements are: 

(a) In phase and 

(b) 180° out of phase. 

For the in-phase case also include on the graph the patterns in both the yz or 
vertical plane and xy or horizontal plane of Fig. 11-2a. For the out-of-phase case 
do the same for the patterns in both the xz or vertical plane and xy or horizontal 
plane of Fig. 11-7a. 


11-4 W8JK array. Calculate the vertical and horizontal plane free-space field patterns 
of a W8JK antenna consisting of two horizontal out-of-phase 4/2 elements spaced 
4/8. Assume a loss resistance of 1 Q and show the relative patterns of a 4/2 refer- 
ence antenna with the same power input. 
11-5 Sixteen-element and W8JK array gain equations. Confirm (11-6-6) and (11-7-11). 
11-6 Two-element array with unequal currents. 
(a) Consider two 4/2 side-by-side vertical elements spaced a distance d with cur- 
rents related by I, = al, /6. Develop the gain expression in a plane parallel to 
the elements and the gain expression in a plane normal to the elements, taking 


' Answers to starred (*) problems are given in App. D. 
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a vertical 4/2 element with the same power input as reference (0 <a < 1). 
Check that these reduce to (11-4-15) and (11-4-13) when a = 1. 

(b) Plot the field patterns in both planes and also show the field pattern of the 
reference antenna in proper relative proportion for the case where d = 4/4, 

= 4 and 6 = 120°. 

Impedance of D-T array. 

(a) Calculate the driving-point impedance at the center of each element of an in- 
phase broadside array of 6 side-by-side A/2 elements spaced 4/2 apart. The 
currents have a Dolph-Tchebyscheff distribution such that the minor lobes 
have + the field intensity of the major lobe. 

(b) Design a feed system for the array. 


Stacked 1/2 elements and W8JK array above ground. 

(a) Develop (11-7-12). 

(b) Calculate and plot from (11-7-12) the gain in field intensity for an array of 2 
in-phase horizontal 4/2 elements stacked 4/2 apart (as in Fig. 11-31) over a 4/2 
antenna in free space with the same power input as a function of h up to 
h = 1.5A for an elevation angle « = 10°. Also calculate and plot for comparison 
on the same graph the gains at « = 10° for a 2-element horizontal W8JK 
antenna over a single horizontal 4/2 antenna as a function of the height above 
ground from h = 0 to h = 1.54. Note differences of these curves and those for 
e= 20ein bigeti-32: 

Two-tower BC array. A broadcast-station antenna array consists of two vertical 

4/4 towers spaced 4/4 apart. The currents are equal in magnitude and in phase 

quadrature. Assume a perfectly conducting ground and zero loss resistance. Calcu- 

late and plot the azimuthal field pattern in millivolts (rms) per meter at 1.6 km 
with 1 kW input for vertical elevation angles « = 0, 20, 40, 60 and 80°. The towers 
are series fed at the base. Assume that the towers are infinitesimally thin. 


Two-tower BC array. Calculate and plot the relative field pattern in the vertical 
plane through the axis of the 2-tower broadcast array fulfilling the requirements of 
Prob. 4-19 if the towers are 4/4 high and are series fed at the base. Assume that the 
towers are infinitesimally thin and that the ground is perfectly conducting. 


Three-tower BC array. Calculate and plot the relative field pattern in the vertical 
plane through the axis of the 3-tower broadcast array fulfilling the requirements of 
Prob. 4-20 if the towers are 34/8 high and are series fed at the base. Assume that 
the towers are infinitesimally thin and that the ground is perfectly conducting. 


BC array with null at « = 30°. Design a broadcast-station antenna array of 2 ver- 
tical base-fed towers 4/4 high and spaced 34/8 which produces a broad maximum 
of field intensity to the north in the horizontal plane and a null at an elevation 
angle « = 30° and azimuth angle ¢ = 135° measured ccw from north to reduce 
interference via ionospheric bounce. Assume that the towers are infinitesimally 
thin, that the ground is perfectly conducting and that the base currents of the two 
towers are equal. Specify the orientation and phasing of the towers. Calculate and 
plot the azimuthal field pattern at « = 0° and « = 30° and also the pattern in the 
vertical plane through ¢ = 135°. The suggested procedure is as follows. Solve 
(11-8-4) for d’ at the null. Then set ¢ in the pattern factor in (11-4-13) equal to @’ 
and solve for the value of 6 which makes the pattern factor zero. The relative 
field intensity at any angle (@, «) is then given by (11-4-14) where sin 8 = cos ¢’ = 

cos « cos ¢ in the first pattern factor and 6 = 90° — « in the second pattern factor. 


11-13 


*11-14 


11-15 


11-16 


*11-17 


PROBLEMS 539 


BC array with null to west at all «. Design a broadcast-station array of 2 vertical 
base-fed towers 4/4 high that produces a broad maximum of field intensity to the 
north in the horizontal plane and a null at all vertical angles to the west. Assume 
that the towers are infinitesimally thin and that the ground is perfectly conducting. 
Specify the spacing, orientation and phasing of the towers. Calculate and plot the 
azimuthal relative field patterns at elevation angles of « = 0, 30 and 60°. 


Impedance and gain of 2-element array. Two thin center-fed 4/2 antennas are 
driven in phase opposition. Assume that the current distributions are sinusoidal. If 
the antennas are parallel and spaced 0.24, 

(a) Calculate the mutual impedance of the antennas. 

(b) Calculate the gain of the array in free space over one of the antennas alone. 


Triangle array. Three isotropic point sources of equal amplitude are arranged at 
the corners of an equilateral triangle, as in Fig. P11-15. If all sources are in phase, 
determine and plot the far-field pattern. 
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Figure P11-15 Triangle array. 


Square array. Four isotropic point sources of equal amplitude are arranged at the 
corners of a square, as in Fig. P11-16. If the phases are as indicated by the arrows, 
determine and plot the far-field pattern. 
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Figure P11-16 Square array. 


Terminated V. Traveling wave. 

(a) Calculate and plot the far-field pattern of a terminated-V antenna with 5/ legs 
and 45° included angle. 

(b) What is the HPBW? 


*11-18 Seven short dipoles. 4-dB angle. A linear broadside (in-phase) array of 7 short 


dipoles has a separation of 0.35 between dipoles. Find the angle from the 
maximum field for which the field is 4 dB down (to nearest 0.1°). 
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Square array. Four identical short dipoles (perpendicular to page) are arranged at 
the corners of a square 4/2 on a side. The upper left and lower right dipoles are in 
the same phase while the 2 dipoles at the other corners are in the opposite phase. 
If the direction to the right (x direction) corresponds to ¢ = 0°, find the angles @ 
for all maxima and minima of the field pattern in the plane of the page. 


Pencil-beam patterns. For symmetrical circular aperture pencil-beam patterns 
(function only of @) show that the main beam solid angle Q,, is given by 


1.13 02,» for a Gaussian pattern 
0.988 O02» for a (sin x)/x pattern 
1.008 02. for a Bessel pattern 


where Op is the half-power beam width. Also show that Qy is given by 
1.036 Oyp yp for a (sin u)/u (square aperture) pattern 


where u = x = y. Note that for a Gaussian pattern 0fp = 0.88 Q,s0 Qy = Qy. 


Collinear array of three 4/2 dipoles. An antenna array consists of 3 in-phase col- 
linear thin 2/2 dipole antennas, each with sinusoidal current distribution and 
spaced A/2 apart. The current in the center dipole is twice the current in the end 
dipoles (binomial array). (a) Calculate and plot the far-field pattern. (b) What is the 
HPBW? (c) How does this HPBW value compare with the HPBW for a binomial 
array of 3 isotropic point sources spaced 4/2 apart? 


Four-tower broadcast array. A broadcast array has 4 identical vertical towers 
arranged in an east-west line with a spacing d and progressive phase shift 6. Find 
(a) d and (b) 6 so that there is a maximum field at ¢ = 45° (northeast) and a null at 
d@ = 90° (north). There can be other nulls and maxima, but no maximum can 
exceed the one at 45°. The distance d must be less than 4/2. 


Eight-source scanning array. A linear broadside array has 8 sources of equal 
amplitude and 4/2 spacing. Find the progressive phase shift required to swing the 
beam (a) 5°, (b) 10° and (c) 15° from the broadside direction. (d) Find BWFN when 
all sources are in phase. 


A 24-dipole scanning array. A linear array consists of an in-line configuration of 24 
3/2 dipoles spaced 4/2. The dipoles are fed with equal currents but with an arbi- 
trary progressive phase shift 6 between dipoles. What value of 6 is required to put 
the main-lobe maximum (a) perpendicular to the line of the array (broadside 
condition), (b) 25° from broadside, (c) 50° from broadside and (d) 75° from broad- 
side? (e) Calculate and plot the four field patterns in polar coordinates. (f) Discuss 
the feasibility of this arrangement for a scanning array by changing feed-line 
lengths to change 6 or by keeping the array physically fixed but changing the 
frequency. What practical limits occur in both cases? 


Three-helix scanning array. Three 4-turn right-handed monofilar axial mode 
helical antennas spaced 1.54 apart are arranged in a broadside array as in Fig. 
11-46. The pitch angle « = 12.5° and the circumference C = 4. (a) If the outer two 
helices rotate on their axes in opposite directions while the center helix is fixed, 
determine the angle ¢ of the main lobe with respect to the broadside direction and 
describe how @ varies as the helices rotate. (b) What is the maximum scan angle 
&? (c) What is the main-lobe HPBW as a function of ¢? 
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E-type rhombic. Design a maximum E-type rhombic antenna for an elevation 
angie 7 = 17.5°. 

Alignment rhombic. Design an alignment-type rhombic antenna for an elevation 
angie wi—117.5°. 

Compromise rhombic. Design a compromise-type rhombic antenna for an ele- 
vation angle « = 17.5° at a height above ground of 1/2. 

Compromise rhombic. Design a compromise-type rhombic antenna EY an ele- 
vation angle « = 17.5° with a leg length of 34. 

Compromise rhombic. Design a compromise-type rhombic antenna for an ele- 
vation angle « = 17.5° at a height above ground of 4/2 and a leg length of 34. 
Rhombic patterns. Calculate the relative vertical plane patterns in the axial direc- 
tion for the rhombics of Probs. 11-26, 11-27, 11-28, 11-29 and 11-30. Compare the 
patterns with the main lobes adjusted to the same maximum value. 

Rhombic equation. Derive (11-16-1) for the relative field intensity of a horizontal 
rhombic antenna above a perfectly conducting ground. 

Alignment rhombic equation. Verify (11-16-3), (11-16-8) and (11-16-9) for the align- 
ment design rhombic antenna. 

Sixteen source broadside array. A uniform linear array has 16 isotropic in-phase 
point sources with a spacing of 4/2. Calculate exactly (a) the half-power beam 
width, (b) the level of the first sidelobe, (c) the beam solid angle, (d) the beam 
efficiency, (e) the directivity and (/) the effective aperture. 

Four aperture distributions. For the following aperture distributions show that the 
far-field patterns are as given: 


(a) re E(¢) = ets + pee where w = mL, sin d 
Stepped 3 3 y/2 
(b) NS E(¢) = JW) where W = 27L, sin d 
Circular 
at ee here p == L, si 
(c) Triangular O yy? where y = De Ry: sin @ 
(d) — Ho) = a + {2 A | where / = nL, sin ¢ 


Fourier transform. Apply the Fourier transform method to obtain the far-field 
pattern of an array of 2 equal in-phase isotropic point sources with a separation d. 
Reduce the expression to its simplest trigonometric form. 


Interferometer. Pattern multiplication. An interferometer antenna consists of 2 

square broadside in-phase apertures with uniform field distribution. 

(a) If the apertures are 10A square and are separated 60/ on centers, calculate and 
plot the far-field pattern to the first null of the single aperture pattern. 

(b) How many lobes are contained between first nulls of the aperture pattern? 

(c) What is the effective aperture? 

(d) What is the HPBW of the central interferometer lobe? 
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(ec) How does this HPBW compare with the HPBW for the central lobe of two 
isotropic in-phase point sources separated 60A? 


11-38 Visibility function. Show that the visibility function observed with a simple inter- 
ferometer of spacing s, for a uniform source of width a with a symmetrical uniform 
bright center of width 8 = a/6 is 

sin (zs, a) + 3 sin (ms, «/6) 


Mis) = 5 3ms, 0/2 


if the center brightness is 4 times the side brightness (see Fig. 11-76b). 


11-39 Visibility function. Show that the visibility function observed with a simple inter- 
ferometer of spacing s, for 2 equal uniform sources of width «/6 spaced between 
centers by 5a/6 is 

sin ms,a 2 sin (27s, «/3) 

Vs) =——— = 2 

TES, O SP ons 7a 
*11-40 Pattern smoothing. An idealized antenna pattern-brightness distribution is illus- 
trated by the 1-dimensional diagram in Fig. P11-40. The brightness distribution 
consists of a point source of flux density S and a uniform source 2° wide, also of 
flux density S. The point source is 2° from the center of the 2° source. The antenna 
pattern is triangular (symmetrical) with a 2° beam width between zero points and 
with zero response beyond. 
(a) Draw an accurate graph of the observed flux density as a function of angle 
from the center of the 2° source. ie 

(b) What is the maximum ratio of the observed to the actual total flux density 


(2S)? 
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Figure P11-40 Pattern smoothing. 


11-41 Interferometer output. Show that the output of a simple interferometer of spacing 
s and bandwidth fo + Af/2 for a point source is given by 


2ns Af 


where c = velocity of light. 


11-42 Interferometer bandwidth. Show that for an interferometer with bandwidth fo 
+ Af/2 (Prob. 11-41), the condition Af/fo « 1/n, where n = fringe order, must hold 
in order that the fringe amplitude not be decreased. 


11-43 Number of elements. In Fig. 11-78 how many elements n have been assumed? 
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12-1 INTRODUCTION. Reflectors are widely used to modify the radiation 
pattern of a radiating element. For example, the backward radiation from an 
antenna may be eliminated with a plane sheet reflector of large enough dimen- 
sions. In the more general case, a beam of predetermined characteristics may be 
produced by means of a large, suitably shaped, and illuminated reflector surface. 
The characteristics of antennas with sheet reflectors or their equivalent are con- 
sidered in this chapter. 

Several reflector types are illustrated in Fig. 12-1. The arrangement in 
Fig. 12-la has a large, flat sheet reflector near a linear dipole antenna to reduce 
the backward radiation (to the left in the figure). With small spacings between the 
antenna and sheet this arrangement also yields a substantial gain in the forward 
radiation. This case was discussed in Sec. 11-7a with the ground acting as the flat 
sheet reflector. The desirable properties of the sheet reflector may be largely pre- 
served with the reflector reduced in size as in Fig. 12-1b and even in the limiting 
case of Fig. 12-1c. Here the sheet has degenerated into a thin reflector element. 
Whereas the properties of the large sheet are relatively insensitive to small fre- 
quency changes, the thin reflector element is highly sensitive to frequency 
changes. The case of a 4/2 antenna with parasitic reflector element was treated in 
Sec. 11-9a. 
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Figure 12-1 Reflectors of various shapes. 


With two flat sheets intersecting at an angle « (<180°) as in Fig. 12-1d, a 
sharper radiation pattern than from a flat sheet reflector (« = 180°) can be 
obtained. This arrangement, called an active corner reflector antenna, is most 
practical where apertures of 1 or 24 are of convenient size. A corner reflector 
without an exciting antenna can be used as a passive reflector or target for radar 
waves. In this application the aperture may be many wavelengths, and the corner 
angle is always 90°. Reflectors with this angle have the property that an incident 
wave is reflected back toward its source as in Fig. 12-le, the corner acting as a 
retroreflector. 

When it is feasible to build antennas with apertures of many wavelengths, 
parabolic reflectors can be used to provide highly directional antennas. A para- 
bolic reflector antenna is shown in Fig. 12-1f- The parabola reflects the waves 
Originating from a source at the focus into a parallel beam, the parabola trans- 
forming the curved wave front from the feed antenna at the focus into a plane 
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wave front. Many other shapes of reflectors can be employed for special 
applications. For instance, with an antenna at one focus, the elliptical reflector 
(Fig. 12-1g) produces a diverging beam with all reflected waves passing through 
the second focus of the ellipse. Examples of reflectors of other shapes are the 
hyperbolic’ and the circular reflectors” shown in Fig. 12-1h and i. 

The plane sheet reflector, the corner reflector, the parabolic reflector and 
other reflectors are discussed in more detail in the following sections. In addition, 
feed systems, aperture blockage, aperture efficiency, diffraction, surface irregu- 
larities, gain and frequency-selective surfaces are considered. 


12-2 PLANE SHEET REFLECTORS AND DIFFRACTION. The 
problem of an antenna at a distance S from a perfectly conducting plane sheet 
reflector of infinite extent is readily handled by the method of images.° In this 
method the reflector is replaced by an image of the antenna at a distance 2S from 
the antenna, as in Fig. 12-2. This situation is identical with the one considered in 
Sec. 11-7, of a horizontal antenna above ground. If the antenna is a 4/2 dipole 
this in turn reduces to the problem of the W8JK antenna discussed in Sec. 11-5. 
Assuming zero reflector losses, the gain in field intensity of a 4/2 dipole antenna 
at a distance S from an infinite plane reflector is, from (11-5-8), 


Reo 
Go) = a fee |sin (S, cos ¢)| (1) 
$ Ri, + Ry — Rj 
Flat sheet 
reflector 
Image Antenna 
o<— S$ S—>® 


Figure 12-2 Antenna with flat sheet reflector. 


1G. Stavis and A. Dorne, in Very High Frequency Techniques, Radio Research Laboratory Staff, 
McGraw-Hill, New York, 1947, chap. 6. 


2 J. Ashmead and A. B. Pippard, “The Use of Spherical Reflectors as Microwave Scanning Aerials,” 
JIEE (Lond.), 93, pt. IIIA, no. 4, 627-632, 1946. 


3 See, for example, G. H. Brown, “ Directional Antannas,” Proc. IRE, 25, 122, January 1937. 


546 12 REFLECTOR ANTENNAS AND THEIR FEED SYSTEMS 


field intensity 


\/2 antenna 
in free space 


Antenna Antenna Antenna 
4 8 16 
Flat sheet 
reflector 


Figure 12-3 Field patterns of a 4/2 antenna at spacings of $, 4 and 7A from an infinite flat sheet 
reflector. Patterns give gain in field intensity over a 4/2 antenna in free space with same power input. 
For 4/8 spacing, the gain is 2.2(=6.7 dB = 8.9 dBi). 


where S, = 27 2 
A 

The gain in (1) is expressed relative to a 4/2 antenna in free space with the same 

power input. The field patterns of 1/2 antennas at distances S = 1/4, 4/8 and 1/16 

from the flat sheet reflector are shown in Fig. 12-3. These patterns are calculated 

from (1) for the case where R,; = 0. 
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Figure 12-4 Gain in field intensity of 2/2 dipole antenna at distance S from flat sheet reflector. Gain 
is relative to A/2 dipole antenna in free space with the same power input. Gain in dBi is also shown. 
Gain is in direction ¢ = 0 and is shown for assumed loss resistances R, = 0,1 and 5 Q. 


12-2 PLANE SHEET REFLECTORS AND DIFFRACTION 547 


Flat sheet 
reflector 
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Figure 12-5 Array of 4/2 elements with flat 
sheet reflector (billboard antenna). 


The gain as a function of the spacing S is presented in Fig. 12-4 for assumed 
antenna loss resistances R,;, = 0, 1 and 5 Q. These curves are calculated from (1) 
for @ = 0. It is apparent that very small spacings can be used effectively provided 
that losses are small. However, the bandwidth is narrow for small spacings, as 
discussed in Sec. 11-5. With wide spacings the gain is less, but the bandwidth is 
larger. Assuming an antenna loss resistance of 1 Q, a spacing of 0.125/ yields the 
maximum gain. 

A large flat sheet reflector can convert a bidirectional antenna array into a 
unidirectional system. An example is shown in Fig. 12-5. Here a broadside array 
of 16 in-phase 1/2 elements spaced 4/2 apart is backed up by a large sheet reflec- 
tor so that a unidirectional beam is produced. The feed system for the array is 
indicated, equal in-phase voltages being applied at the 2 pairs of terminals F-F. If 
the edges of the sheet extend some distance beyond the array, the assumption 
that the flat sheet is infinite in extent is a good first approximation. The choice of 
the spacing S between the array and the sheet usually involves a compromise 
between gain and bandwidth. If a spacing of 4/8 is used, the radiation resistance 
of the elements of a large array remains about the same as with no reflector 
present.’ This spacing also has the advantage over wider spacings of reduced 
interaction between elements. On the other hand, a spacing such as //4 provides 
a greater bandwidth, and the precise value of S is less critical in its effect on the 
element impedance. 

When the reflecting sheet is reduced in size, the analysis is less simple. The 
situation is shown in Fig. 12-6a. There are 3 principal angular regions: 


’ H. A. Wheeler, “The Radiation Resistance of an Antenna in an Infinite Array or Waveguide,” Proc. 
IRE, 36, 478-487, April 1948. 
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Figure 12-6 (a) Dipole antenna with 
2.25A flat sheet reflector with 3 regions 
of radiation according to geometric 
optics. (b) Field pattern of dipole and 
sheet reflector according to geometric 
optics (heavy solid line) and according 
to geometric theory of diffraction 
(dotted line). The solid circle indicates 
the field from the dipole alone (in free 
space) and the dashed line gives the 
pattern for dipole with an infinite sheet 
reflector. (c) Modification of edges of 
sheet to reduce diffracted back-side 
radiation (in region 3). 
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Region I (above or in front of the sheet). In this region the radiated field is 
given by the resultant of the direct field of the dipole and the reflected field from 
the sheet. | 

Region 2 (above and below at the sides of the sheet). In this region there is 
only the direct field from the dipole. This region is in the shadow of the reflected 
field. 


Region 3 (below or behind the sheet). In this region the sheet acts as a 
shield, producing a full shadow (no direct or reflected fields, only diffracted fields). 


If the sheet is 1 or 2A in width and the dipole is close to it, image theory 
accounts adequately for the radiation pattern in region 1. In region 2, the distant 
field is dominated by the direct ray from the dipole. In the full shadow behind the 
sheet (region 3) the Geometrical Theory of Diffraction (GTD) must be used.’ The 
pattern in this region is effectively that of 2 weak line sources, one along each 
edge. The fields in the 3 regions are shown in Fig. 12-6b for the case of the sheet 
width dimension D = 2.254 and the dipole spacing d = 3A/8. It is assumed that 
the sheet is very long perpendicular to the page (> D). 

Narrower reflecting sheets result in more radiation into region 3 but this 
diffracted radiation can be minimized by using a rolled edge (radius of 
curvature > 4/4) and absorbing material, as suggested in Fig. 12-6c. 


12-3 CORNER REFLECTORS 


12-3a Active (Kraus) Corner Reflector. In 1938 while analyzing the radi- 
ation from a dipole parallel to and closely spaced from a flat reflecting sheet, I 
realized that when the sheet is replaced by its image, the dipole and its image 
form a W8JK array. When the flat sheet (180° included angle) is folded into a 
square (90°) corner the theory calls for 3 images, and my calculations showed 
correspondingly higher gain. Thus, the corner reflector developed as an extension 
of my analysis of the W8JK array. I immediately constructed several corner 
reflectors to obtain experimental confirmation. I tried parallel-wire grid reflectors, 
modifying both the spacing and length of the reflector wires to determine the 
limiting dimensions required. Figure 12-7 shows my first corner reflector, a 90° 
corner for 4=5m operation built in 1938. Subsequent tests were done with 
smaller corners of various angles at 4 = 1 m with patterns measured by rotating 
the antennas on a turntable. 


! Diffraction is also discussed in Secs. 2-18, 4-15, 4-16, 13-3, 17-5 and 18-3d. For more details on the 
principles of physical and geometrical diffraction theories see J. D. Kraus, Electromagnetics, 3rd ed., 
McGraw-Hill, 1984, pp. 524-531 (2nd ed., 1972, pp. 464479), and J. D. Kraus, Radio Astronomy, 2nd 
ed., Cygnus-Quasar, 1986, pp. 642-646. 
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Figure 12-7 The author with the first corner reflector which he built and tested in 1938 for A = 5m 
operation. 
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The following presentation is based mainly on my publications on the 
corner reflector in the Proceedings of the Institute of Radio Engineers (November 
1940), in Radio (March 1939) and in a patent application filed Jan. 31, 1940." 

Two flat reflecting sheets intersecting at an angle or corner as in Fig. 12-8 
form an effective directional antenna. When the corner angle « = 90°, the sheets 
intersect at right angles, forming a square-corner reflector. Corner angles both 
greater or less than 90° can be used although there are practical disadvantages to 
angles much less than 90°. A corner reflector with « = 180° is equivalent to a flat 
sheet reflector and may be considered as a limiting case of the corner reflector. 
This case has been treated in Sec. 12-2. 

Assuming perfectly conducting reflecting sheets of infinite extent, the method 
of images can be applied to analyze the corner reflector antenna for angles 

= 180°/n, where n is any positive integer. This method of handling corners is 
well known in electrostatics. Corner angles of 180° (flat sheet), 90°, 60°, etc., can 
be treated in this way. Corner reflectors of intermediate angle cannot be deter- 
mined by this method but can be interpolated approximately from the others. 

In the analysis of the 90° corner reflector there are 3 image elements, 2, 3 
and 4, located as shown in Fig. 12-9a. The driven antenna 1 and the 3 images 
have currents of equal magnitude. The phase of the currents in 1 and 4 is the 
same. The phase of the currents in 2 and 3 is the same but 180° out of phase with 
respect to the currents in 1 and 4. All elements are assumed to be //2 long. 

At the point P at a large distance D from the antenna, the field intensity is 


E(@) = 2kI, | [cos (S, cos @) — cos (S, sin ¢)]| (1) 


where J, = current in each element 

S, = spacing of each element from the corner, rad 
2n(S/A) 

k = constant involving the distance D, etc. 
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Figure 12-8 Corner reflector antenna. 


1 J. D. Kraus, “The Corner Reflector Antenna,” Proc. IRE, 28, 513-519, November 1940. 
J. D. Kraus, “The Square-Corner Reflector,” Radio, no. 237, 19-24, March 1939. 
J. D. Kraus, “Corner Reflector Antenna,” U.S. Patent 2,270,314, granted Jan. 20, 1942. 


2 See, for example, Sir James Jeans, Mathematical Theory of Electricity and Magnetism, 5th ed., Cam- 
bridge University Press, London, p. 188. For arbitrary corner angles, analysis involves integrations of 
cylindrical functions which can be approximated by infinite sums as shown by R. W. Klopfenstein, 
“Corner Reflector Antennas with Arbitrary Dipole Orientation and Apex Angle,” IRE Trans. Ants. 
Prop., AP-5, 297-305, July 1957. 
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The emf V, at the terminals at the center of the driven element is 
Vi = 1,24, +2, Rip + 1,214 — 21,212 (2) 


where Z,, = self-impedance of driven element 
R,, = equivalent loss resistance of driven element 
Z1> = mutual impedance of elements 1 and 2 
Z14 = mutual impedance of elements 1 and 4 


Similar expressions can be written for the emf’s at the terminals of each of the 
images. Then if P is the power delivered to the driven element (power to each 
image element is also P), we have from symmetry that 


ne en 3) 
Ry, cu Ri, a Ry, fad 2R12 


Substituting (3) in (1) yields 


Ir 


E(¢) = 2k RiP | Lcos (S, cos ¢) — cos (S, sin $)]| (4) 


The field intensity at the point P at a distance D from the driven 4/2 element with 
the reflector removed is 


P 
Enw() = ALLA sek LS 5 
nw?) = K Ri, + Rit ©) 


where k = the same constant as in (1) and (4) 


This is the relation for field intensity of a 4/2 dipole antenna in free space with a 
power input P and provides a convenient reference for the corner reflector 
antenna. Thus, dividing (4) by (5), we obtain the gain in field intensity of a 
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Figure 12-9 Square-corner reflector with images used in analysis (a) and 4-lobed pattern of driven 
element and images (b). 
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Figure 12-10 A 60° corner reflector with images 
used in analysis. 


square-corner reflector antenna over a single 4/2 antenna in free space with the 
same power input, or 


E 
Bho) = ae 
Ry, + Ry, 


ee ee Le 
Rape Rie oat eins 


| [cos (S, cos ¢) — cos (S, sin @)]| (6) 


where the expression in brackets is the pattern factor and the expression included 
under the radical sign is the coupling factor. The pattern shape is a function of 
both the angle ¢ and the antenna-to-corner spacing S. The pattern calculated by 
(6) has 4 lobes as shown in Fig. 12-9b. However, only one of the lobes is real. 

Expressions for the gain in field intensity of corner reflectors with corner 
angles of 60, 45°, etc., can be obtained in a similar manner. The driven element is 
a A/2 dipole. For the 60° corner the analysis requires a total of 6 elements, 1 
actual antenna and 5 images as in Fig. 12-10. Gain-pattern expressions for corner 
reflectors of 90 and 60° are listed in Table 12-1. The expression for a 180° 
“corner” or flat sheet is also included. 


Table 12-1 Gain-pattern formulas for corner reflector antennas 


Number of 
Corner elements in Gain in field intensity over 1/2 antenna in free space with 
angle, deg analysis same power input 
R,, +R 
180 Z ily j senate SIT LAT PS (S, cos ) 
R, 1 it Ry, =F R,» 
R,,+R 
90 4 —____++___*t______ | [cos (S, cos ¢) — cos (S, sin ¢)]| 
Ry, 15 Ri, ae Rig a 2Ri2 
60 6 Ry, an Ry, 


Ry; a Ry, ap 2Ry4 ak 2Ri2 a Ri6 
x | {sin (S, cos @) — sin [S, cos (60° — ¢)] — sin [S, cos (60° + ¢)]} | 
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Figure 12-11 Gain of corner reflector antennas over a 4/2 dipole antenna in free space with the same 
power input as a function of the antenna-to-corner spacing. Gain is in the direction o = 0 and is 
shown for zero loss resistance (solid curves) and for an assumed loss resistance of 1 Q (R,, = 1 Q) 
(dashed curves). (After Kraus.) 


In the formulas of Table 12-1 it is assumed that the reflector sheets are 
perfectly conducting and of infinite extent. Curves of gain versus spacing calcu- 
lated from these relations are presented in Fig. 12-11. The gain given is in the 
direction ¢ = 0. Two curves are shown for each corner angle. The solid curve in 
each case is computed for zero losses (R,, = 0), while the dashed curve is for an 
assumed loss resistance R,, = 1 Q. It is apparent that for efficient operation too 
small a spacing should be avoided. A small spacing is also objectionable because 
of narrow bandwidth. On the other hand, too large a spacing results in less gain.’ 

The calculated pattern of a 90° corner reflector with antenna-to-corner 
spacing S = 0.54 is shown in Fig. 12-12a. The gain is nearly 10 dB over a refer- 
ence 4/2 antenna or 12 dBi. This pattern is typical if the spacing S is not too 
large. If S exceeds a certain value, a multilobed pattern may be obtained. For 


1 Displacing the driven dipole from the bisector of the corner angle shifts (squints) the beam direction 
to the other side of the bisector (see Prob. 16-20). 
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Figure 12-12 Calculated pat- 
terns of square-corner reflector 
antennas with  antenna-to- 
corner spacings of (a) 0.5A, (5) 
1.0A and (c) 1.5/4. Patterns give 
gain relative to the 4/2 dipole 
antenna in free space with the 
same power input. 


example, a square-corner reflector with S = 1.0 has a 2-lobed pattern as in 
Fig. 12-12b. If the spacing is increased to 1.5, the pattern shown in Fig. 12-12c is 
obtained with the major lobe in the @ = 0 direction but with minor lobes present. 
This pattern may be considered as belonging to a higher-order radiation mode of 
the antenna. The gain over a single 1/2 dipole antenna is 12.9 dB (~ 15 dBi). 

Restricting patterns to the lower-order radiation mode (no minor lobes), it 
is generally desirable that S lie between the following limits: 


1 S 
90° 0.25—0.7A 
180° (flat sheet) 0.1-0.3A 


The terminal resistance R; of the driven antenna is obtained by dividing (2) by I, 
and taking the real parts of the impedances. Thus, 


Ry = Ry, ar Rip si Ri4 a 2R,> (7) 
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Figure 12-13a Terminal radiation resistance of driven 4/2 dipole antenna as a function of the 
antenna-to-corner spacing for corner reflectors of 3 corner angles. (After Kraus.) 


If R,, = 0, the terminal resistance is all radiation resistance. The variation of the 
terminal radiation resistance of the driven element is presented in Fig. 12-13a as 
a function of the spacing S for corner angles « = 180, 90 and 60°. We note that 
for a = 90° and S = 0.35A, the resistance of the driven 1/2 dipole is the same as 
for a 4/2 dipole in free space. 

In the above analysis it is assumed that the reflectors are perfectly conduct- 
ing and of infinite extent, with the exception that the gains with a finitely con- 
ducting reflector may be approximated with a proper choice of R,,. The analysis 
provides a good first approximation to the gain-pattern characteristics of actual 
corner reflectors with finite sides provided that the sides are not too small. 
Neglecting edge effects, a suitable value for the length of sides may be arrived at 
by the following line of reasoning. An essential region of the reflector is that near 
the point at which a wave from the driven antenna is reflected parallel to the axis. 
For example, this is the point A of the square-corner reflector of Fig. 12-13b. 
This point is at a distance of 1.41S from the corner C, where S is the antenna-to- 
corner spacing. If the reflector ends at the point B at a distance L = 2S from the 
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Figure 12-13b Square-corner reflec- 
tor with sides of length L equal to 
twice the antenna-to-corner spacing S. 


corner, as in Fig. 12-13b, the reflector extends approximately 0.6S beyond 4. 
With the reflector ending at B, it is to be noted that the only waves reflected from 
infinite sides, but not from finite sides, are those radiated in the sectors yn. Fur- 
thermore, these waves are reflected with infinite sides into a direction that is at a 
considerable angle ¢ with respect to the axis. Hence, the absence of the reflector 
beyond B should not have a large effect. It should also have relatively little effect 
on the driving-point impedance. The most noticeable effect with finite sides is 
that the measured pattern is appreciably broader than that calculated for infinite 
sides and a null does not occur at ¢ = 45° but at a somewhat larger angle. If this 
is not objectionable, a side length of twice the antenna-to-corner spacing (L = 2S) 
is a practical minimum value for square-corner refiectors. 

Although the gain of a corner reflector with infinite sides can be increased 
by reducing the corner angle, it does not follow that the gain of a corner reflector 
with finite sides of fixed length will increase as the corner angle is decreased. To 
maintain a given efficiency with a smaller corner angle requires that S be 
increased. Also on a 60° reflector, for example, the point at which a wave is 
reflected parallel to the axis is at a distance of 1.73S from the corner as compared 
to 1.41S for the square-corner type. Hence, to realize the increase in gain requires 
that the length of the reflector sides be much larger than for a square-corner 
reflector designed for the same frequency. Usually this is a practical disadvantage 
in view of the relatively small increase to be expected in gain. 

To reduce the wind resistance offered by a solid reflector, a grid of parallel 
wires or conductors can be used as in Fig. 12-14. The supporting member joining 
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Figure 12-14 Square-corner (grid) reflector 
with bow-tie dipole for wideband operation 
(see Table 12-2). 


the midpoints of the reflector conductors may be either a conductor or an insula- 
tor. In general the spacing s between reflector conductors should be equal to or 
less than 1/8. With a 4/2 driven element the length R of the reflector conductors 
should be equal to or greater than 0.72. If the length R is reduced to values of less 
than 0.6A, radiation to the sides and rear tends to increase and the gain décreases. 
When R is decreased to as little as 0.3A, the strongest radiation is no longer 
forward and the “reflector” acts as a director. 


Table 12-2 Design data for wideband 90° corner reflector with 
bow-tie dipole (see Fig. 12-14) 


Dipole-to-corner spacing, S = 1/4 at lowest frequency 
Length of reflector, L = 34/4 at lowest frequency 
Reflector rod length, R = 41/5 at lowest frequency 
Reflector rod spacing, s = 4/8 at highest frequency 
Reflector rod diameter, d = 1/50 at highest frequency 
Bow-tie dipole length, | = 4//5 at mid frequency 


Lowest Mid Highest 

frequency frequency frequency 

ts h Ss Units 
Dipole-to-corner spacing, S 0.27 0.40 0.54 A 
Length of reflector, L 0.75 1.13 1.50 A 
Reflector rod length, R 0.81 1.20 1.62 A 
Reflector rod spacing, s 0.061 0.092 0.122 A 
Reflector rod diameter, d 0.01 0.015 0.02 A 
Bow-tie dipole length, | 0.53 0.80 1.06 A 
Gain 11.0 13.0 14.0 dBi 
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The square-corner reflector is a simple, practical, inherently wideband 
antenna producing substantial gains (11 to 14 dBi). Typical design data for a 
90° (square) corner reflector with bow-tie dipole for wideband (2 to 1 frequency 
range) operation are given in Table 12-2. 

The driven element is a 45° Brown-Woodward (bow-tie) dipole bent at 90° 
as suggested in the figure, so that its flat sides are parallel to the reflector. The 
dipole can be fed by a 300 or 400 Q twin line with low VSWR over the 2 to 1 
frequency range. None of the corner reflector dimensions are critical. A moderate 
increase or decrease in the reflector dimensions L and R from the values in 
Table 12-2 results in only small changes in gain. Thus, a 10 percent increase in L 
and R can increase the gain by a decibel or less while a 10 percent decrease in L 
and R can decrease the gain by a decibel or more. Also the (center-to-center) 
spacing s between reflector rods can be increased with only a small gain 
reduction. However, an increase in the rod diameter d can compensate for the 
larger spacing, keeping the gain essentially constant. 

For operation at a single frequency the dimensions for f,, f, or f, may be 
used depending on the gain desired. However, for f,; or f, values of S, L, R and I, 
f; values may be used for s and d, resulting in fewer reflector elements. 

A closed-sleeve dipole, as shown in Fig. 12-15, may be used as the driven 
element in place of the Brown-Woodward dipole (see Fig. 16-13c for details of the 


Figure 12-15 Square-corner (solid 
sheet) reflector with sleeve dipole for 
wideband operation in side, front and 
top (or bottom) views. L = 4 at the 
highest frequency. Drawing is to scale. 
(See Fig. 16-13c for dipole details.) 
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sleeve dipole). Wong and King’ describe an open-sleeve dipole as the driven 
element. See also the corner-Yagi-Uda antenna of Sec. 11-9c and the Yagi-Uda— 
corner—log-periodic antenna of Sec. 15-6. 

If a 3-dimensional square corner (see Fig. 12-16) is driven by a 4/2 to 34/4 
monopole spaced 0.9/ from the corner with d = 2/, a beam is obtained in a direc- 
tion making approximately equal angles with the 3 coordinate axes, and Inagaki? 
reports a gain of 17 dBi with higher gains for smaller corner angles. By placing a 
cylindrical surface of constant radius from the apex of a corner reflector (of 2 or 3 
dimensions), Elkamchouchi? reports improved performance. 

To distinguish the corner reflector with dipole (driven element) discussed in 
this section from corners without dipoles (or monopoles), the ones with the 
driven element may be called active (Kraus) corners and the others passive (retro) 
corners. While the active corners may have any included angle, with 90° the most 
common, the passive corners are always square (90°). These corners are discussed 


further in the next section. 


Figure 12-16 Retroreflector of 8 square corners for reflecting back waves from any direction. Path of 
ray returning via triple bounce is shown. 


‘J. L. Wong and H. E. King, “A Wide-Band Corner-Reflector Antenna for 240 to 400 MHz,” IEEE 
Trans. Ants. Prop., AP-33, 891-892, August 1985. 

2 N. Inagaki, “Three Dimensional Corner Reflector Antennas,” [EEE Trans. Ants. Prop., AP-22, 580, 
July 1974. 

> H. M. Elkamchouchi, “Cylindrical and Three-Dimensional Corner Reflector Antennas,” [EEE 
Trans. Ants. Prop., AP-31, 451-455, May 1983. 
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12-3b Passive (Retro) Corner Reflector. A passive (retro) corner consisting 
of 2 flat reflecting sheets is shown in Fig. 12-le. 

With 3 mutually perpendicular reflecting sheets, as in Fig. 12-16, each sheet 
extending a distance d(= + x, = +y, = +2,) from the origin, we have a cluster 
of eight 3-dimensional square-corner retroreflectors. Each square corner occupies 
one octant (47/8 sr = 2/2 sr = 5157 square deg). Any ray or wave incident within 
this solid angle is reflected back in the same direction, as suggested in the figure. 
Together the cluster of 8 square corners form a retroreflector for waves from any 
direction within a full sphere solid angle (=4z sr = 41 253 square deg) with the 
equivalent (normal incidence) flat-sheet reflecting area being a function of the 
angle of incidence. Its maximum value is ode except that in the 6 directions, 
exactly on the 3 axes (x, y and z), the area is 4d’. Just off these directions the area 
approaches zero. 

The enhanced reflection of radar signals from such passive corner clusters 
makes them useful for many applications. For example, small water-craft com- 
monly carry one (usually with reflecting surfaces of wire mesh) on a tall mast to 
make the craft’s presence more visible on radar screens. To be most effective, the 
reflector dimensions should be many 4 and the periphery of the mesh hole < 4/2. 
The surface should also be flat to better than 4/16 and, to increase the probability 
that the radar echo will be noticed, the reflector can be rotated to avoid a persis- 
tent null condition. 

Truncating the sides of the reflecting sheets along the diagonal lines (dashed 
lines in Fig. 12-16) results in 8 truncated corners, each bounded by an equilateral 
triangle (included angle 60°) with an aperture area of 3d’. If the surface of a 
sphere is divided into triangles (in the manner of a Buckminster Fuller geodesic 
dome) and a truncated corner inserted in each triangular area, it is possible to 
array dozens of corner reflectors over the sphere and obtain a more uniform echo 
area as a function of angle of incidence over 4z sr, but at the expense of a smaller 
maximum value. 

Retroreflectors can also be constructed in other ways. Thus, a Luneburg 
lens (Sec. 14-10) with a reflecting cap over, say 7 sr, acts as a retroreflector over 
this angle. The Van Atta array (Sec. 11-12) is another example. 


12-4 THE PARABOLA. GENERAL PROPERTIES. Suppose that we 
have a point source and that we wish to produce a plane-wave front over a large 
aperture by means of a sheet reflector. Referring to Fig. 12-17a, it is then required 
that the distance from the source to the plane-wave front via path 1 and 2 be 
equal or’ 


2L = R(1 + cos 0) (1) 
248 
Be area as RE A 2 
and - 1 + cos 0 2) 


1 This is an application of the principle of equality of path length (Fermat's principle) to the special case 
where all paths are in the same medium. For the more general situation involving more than one 
medium see Chap. 14. 
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Figure 12-17 Parabolic reflectors. 


This is the equation for the required surface contour. It is the equation of a 
parabola with the focus at F. 

Referring to Fig. 12-17b, the parabolic curve may be defined as follows. The 
distance from any point P on a parabolic curve to a fixed point F, called the 
focus, is equal to the perpendicular distance to a fixed line called the directrix. 
Thus, in Fig. 12-17b, PF = PQ. Referring now to Fig. 12-17c, let AA’ be a line 
normal to the axis at an arbitrary distance QS from the directrix. Since 
PS = QS — PQ and PF = PQ, it follows that the distance from the focus to S is 


PF + PS = PF + QS— PQ =QS (3) 


Thus, a property of a parabolic reflector is that all waves from an isotropic 
source at the focus that are reflected from the parabola arrive at a line AA’ with 
equal phase. The “image” of the focus is the directrix, and the reflected field 
along the line AA’ appears as though it originated at the directrix as a plane 
wave. The plane BB’ (Fig. 12-17c) at which a reflector is cut off is called the 
aperture plane. 
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Figure 12-18 Line source and 
cylindrical parabolic reflector (a) 
and point source and paraboloi- 
(a) (0) dal reflector (b). 


Aperture Aperture 
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A cylindrical parabola converts a cylindrical wave radiated by an in-phase 
line source at the focus, as in Fig. 12-18a, into a plane wave at the aperture, or a 
paraboloid-of-revolution converts a spherical wave from an isotropic source at 
the focus, as in Fig. 12-18b, into a uniform plane wave at the aperture. Confining 
our attention to a single ray or wave path, the paraboloid has the property of 
directing or collimating radiation from the focus into a beam parallel to the axis 
(see Fig. 12-17). 


12-5 A COMPARISON BETWEEN PARABOLIC AND CORNER 
REFLECTORS. Referring to Fig. 12-17, any radiation from the primary 
source or feed antenna at the focus of the parabola which is not directed into the 
parabola is not collimated but is distributed by direct paths over a large solid 
angle. This is not only inefficient but the distributed radiation can degrade the 
pattern of the radiation from the parabola. Thus, it is essential that a parabolic 
reflector have a directional feed which radiates all or most of the energy into the 
parabola. A corner reflector, on the other hand, does not require a directional 
feed since the direct and reflected waves are properly combined (image theory). 
Furthermore, a corner reflector has no specific focal point. 

Practical aperture dimensions for a square-corner reflector are | to 24. For 
larger apertures parabolic reflectors should be used, and for a large parabola of 
many 4 aperture, a practical choice for the feed can be a corner reflector with a 
corner angle of 90 to 180° depending on the F/D ratio of the parabola (see 
Sec. 12-6). Corner angles of about 120° have the advantage that the beam widths 
are approximately equal in both principal planes. 

Although the corner reflector differs in principle from the parabolic reflec- 
tor, there are situations in which the two may be nearly equivalent. This may be 
illustrated with the aid of Fig. 12-19. Let a linear antenna be located at the focus 


Cylindrical 
parabola Square 
corner 


reflector 


Linear antenna 


Figure 12-19 Cylindrical parabolic reflector compared 
with square-corner reflector. 
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F of a cylindrical parabolic reflector, and let this arrangement be compared with 
a square-corner reflector of the same aperture and with an antenna-to-corner 
spacing AF. The parabolic and corner reflectors are superimposed for compari- 
son in Fig. 12-19. A wave radiated in the positive y direction from F is reflected 
at 0 by the corner reflector and at 0’ by the cylindrical parabolic reflector. Hence, 
this wave travels a shorter distance in the corner reflector by an amount 00’. If 
AF = 2A, the electrical length of 00’ is about 180° so that a marked difference 
would be expected in the field patterns of the two reflectors. However, if 
AF = 0.354 the electrical length of 00’ is only about 30°, and this will cause only 
a slight difference in the field patterns. It follows that if AF is small in terms of 
the wavelength the exact shape of the reflector is not of great importance. The 
practical advantage of the corner reflector is the simplicity and ease of construc- 
tion of the flat sides. 


12-6 THE PARABOLOIDAL REFLECTOR.’ The surface generated by 
the revolution of a parabola around its axis is called a paraboloid or a parabola of 
revolution. If an isotropic source is placed at the focus of a paraboloidal reflector 
as in Fig. 12-20a, the portion A of the source radiation that is intercepted by the 
paraboloid is reflected as a plane wave of circular cross section provided that the 
reflector surface deviates from a true parabolic surface by no more than a small 
fraction of a wavelength. 

If the distance L between the focus and vertex of the paraboloid is an even 
number of 4/4, the direct radiation in the axial direction from the source will be 
in opposite phase and will tend to cancel the central region of the reflected wave. 
However, if 


L=— (1) 


where n = 1, 3, 5, ..., the direct radiation in the axial direction from the source 
will be in the same phase and will tend to reinforce the central region of the 
reflected wave. 

Direct radiation from the source can be eliminated by means of a direc- 
tional source or primary antenna’ as in Fig. 12-20b and c. A primary antenna 
with the idealized hemispherical pattern shown in Fig. 12-20b (solid curve) results 
in a wave of uniform phase over the reflector aperture. However, the amplitude is 


‘'§. Silver (ed.), Microwave Antenna Theory and Design, McGraw-Hill, New York, 1949. 

H. T. Friis and W. D. Lewis, “Radar Antennas,” Bell System Tech. J., 26, 219-317, April, 1947. 

C. C. Cutler, “Parabolic Antenna Design for Microwaves,” Proc. IRE, 37, 1284-1294, November 
1947. 

J. C. Slater, Microwave Transmission, McGraw-Hill, New York, 1942, pp. 272-276. 


? It is convenient to refer to the pattern of the source or primary antenna as the primary pattern and 
the pattern of the entire antenna as the secondary pattern. 
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Figure 12-20 Parabolic reflectors of different focal lengths (L) and with sources of different patterns. 


tapered as indicated. To obtain a more uniform aperture field distribution or 
illumination, it is necessary to make 6, small, as suggested in Fig. 12-20c, by 
increasing the focal length L while keeping the reflector diameter D constant." If 
the source pattern is uniform between the angles +06, (solid curve), the aperture 
illumination is more nearly uniform (solid curve) but not entirely so. The path 
length from F to the edges (at P, and P,) is greater than from F to V (at the 
vertex). Although ray paths via the edges (at P, and P,) and via the vertex V are 
of equal total length to the plane wave front (see Fig. 12-17a), giving phase equal- 
ity, there is more path length to the edges in a spherical (1/r) attenuating wave. 


1 That is, by increasing the ratio of L to D. This ratio is called the F ratio, the F/D ratio or the focal 
ratio (=L/D = FV /D). 
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Figure 12-21 Full parabolic reflectors (a and 5) and partial reflector with offset feed (c). 


Thus, the field at the edges is weaker, as will be calculated. To make the field 
completely uniform across the aperture would require a feed pattern with inverse 
taper. 

A typical pattern for a directional source as indicated by the dashed curve 
at (c) (left) gives a more tapered aperture distribution as shown by the dashed 
curve at (c) (right). The greater amount of taper with resultant reduction in edge 
illumination may be desirable in order to reduce the minor-lobe level, this being 
achieved, however, at some sacrifice in directivity. 

The arrangement of Fig. 12-20b illustrates the case of a small focal ratio. 
The arrangement at (c) illustrates the case of a larger ratio. 

Suitable directional patterns may be obtained with various types of primary 
antennas. As examples, a 4/2 antenna with a small ground plane is shown in 
Fig. 12-21a, and a small horn antenna in Fig. 12-21b. 

The presence of the primary antenna in the path of the reflected wave, as in 
the above examples, has 2 principal disadvantages. These are, first, that waves 
reflected from the parabola back to the primary antenna produce interaction and 
mismatching.’ Second, the primary antenna acts as an obstruction, blocking out 
the central portion of the aperture and increasing the minor lobes. To avoid both 
effects, a portion of the paraboloid can be used and the primary antenna dis- 
placed as in Fig. 12-21c. This is called an offset feed. 

Let us next develop an expression for the field distribution across the aper- 
ture of a parabolic reflector. Since the development is simpler for a cylindrical 
parabola, this case is treated first, as an introduction to the case for a paraboloid. 
Consider a cylindrical parabolic reflector with line source as in Fig. 12-22a. The 
line source is isotropic in a plane perpendicular to its axis (plane of page). For a 


! This may be greatly reduced by using a circularly polarized primary antenna, such as an axial-mode 
helix. If the primary antenna radiation is right-circularly polarized, the wave reflected from the para- 
bola is mostly left-circularly polarized and the primary antenna is insensitive to this polarization. 
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Figure 12-22 Cross sections of cylindrical parabola (a) and of paraboloid-of-revolution (b). 


unit distance in the z direction (normal to page in Fig. 12-22a) the power P in a 
strip of width dy is 

P=dyS, (2) 
where S, = the power density at y, Wm ? 
However, we also have that 


Pa (3) 


where U’ = the power per unit angle per unit length in the z direction 


Thus, 


Sindy U-de (4) 
S 1 
d = 5 
ae U' (d/d0\R sin 0) ©) 
where 
a b 
R = ———— 6 
1 + cos 6 (6) 
This yields 
1+ cos 0 
Ss, =— 7 
) aL, (7) 


The ratio of the power density S, at 9 to the power density S, at 6 = 0 is then 
given by the ratio of (7) when 0 = 6 to (7) when 6 = 0, or 


S 1+ 0 
Peg de vIRCOS NY, (8) 
So 2 
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The field-intensity ratio in the aperture plane is equal to the square root of the 


power ratio or 
E,_ [i+tcos? (9) 
Eo Bi 


where E,/E, is the relative field intensity at a distance y from the axis as given by 
y= Rosin. ¢: 

Turning now to the case of a paraboloid-of-revolution with an isotropic 
point source as in Fig. 12-22b, the total power P through the annular section of 
radius p and width dp is 


P=2np dp S, (10) 


where S, = the power density at a distance p from the axis, W ie 


This power must be equal to the power radiated by the isotropic source over the 
solid angle 27 sin 6 dé. Thus, 


P = 2n sin 6 dO U (11) 


where U = the radiation intensity, W sr * 


Then 
p dp S, =sin 6 d#@U » i a(2) 
S sin 0 
or = (13) 
U  p(dp/d®) 
2L sin 0 
h Sat RUS( Os tee ae 
where p sin Pane: 
This yields 
1 6)? 
met bin OSA) at (14) 


p AJ2 


The ratio of the power density S, at the angle @ to the power density Sy at 0 = 0 
is then 


S, (1 + cos 6)* 


5: 4 oS 


The field-intensity ratio in the aperture plane is equal to the square root of the 
power ratio or 

E,  l- cos @ 

as 5 (16) 
where E,/E, is the relative field intensity at a radius p from the axis as given by 
p=R sin 0. 


a - 
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12-7 PATTERNS OF LARGE CIRCULAR APERTURES WITH 
UNIFORM ILLUMINATION. The radiation from a large paraboloid with 
uniformly illuminated aperture is essentially equivalent to that from a circular 
aperture of the same diameter D in an infinite metal plate with a uniform plane 
wave incident on the plate as in Fig. 12-23. The radiation-field pattern for such a 
uniformly illuminated aperture can be calculated’ by applying Huygens’ principle 
in a similar way to that for a rectangular aperture in Chap. 4. The normalized 


field pattern E(@) as a function of @ and D is 


24 Jsl(nD/A) sin 9] 


E(?) = 1 
CS tars Gar (1) 
where D = diameter of aperture, m 
A = free-space wavelength, m 
@ = angle with respect to the normal to the aperture (Fig. 12-23) 
J, = first-order Bessel function 
The angle ¢, to the first nulls of the radiation pattern are given by 
mD . 
hy sin Po = 3.83 (2) 
Uniform 
plane 
wave 
Uniform Uniform 
illumination illumination 
p 
D 
Relative field Relative field 
intensity intensity 
Paraboloid 
Infinte sheet 
(a) (0) 


Figure 12-23 Large paraboloid with uniformly illuminated aperture (a) and equivalent uniformly 
illuminated aperture of same diameter D in infinite flat sheet (b). 


See, for example, J. C. Slater and N. H. Frank, Introduction to Theoretical Physics, McGraw-Hill, 
New York, 1933, p. 325. Also see S. Silver (ed.), Microwave Antenna Theory and Design, McGraw-Hill, 
New York, 1949, p. 194. 
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since J,(x) = 0 when x = 3.83. Thus, 


3.83/ 1.22A 
do = arcsin = arcsin (3) 
When @, is very small (aperture large) 
22 70 
Po = D, (rad) = D, (deg) (4) 


where D, = D/A = diameter of aperture, 4 


The beam width between first nulls is twice this. Hence for large circular aper- 
tures, the beam width between first nulls 


140 
BWEN = D. (deg) (5) 


By way of comparison, the beam width between first nulls for a large uniformly 
illuminated rectangular aperture or a long linear array is 


Ie 
BWEN = ae (deg) (6) 


where L, = length of aperture, A 
The beam width between half-power points for a large circular aperture is’ 


HPBW = “: (deg) (7) 


A 


The directivity D of a large uniformly illuminated aperture is given by 


area 
D=4n Te (8) 
For a circular aperture 
D2 
D = 4n — = 9.87D? (9) 


4) 
where D, = the diameter of the aperture, A 
The power gain G of a circular aperture over a //2 dipole antenna is 
G= 6D; (10) 


For example, an antenna with a uniformly illuminated circular aperture 10A in 
diameter has a gain of 600 or nearly 28 dB with respect to a 4/2 dipole antenna 
(~30 dBi). 


1S. Silver (ed.), Microwave Antenna Theory and Design, McGraw-Hill, New York, 1949, p. 194. 
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For a square aperture, the directivity is 


2 
D=4n pote 12617 (11) 
and the power gain over a 1/2 dipole is 
GS 743 (12) 


where L, = the length of a side, A 


For example, an antenna with a square aperture 10 on a side has a gain of 770 
or nearly 29 dB over a 4/2 dipole (= 31 dBi). 

The above directivity and gain relations are for uniformly illuminated aper- 
tures at least several wavelengths across. If the illumination is tapered, the direc- 
tivity and gain are less. 

The patterns for a square aperture 10/ on a side and for a circular aperture 
10A in diameter are compared in Fig. 12-24. In both cases the field is assumed to 
be uniform in both magnitude and phase across the aperture. The patterns are 
given as a function of ¢ in the xy plane. The patterns in the xz plane are identical 
to those in the xy plane. Although the beam width for the circular aperture is 
greater than for the square aperture, the sidelobe level for the circular aperture is 
smaller. A similar effect could be produced with the square aperture by tapering 
the illumination. 

Beam widths, directivities and gains are summarized in Table 12-3. Beam 
widths are compared with horn antennas in Table 13-1. 


0.6 


© 
pS 


Relative field intensity 
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Figure 12-24 Relative radiation patterns of circular aperture of diameter D = 10A and of square 
aperture of side length L = 104. 
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Table 12-3 Beam widths, directivities and gains of cir- 
cular and rectangular apertures with uniform aperture 


distributionst 
LD 
Aperture 
Circular Rectangular 
ES ee ee ee 
58° Bs 
Half-power beam width 
D, L, 
, 140° | Uoye 
Beam width between first nulls 
D, L, 
Directivity (gain over isotropic source) 9.9D? 12.6L, L, 
Gain over 1/2 dipole 6D? Tole 


where D, = diameter, A 
L, = side length, 4 
L’, = length of other side (if aperture is square, Li = L 3) 


+ Apertures are assumed to be large compared to 4. With tapered distributions 
beam widths are larger, and directivities, gains and minor lobes are less. 


12-8 THE CYLINDRICAL PARABOLIC REFLECTOR. The cylin- 
drical parabolic reflector is used with a line-source type of primary antenna. Two 
types are illustrated in Fig. 12-25. Both produce fan beams, 1e., a field pattern 
that is wide in one plane and narrow in the other. The antenna in Fig. 12-25a has 
a line source of 8 in-phase 4/2 antennas and produces a beam that is narrow in 
the E plane (xz plane) and wide in the H plane (xy plane). The antenna in 
Fig. 12-25b produces a beam that is wide in the E plane (xz plane) and narrow in 
the H plane (xy plane). The primary antenna consists of a driven stub element 


= 
4‘ 


(a) 


(0) 


- 


Figure 12-25 Parabolic reflector with linear array of 8 in-phase 2/2 dipole antennas (a) and 
“pillbox” or “cheese” antenna (b). 
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with a reflector element. The driven element is fed by a coaxial line. The side 
plates act as a parallel-plane waveguide. They guide the radiation from the 
primary antenna to the parabolic reflector. This type of antenna is called a 
“pillbox” or “cheese” antenna. If L < 4/2, propagation between the planes is 
restricted to the principal or TEM mode. In this case the source may be a stub 
antenna of length less than 1/2 (as in Fig. 12-256), or the source may be an 
open-ended waveguide or small horn. Neglecting edge effects, the patterns of the 
antennas of Fig. 12-25 are those of rectangular apertures of side dimensions L by 
H. If the illumination is substantially uniform over the aperture, the relations 
developed for rectangular apertures in Chap. 4 can be applied to calculate the 
patterns, provided that the side length is large compared to the wavelength. 


12-9 APERTURE DISTRIBUTIONS AND EFFICIENCIES.’ As an 
introduction to aperture distributions and efficiencies, a few basic concepts dis- 
cussed in earlier chapters are reviewed briefly. Then a number of criteria useful in 
antenna design are developed. 

Let a plane wave of power density S (W m 7’) be incident on an antenna, as 
in Fig. 12-26. The power P delivered by the antenna to the receiver is then 


P =SA, (1) 


where A, = effective aperture of the antenna 


or 
(2) 


If ohmic losses are not negligible, as assumed above, we may distinguish 


a1. 


Figure 12-26 Wave of flux density S incident on antenna 
delivers a power P to the receiver R. 


1 This section (12-9) and the following sections (12-10 and 12-11) are from J.D. Kraus, Radio 
Astronomy, 2nd ed., Cygnus-Quasar, 1986. 
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between the actual effective aperture (including the effect of ohmic losses) and an 
effective aperture based entirely on the pattern (losses neglected). Thus, we may 
write 


7 Ve a (3) 
where A, = actual effective aperture, m? 


k, = ohmic-loss factor, dimensionless (0 < k, < 1) 
A,, = effective aperture as determined entirely by pattern, m? 


Using these symbols, the directivity of an antenna is given by 


Gn 4x 
Da =A (4 
A 
from which! 
7a legs OQ, = Ne (5) 
and A, Qa=sik At (6) 


where Q., = antenna beam solid angle, sr 
A = wavelength, m 


The aperture efficiency is defined as the ratio of the effective aperture to the 
physical aperture, or 


bap = (7) 


sD iit bs 8 
Ey A, Qy A, Qy ®) 


where &y = Qy,/Q2., = beam efficiency, dimensionless 
Qu = main beam area, sr 
QQ, = total beam area, sr 


Although the physical aperture A, may not have a unique meaning on some 
apertures, its value tends to be readily defined on apertures that are large in 
terms of wavelength. 

The directivity of an antenna depends only on the radiation pattern, so that 
the directivity D is given by 


D=- A, (9) 


* In (2-22-5) this is given as 4,,,Q, = A” where A,,, as defined in Chap. 2 is equal to A,, as defined 
here. 


12-9 APERTURE DISTRIBUTIONS AND EFFICIENCIES 575 


The gain G is then 


G=Dk,=k,—A (10) 


The maximum directivity D,, will be defined as the directivity obtainable from an 
antenna (assumed to be large in terms of 4) if the field is uniform over the aper- 
ture, i.e., the physical aperture. Hence, 


Dae (11) 


In designing an antenna, one may have a certain design directivity D, one 
wishes to achieve. In general, this will be less than D,,, since, to reduce sidelobes, 
some taper will probably be introduced into the aperture distribution. Thus we 
may write 


, (12) 
where D, = design directivity 


The factor k, is called the utilization factor. It is the ratio of the directivity chosen 
by design to that obtainable with a uniform aperture distribution, or 


hee 


OK al (13) 
D 


S 


After designing and building the antenna and measuring its performance, it will 
probably be found, however, that the actual directivity D is less than the design 
directivity D,. It is possible, but unlikely, that D exceeds D,. The actual direc- 
tivity may then be expressed as 


D = Dykg = Dn ky Kg (14) 


where k, is the achievement factor, which is a measure of how well the objective 
has been achieved. Thus, 


D 
Ki 0<k, < 1 (usually) (15) 
D, 
The gain G of the antenna can now be written as 
“4 4 
G = Dykgkake = a3 Apkakuke = 33 Ap fap (16) 


where A, = physical aperture, m* 
k, = ohmic efficiency factor, dimensionless 
k,, = utilization factor, dimensionless 
k, = achievement factor, dimensionless 
E4) = aperture efficiency, dimensionless 
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We may also write 


A keke (17) 

A, = k,k,kqAp (18) 
A 

fap a 7 = k, Ke k, (19) 


where A,, = effective aperture (as determined entirely by pattern) 
A, = actual effective aperture 


A basic definition for the directivity of an antenna is that the directivity is 
equal to the ratio of the maximum to the average radiation intensity from the 
antenna (assumed transmitting). By reciprocity the directivity will be the same in 
the receiving case. Hence, 


D=—" (20) 


av 


where U,, = maximum radiation intensity, W sr~’ 


U,, = average radiation intensity, W sr ' 


The average value may be expressed as the integral of the radiation intensity 
U(0, @) over a solid angle of 42 divided by 4z. Thus 


4nU 
a (21) 


joe ee 
a {| U(8, d) dQ 
4n 


where P is the total power radiated. From (21) the effective power (power which 
would need to be radiated if the antenna were isotropic) is 


DP = 4xU,, (22) 


Let us now consider an aperture under two conditions. Under Condition 1 
the field distribution is assumed to be uniform, so that the directivity is D,,. The 
power radiated is P’. Under Condition 2 the field has its actual distribution, and 
the directivity and power radiated are D and P respectively. If the effective 
powers are equal in the two conditions, 


DP =D,,P’ (23) 
E,, E* 
av av A 
Po ear Z # 


d Die De 
ee iy eerie: oat Ibe Syed es, ai 
ane LD BL Ey 
Z 
Ap 


(24) 
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In (24) the surface of integration has been collapsed over the antenna, with part 
of the surface coinciding with the aperture. Further, it is assumed that all the 
power radiated flows out through the aperture. In (24) Z is the intrinsic imped- 
ance of the medium (Q per square) and E,, is the average field across the aper- 
ture, as given by 


Ey =— | | aca vibe ce (25) 


where E(x, y) is the field at any point (x, y) of the aperture. Rearranging (24), we 
have for the actual directivity 


4n 1 


= 4. SS _—_ 
earal ets 


Ap 


Dee (26) 


This relation was developed originally by Ronald N. Bracewell.’ Following 
Bracewell’s discussion and also elaborating on it by introducing the utilization 
factor, we can write for the design directivity 


4 1 
Dy = 2, gp Se ee (27) 


24> TTTE@ TET 
male E,, | E,, | se 


Ap 


where the primes indicate the design field values. The right-hand factor in (27) 
may be recognized as the utilization factor k,. Multiplying and dividing (26) by 
k,,, as given in (27), yields 


ae, 


EST 


DE Dar ae (29) 


(28) 


We also have, from (14), 


1 RN. Bracewell, “Tolerance Theory of Large Antennas,” IRE Trans. Ants. Prop., AP-9, 49-58, 
January 1961. 
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Thus, the last factor in (28) is the achievement factor, a result given by Bracewell. 
Further, as done by Bracewell, let 


E(x, y) = E,y + 0E,, (30) 


or EB ee (31) 


where 6 is the complex deviation (factor) of the field from its average value. Thus, 
the denominator of the last factor in (28) may be written as 


1 
= |[a + 6\(1 + 6)* dx dy (32) 
A, 
Ap 
Since the average of 6 or 6* over the aperture is zero, (32) simplifies to 
1 
1+ F [| 05" de dy = 1+ var 3 (33) 
ae 
Ap 


where var 6 is used to signify the variance of 6 or average of 66* (=| 6|”) over the 
aperture. Thus, (28) may be written more concisely as 


An 1 1 + var 0’ 
es 34 
Ao vat nl evar ) 


where 0’ = design value 
6 = actual value 


We also have that the utilization factor 


1 
oa enevareo! (>) 
and the achievement factor 
1+ var 0’ 
k, = ——— 36 
“1+ var 6 Cs 


Turning now to the beam efficiency é,, or the ratio of the solid angle of the 
main beam Q,, to the total beam solid angle Q,, we have 


{| P(O, @) dQ 


Ope ne 
fy os ee by ST (37) 
Q 
‘ || Pe, an 
4n 


where P(0, ¢) = antenna power pattern (= EE* = | E|’) 
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Figure 12-27 Various shapes of aperture dis- 


Let us consider next the effect of the aperture field distribution on the beam 
and aperture efficiencies. We take first the simplest case of a 1-dimensional dis- 
tribution, i.e., a rectangular aperture (L, by L’,) with a uniform distribution in the 
y direction (aperture L’,) and a distribution in the x direction (aperture L,) as in 


Fig. 12-27, given by 
Ix 2 |n 
PX) = Kot Ri (38) 
L, 


where E(x) = field distribution 
K, = constant (see Fig. 12-27) 
K, = constant (see Fig. 12-27) 
L, = L/A = aperture width, A 
neeentever (= 15253) 74.) 


If K, = 0, the distribution is uniform. If K, = 0, the distribution is parabolic for 
n = 1 and more severely tapered toward the edges for larger values of n, as indi- 
cated in Fig. 12-27. The beam and aperture efficiency of a 1-dimensional aperture 
with n = 1 has been calculated by Nash’ as a function of the ratio K,/(K, + K), 
with the results shown in Fig. 12-28. For K, =0, the distribution tapers 
to zero at the edge (maximum taper). As the abscissa value in Fig. 12-28 
[ratio K,/(K, + K,)] increases, the taper decreases until at an abscissa value of 1 
(K, =0), there is no taper; ie., the distribution is uniform.” The curves of 
Fig. 12-28 show that the beam efficiency tends to increase with an increase in 
taper but the aperture efficiency decreases. Maximum aperture efficiency occurs for 


1R. T. Nash, “Beam Efficiency Limitations of Large Antennas,” IEEE Trans. Ants. Prop., AP-12, 
918-923, December 1964. 


2 The step function or pedestal K, is an idealization which is not physically realizable. The actual 
field cutoff must be more gradual. Rhodes shows that the electric field component perpendicular to 
the edge of a planar structure must vanish as the first power of the distance from the edge and that 
the component parallel to the edge must vanish as the second power. See D. R. Rhodes, “On a New 
Condition for Physical Realizability of Planar Antennas,” IEEE Trans. Ants. Prop., AP-19, 162-166, 
March 1971. 
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Figure 12-28 Beam and aperture efficiencies for a 1-dimensional aperture as a function of taper. The 
aperture efficiency is a maximum with no taper, while the beam efficiency is a maximum with full 
taper. A parabolic distribution for K, is assumed (see n = 1 in Fig. 12-27). (After R. T. Nash, “Beam 
Efficiency Limitations for Large Antennas,” IEEE Trans. Ants Prop., AP-12, 9/8—923, December 1964.) 


a uniform aperture distribution, but maximum beam efficiency occurs for a highly 
tapered distribution. In most cases a taper is used that is intermediate between the 
two extremes of Fig. 12-28 [K,/(K,; +K,)=0 or 1], and a compromise is 
reached between large beam and aperture efficiencies. 

For a 2-dimensional aperture distribution, i.e., a rectangular aperture (L, by 
L’,) with the same type of distribution in both the x and y directions, the beam 
and aperture efficiencies as a function of taper have been calculated by Nash.’ A 
field distribution as given by (38) with n = 1 is assumed (K, part of distribution 
parabolic). Thus, for this case 


norefccrsf-2)Hsen[-QVJ 


1 R. T. Nash, “Beam Efficiency Limitations of Large Antennas,” [EEE Trans. Ants. Prop., AP-12, 
918-923, December 1964. 
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Figure 12-29a Aperture efficiency (solid) and beam efficiency (dashed) of a rectangular aperture as a 
function of taper and phase error. A parabolic distribution for K, is assumed (see n = 1 in Fig. 12-27). 
(After R. T. Nash, “ Beam Efficiency Limitations of Large Antennas,” IEEE Trans. Ants. Prop., AP-12, 
918-923, December 1964). 


Nash’s data, which also show the effect of random phase errors across the aper- 
ture, are presented in Fig. 12-29a. There is a family of 4 curves for the aperture 
efficiency (solid) and another family of 4 curves for the beam efficiency (dashed) 
for random displacements (or errors) of 0, 0.04, 0.06 and 0.084 rms deviation. To 
obtain these curves the aperture and beam efficiencies calculated for the smooth 
distribution (39) were multiplied by the gain-degradation (or gain-loss) factor of 
Ruze,’ given by 


k, Boye —(2276/A)2 (40) 


where o is the rms phase front displacement from planar over the aperture. It is 
assumed that the correlation intervals of the deviations are greater than the 
wavelength. The curves of Fig. 12-29a indicate that the controlling effect of the 
taper on the efficiencies (beam and aperture) tends to decrease as the phase error 
increases. The efficiencies are also reduced by the presence of the phase error, 


‘J. Ruze, “Physical Limitations of Antennas,” MIT Res. Lab. Electron. Tech. Rept. 248, 1952. 
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Figure 12-29b Aperture efficiency (solid) and beam efficiency (dashed) of a circular aperture as a 
function of taper and phase error. A parabolic distribution for K, is assumed (see n = 1 in Fig. 12-27). 
(After R. T. Nash, “Beam Efficiency Limitations of Large Antennas,” IEEE Trans. Ants. Prop., AP-12, 
918-923, December 1964). 


since such errors tend to scatter radiation into the sidelobe regions. Thus, the 
phase errors constitute a primary limitation on the antenna efficiency. 

The gain-loss formula (40) of Ruze assumes specifically that the deviations 
from the best-fit paraboloid are random and distributed in a Gaussian manner, 
that the errors are uniformly distributed, that the region over which the errors 
are substantially constant is large compared to the wavelength and that the 
number of such uncorrelated regions is large. 

A circular aperture of diameter D, with a distribution as given by (38), 
where x is replaced by r and L, by D,, has also been investigated by Nash, with 
the results shown in Fig. 12-29b. Two families of 4 curves each are given for the 
beam and aperture efficiencies for 4 conditions of random phase error. It is 
assumed that n = 1 (K, part of distribution parabolic). The curves of Fig. 12-29b 
(circular aperture) are seen to be very similar to those of Fig. 12-29a for the 
rectangular aperture. For reflector antennas with an rms surface deviation 0’ it 
should be noted that the phase front deviation 6 in (40) will be approximately 
twice as large; that is, 6 = 20’. 

Another problem to be considered with reflector antennas is the efficiency 
with which the primary, or feed, antenna illuminates the reflector. This may be 
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defined as the feed efficiency e,, where 


{| P (0, p) dQ 
QR 


\| P,(8, p) dQ 


4n 


Ef = (41) 


where P,(9, @) = power pattern of feed 
Q, = solid angle subtended by reflector as viewed from feed point 


If the first null of the feed antenna pattern coincides with the edge of the reflector, 
the feed efficiency given by (41) is identical with the beam efficiency of the feed.’ 
In the general situation with a reflector antenna, the beam efficiency of the 


system may be expressed as 
{| PO, p) dQ \| P 8, p) dQ 


main QR 
= '14)2 lobe 
€,, =e (nel) 


| | P(0, ¢) dQ | | P(0, ¢) dQ 


4n 


(42) 


where 6’ = rms surface error of reflector 
P(@, @) = power pattern of reflector due to aperture distribution 
produced by the feed assuming no phase error 
P,(0, ) = power pattern of feed 


Surface leakage is neglected. If it is appreciable, another factor is required. 

An experimental procedure for determining the beam efficiency ey of a large 
antenna using a celestial source is as follows. The main-beam solid angle Qy is 
evaluated from 


Quy = k, Oup Pup (43) 


where k, = factor between about 1.0 for a uniform aperture distribution 
and 1.13 for a Gaussian power pattern 
Op = half-power beam width in @ plane, sr 
yp = half-power beam width in @ plane, sr 


The half-power beam widths are measured, while k, may be calculated or esti- 
mated from the pattern shape. The half-power beam width in right ascension in 
degrees is given by the observed half-power beam width of a drift profile in 


1 Common practice is to taper the feed illumination by 10 dB or so at the edges of the reflector. 
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minutes of time multiplied by cos 6/4, where 6 is the declination of the observed 
point source; that is, 


HPBW(min) cos 6 


HPBWi(deg) = ri (44) 
The total beam solid angle Q, is obtained from the relation 
keeee 
= —— 45 
ae (45) 


e 


where the effective aperture A, is determined by observing a celestial point source 
of known flux density;' that is, 


An 46 
e S ( ) 
Combining relations, the beam efficiency is then given by 

pees Quy _ Kp Sur Pup 2kT (47) 


k, A2S 


where k = Boltzmann’s constant (=1.38 x 10°77 J K~*) 
T, = antenna temperature due to radio source (measured value 
corrected for cable loss), K 
S = flux density of radio source, W m~? Hz™' 
A = wavelength, m 
k, = antenna ohmic-loss factor, dimensionless 


and where k,,, Op and yp are as defined in (43). 
A procedure for determining the aperture efficiency ¢,, of a large antenna is 
to observe a celestial source of known flux density to find A, by (46), from which 


ee (48) 


where A, = physical aperture 


It is often of interest to the antenna designer, however, to break €,, up into 
a number of factors, as in (19), in order to account as completely as possible for 
all the causes of efficiency degradation. Thus, from knowledge of the antenna 
structure and its conductivity the ohmic-loss factor k, may be determined. The 
utilization factor k, can be calculated from design considerations. The achieve- 
ment factor k, could be calculated from the relation in (28) if the actual fields 
across the aperture were accurately known; however, these are rarely measured.” 
As an alternative the achievement factor can be separated into many factors 


‘ See the table of celestial sources, App. A, Sec. A-8. See also Sec. 18-6e. 


? See the discussion on p. 615 regarding a holographic measurement of the aperture distribution. 
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involving the random surface error, feed efficiency, aperture blocking, feed dis- 
placement normal to axis (squint or coma), feed displacement parallel to axis 
(astigmatism), etc., of the (parabolic) reflector antenna. It is assumed that each of 
these subfactors can be independently calculated or estimated. 

The aperture efficiency ¢,, may then be expressed as 


A 
fap atte Kaka. aa k,k,k,k, eo kw 
p 
N 
=k,k, [] k (49) 
n=1 


where k, = ohmic-loss factor 
k, = utilization factor (by design) 
k, = achievement factor 
k, =e 47/4” — random reflector-surface-error (gain-loss) factor = k, 
k, = €, = feed-efficiency factor 
k, = aperture-blocking factor 
k, = squint factor 
k, = astigmatism factor 
k. = surface-leakage factor 
etc. 


A close agreement between ¢,, as calculated by (49) and as measured by (48) 
does not necessarily mean that the designer has taken all factors properly into 
account (some could have been overestimated and others underestimated), but it 
does provide some confidence in understanding the factors involved. However, if 
there is significant disagreement between the two methods, the designer knows 
the analysis is incorrect or incomplete in one or more respects. This comparative 
method has been used by Nash! in analyzing the performance characteristics of a 
110-m radio telescope (Big Ear). A discussion of tolerances in large antennas is 
given by Bracewell.” 

For in-phase fields over a lossless aperture, the aperture efficiency is given 
from (26) by 


2 av (50) 


where E = field at any point in aperture 
E,, = average of E over aperture 
(E7),, = average of E” over aperture 


1 R. T. Nash, “A Multi-reflector Meridian Transit Radio Telescope Antenna for the Observation of 
Waves of Extra-terrestrial Origin,” Ph.D. thesis, Ohio State University, 1961. 


2 R.N. Bracewell, “Tolerance Theory of Large Antennas,” JRE Trans. Ants. Prop., AP-9, 49-58, 
January 1961. 
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Example. Determine the aperture efficiency and the beam efficiency é4, = Qy,/Q, for 
a 50A diameter circular aperture with aperture distribution of the form (1 — r7)", 
where r = 0 at the center and r = 1 at the rim for various values of n. Show the 
results graphically. 


Solution. The aperture efficiency is obtained from (50). The beam efficiency is 
obtained by integrating the pattern over 47 for Q, and over the main beam for Q,,, 
using numerical methods. The results are shown in Fig. 12-30 with efficiency as 
ordinate and sidelobe level as abscissa, with aperture distribution shape as given by 
n also indicated. For an n=2 distribution the aperture efficiency is about 56 
percent and the first sidelobe 31 dB down. 
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Figure 12-30 Aperture and beam efficiencies for various aperture distributions and sidelobe 
levels from worked example. Uniform phase is assumed. With phase variation, aperture effi- 
ciency decreases and sidelobes increase. 
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For continuous apertures which are large (>) some conclusions are: 


1. A uniform amplitude distribution yields the maximum directivity (nonuniform 
edge-enhanced distributions for supergain being considered impractical). 


2. Tapering the amplitude from a maximum at the center to a smaller value at 
the edges reduces the sidelobe level but results in larger (main-lobe) beam 
width and less directivity. 

3. A distribution with an inverse taper (amplitude depression at center) results in 
smaller (main-lobe) beam width but in increased sidelobe level and less direc- 
tivity. (The amplitude depression at the center might be produced inadver- 
tently by a primary (feed) antenna blocking the center of the aperture.) 

4. Maximum aperture efficiency occurs for a uniform aperture distribution, but 
maximum beam efficiency occurs for a highly tapered distribution. 


5, Aperture phase errors are a primary limitation on antenna efficiency. 


6. Depending on aperture size (in 4) and phase error, there is a frequency (or A) 
for which the gain peaks, rolling off to smaller values as the frequency is raised 
(see Fig. 12-34.) 


12-10 SURFACE IRREGULARITIES AND GAIN LOSS.’ Referring 
to Fig. 12-31, consider the idealized case of a reflecting surface with irregularities 
which depart a distance 6’ above and below the ideal surface. Plane waves reflec- 
ted from the irregular surface will be advanced or retarded with respect to waves 
reflected from the uniform surface by 

2m : x2=2n : (rad) (1) 


where 6’ = surface deviation (surface error) 
6 = twice surface deviation = 20’ 


W Ideal uniform 
aves surface 


Figure 12-31 Geometry for deter- 


D mining the effect of surface irregu- 
| : | larities. 


1 W.N. Christiansen and J. A. Hogbom (Radiotelescopes, Cambridge University Press, 1985) give an 
excellent, lucid discussion of the effect of surface irregularities on gain which served as an inspiration 
in preparing parts of this section. 
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Referring to the phase diagram of Fig. 12-32, the resultant field 
E = E, cos Ad (2) 
where Ad = 4n(6'/A) rad = 720° (6'/A) = 360° (6/A) = phase error 
Assuming that the separation (correlation distance D.) of the irregularities is 


at least as large as the wavelength and that there are as many positive as negative 
irregularities, the (normalized) surface gain-loss factor is 


Ad \? 0 
k= (Aes 2e) = cos? A@ = cos? (720 4 (3) 
(0) 


where k, = gain-loss factor (0 < k, < 1), dimensionless 


The variation of the gain-loss factor as a function of rms surface deviation 
in wavelengths and degrees as calculated from (3) is given in Fig. 12-33. The gain- 
loss factor as calculated from the Ruze relation (12-9-40) (=exp [—(476'/4)*]) is 
also shown. Correlation distances of at least a wavelength are assumed. 


Example. A surface has an rms deviation 6’ = 4/20. Find the reduction in gain. 
Solution. From (3), 
| 5 1 


0’ 
Ad = 4x — (rad) = 720° — = 720° — = 36° 
p i lets) 7 0 0 36 | (4) 


and ke =.cOs 304 -=10.65 (5) 
or a gain reduction of 1.8 dB (as may be noted in Fig. 12-33). 


Assuming SO percent aperture efficiency (A, = 4A,) and a circular dish 


diameter D, 
Sed UM IDS 
A,=-—7n — 
243) 


Introducing the gain-loss factor for surface irregularities from (3), 


4n x (D\? Tet Diva 5) 27 Diva 
G=k =a? ae rr — ae ae = 2 o_— ET eae 
FED (5) tats & — (720 ) 2 (7) ©) 


where 0’ = rms surface deviation 


Figure 12-32 Phase variation due to surface irregu- 
larities. 


12-10 SURFACE IRREGULARITIES AND GAIN Loss 589 


Gain factor (k,), dB loss 


pee 20° «30° 40° pbOTgrie.6O'W (570714 80" 
Rms surface deviation x 2 (= 720° 5’/A) 


Figure 12-33 Gain-loss factor of reflector antenna as a function of twice the rms surface deviation 
expressed in degrees of phase angle (of the reflected wave) as calculated from (3) and (12-9-40). The 
vertical dashed lines correspond to phase angles for rms surface deviations expressed in fractions of a 
wavelength. See text for assumptions involved. 


Values of the gain calculated from (6) are shown in Fig. 12-34 for various 
surface deviations 6’ and circular dish diameters D = 4, 20 and 100 m. Measured 
gains of three radio telescope dishes (dashed curves) are shown for comparison. It 
may be inferred from Fig. 12-34 that the equivalent rms surface deviations of the 
Onsala and Nobeyama dishes are about 150 um and of the Bonn dish about 
500 ym. 

Referring to Fig. 12-32, the quadrature field components are given by 


E, = E, sin Ag (7) 
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Figure 12-34 Gain peaking and roll-off with decreasing wavelength. The curves show antenna gain 
as a function of operating wavelength for various rms surface deviations (5’) and antenna diameters 
(D) equal to 4, 20 and 100 m as calculated from (6). Since scales are logarithmic, other values of D arid 


d’ can be readily interpolated. Curves for Onsala, Nobeyama and Bonn dishes are shown dashed. See 
text for assumptions involved. Gain is in dBi. 


For equal positive and negative irregularities these total zero. Suppose, however, 


that in some other direction they all add in phase. The power level of this minor 
lobe relative to the main lobe is then 


eave NE, sin Ad \? ; 
Sots | Se ee | A 
ea) ioe COS a ep ? ®) 


where N = number of irregularities 
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Equation (8) gives the maximum level a minor lobe could have due to these 
irregularities. Consider, on the other hand, that the quadrature fields add random- 
ly. Their total is then JN E, sin Ad and the power level of the resulting minor 
lobe relative to the main lobe is 


(Fz) : (a E, sin al a 


2 
E NE, cos A@ Eee Y 


major 


Example. If the rms phase error is 36° and the number of irregularities N = 100, 
find the maximum and random sidelobe levels. 


Solution. From (8), 
Maximum sidelobe level = tan? 36° = 0.527 


or down 2.8 dB from the main lobe. From (9), 


1 0.527 
Sidelobe level (random case) = — tan” 36° = —— = 0.00527 
N 100 


or down 22.8 dB from the main lobe. 


Although the gain-loss factor (3) is not a function of the number N of 
irregularities, the sidelobe level (9) for the random case does depend on N and 
decreases as N increases. Small-scale irregularities with correlation distances 
which are small compared to the wavelength result in fields which smooth out at 
large distances from the reflecting surface and, accordingly, these small-scale 
irregularities do not affect the gain or sidelobe level as discussed above. 

For a reflector antenna with perfect surface the main lobe and near side- 
lobes are determined principally by the aperture distribution and taper, while the 
minor lobes at larger angles to 90° or so are influenced by scatter from the feed 
support structure. Back-radiation is a function of spillover and diffraction around 
the edge of the reflector. For a circular dish a substantial back lobe may occur on 
axis (180° from the main lobe) due to all diffracted waves adding in phase (see 
Fig. 12-35). To reduce diffraction the reflector should have a rolled edge with 
radius of curvature at least 4/4 at the longest wavelength of operation. * 

Due to the force of gravity, a ground-based steerable parabolic reflector 
deforms as the reflector is tilted so that for a given wavelength there is a 
maximum diameter which cannot be exceeded by adding metal to the backup 
structure. However, this limit can be exceeded by a homologous design in which 
one paraboloid deforms into another. The next limit is then imposed by thermal 
deformation.” 


1 W. D. Burnside, M. C. Gilreath, B. M. Kent and G. C. Clerici, “Curved Edge Modification of 
Compact Range Reflector,” [EEE Trans. Ants. Prop., AP-35, 176-182, Feburary 1987. 


2S. Von Hoerner, “The Design and Improvement of Tiltable Radio Telescopes,” Vistas in Astron., 20, 
pt. 4, 411-444, 1977. 
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Figure 12-35 Typical parabolic reflector with feed (or subreflector). Front part of field pattern (main 
lobe and sidelobes) is determined by aperture distribution, surface irregularities and scattering from 
feed and struts. Back half of pattern (axial back lobe and near lobes) is determined by spillover and 
diffraction around dish. 


12-11 OFF-AXIS OPERATION OF PARABOLIC REFLECTORS. 
When the feed of a parabolic reflector antenna is displaced laterally from the 
focal point the beam is shifted (squinted) off-axis in the opposite direction to the 
feed displacement. Such squinting is accompanied by gain loss, beam broadening 
and the appearance of a coma sidelobe. The amount of such degradation in per- 
formance is a function of the F/D ratio and the feed displacement, as illustrated 
in Fig. 12-36.! 


 D. E. Baker, “The Focal Regions of Paraboloidal Reflectors of Arbitrary F/D Ratio,” Ph.D. thesis, 
Ohio State University, 1974. 
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Figure 12-36 Universal squint dia- 
gram for parabolic antennas of any 
size showing the gain loss as a func- 
tion of the squint displacement in 
HPBWs for 3 values of F/D ratio. 
The loss for other F/D ratios may be 
interpolated. (After D.E. Baker, 
“The Focal Regions of Paraboloidal 
Reflectors of Arbitrary F/D Ratio,”’ 
Ph.D. thesis, Ohio State University, 
1974). 


With F/D = 1.0, the gain loss is 0.3 dB for a feed displacement of 10 
HPBWs but with F/D = 0.25 the loss is 10 dB for the same displacement. Thus, a 
long focal length parabola is more tolerant of feed displacement than a short 


focal length parabola. 


Calculated patterns for a 530A diameter parabola with F/D = 1.2 are shown 
in Fig. 12-37 for 5 values of squint angle as calculated by Baker.’ The aperture 
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Figure 12-37 Calculated patterns of a 530A diameter parabola with F/D = 1.2 for 5 squint angles. At 
4° squint the gain is 1 dB down, the HPBW has increased from 8’ to 8.5’ (arcminutes) and the coma 


lobe is up 7.1 dB. (After D. E. Baker, 1977.) 


1 D. E. Baker, personal communication, 1977. 
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distribution is uniform, resulting in symmetrical first sidelobes 17.6 dB down as 
shown for 0° squint. As the squint angle increases, the gain decreases, the beam 
width increases, the pattern becomes asymmetrical and a first sidelobe increases 
(coma lobe). Thus, at a squint of 4° the gain is down 1 dB, the HPBW has 
increased from 8’ to 8.5’ and the coma lobe is only 10.5 dB down (up 7.1 dB from 
the 0° squint condition). Squinting with multiple feeds deployed near the prime 
focus (or by a movable feed for tracking) is frequently useful in spite of some 
degradation in performance. More detailed discussions of off-axis operation are 
given by Baker’, Lo,” Rudge and Withers,*? Rusch and Ludwig,* Sandler> and 
von Gniss and Ries.°® 


12-12 CASSEGRAIN FEED, SHAPED REFLECTORS, SPHER- 
ICAL REFLECTORS AND OFFSET FEED. Sub-reflectors offer flex- 
ibility of design for reflecting telescopes. The classical arrangement introduced by 
N. Cassegrain of France over 300 years ago uses a sub-reflector of hyperbolic 
shape which surrounds the prime focus point of the main parabolic reflector. 
Referring to Fig. 12-38, we require that all rays from the focal point F form a 
spherical wave front (circle of radius CF’) on reflection from the (hyperbolic) 
sub-reflector (as though radiating isotropically from the parabola focus F’) or by 
Fermat’s principle of equality of path length that 


C’A'’+ FA’ =CA+FA (1) 
Noting that CA = CF’ — Ane and that FA — AF’ = 2 OA we obtain 

FA' — A’F’=20A=BA (2) 
which is the relation for an hyperbola with standard form 


a =! (3) 


‘ D. E. Baker, “The Focal Regions of Paraboloidal Reflectors of Arbitrary F/D Ratio,” Ph.D. thesis, 
Ohio State University, 1974. 

7 Y. T. Lo, “On the Beam Deviation Factor of a Paraboloidal Reflector,” IRE Trans. Ants. Prop., 
AP-8, 347, May 1960. 

> A. W. Rudge and M. J. Withers, “New Technique for Beam Steering with Fixed Parabolic Reflec- 
tors,” Proc. IEE, 118, 857, July 1971. 

* W. V. T. Rusch and A. C. Ludwig, “Determination of the Maximum Scan-Gain Contours of a 
Beam-Scanning Paraboloid and Their Relation to the Petzval Surface,” [EEE Trans. Ants. Prop., 
AP-21, 141, March 1973. 

° S. S. Sandler, “ Paraboloidal Reflector Patterns for Off-Axis Feed,” IRE Trans. Ants. Prop., AP-8, 
368, July 1960. 


° H. von Gniss and G. Ries, “Feld Bild um den Brennpunkt von Parabolreflektoren mit Kleinen F /D 
Verhaltnis,” Archiv der Elek. Ubertrag., 23, 481, October 1969. 


ee a a 


12-12 CASSEGRAIN FEED, SHAPED REFLECTORS, ETC. 595 


OF = OF’ 
OB=OA 


Virtual focus 
at focus of 
parabola 


Hyperbolic 


reflector 
Origin of 
coordinates 
for x, y Circle of 


Vertex of 
parabola 


radius CF’ =C’ F’ 


Plane of symmetry 
of hyperbolic geometry 


Parabolic 
reflector 


Figure 12-38 Geometry for 


Cassegrain 
reflector. 


where a = OA = OB, f = OF’ = OF, and x and y are as shown in Fig. 12-38. Or 


y= (5 a hr — a?) (4) 
a 


The hyperbolic sub-reflector is then truncated at point P for which a ray 
reflected from the hyperbola hits the edge of the parabolic reflector. The hyper- 
bolic reflector then subtends an angle 0 from the feed location at the focal point 
F while the (main) parabolic reflector subtends an angle 6’ from the focal point F’ 
of the parabola. Thus, the feed horn beam angle is increased in the ratio 6’/@ to 
fill the parabola aperture. 

An advantage of the Cassegrain design is its compactness, with feed and 
amplifier near the vertex of the parabola. Higher aperture efficiency may also be 
realized by shaping the sub-reflector (or modifying the hyperbolic contour) to 
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Figure 12-39 Geometry for shaped reflectors. 


correct the primary pattern of the feed and produce a more uniform field dis- 
tribution across the parabola aperture.! 

Referring to Fig. 12-39, the surface at AA’ is deformed to enlarge or restrict 
the incremental ray bundle BB’, thereby decreasing or increasing the watts per 
steradian in the bundle and finally the watts per square meter in the aperture 
plane of the parabola. This shaping technique may be extended over the entire 
sub-reflector and often both sub-reflector and parabola are shaped. As a result a 
more uniform aperture distribution and higher aperture efficiency can be 


* If the rays are allowed to pass through the focus of the parabola instead of being intercepted by the 
hyperbolic (convex) Cassegrain surface, as in Fig. 12-38, they can be reflected by a concave ellipsoidal 
surface beyond (to the right of) the focus. This type of sub-reflector is called Gregorian after James 
Gregory of England who devised it about 1660. 
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Figure 12-40 Circle and parabola compared, with radius of circle equal to twice the focal length of 
the parabola. 


achieved but with higher first sidelobes and also more rapid gain loss as the feed 
is moved off-axis to squint the beam. 

A constraint on the Cassegrain arrangement is that to minimize blockage 
the sub-reflector should be small compared to the parabola, yet the sub-reflector 
must be large paaae ed to the wavelength. Details on Cassegrain reflectors are 
given by Love.’ 

In Fig. 12-40 a parabola is given by 


2 = Afr (5) 
where f = focal distance = VF 


This parabola is compared with a circle of radius R = VC. It may be shown that 
for small values of x, the circle is of nearly the same form as the parabola when 


Rep (6) 
Over an angle @ and aperture radius 
r=R sin 0 (7) 


the circle differs from the parabola by less than AR. If AR <i (or specifically 
<4/16) the field radiated from a point source at F within an angle 6’ and reflec- 
ted from the circle will be within 45° (=2 x 360°/16) of the phase of a field 
radiated from F and reflected from the parabola. 


* A. W. Love, “Spherical Reflecting Antennas with Corrected Line Sources,” IRE Trans. Ants. Prop., 
AP-10, 529-537, September 1962. 


S598 12 REFLECTOR ANTENNAS AND THEIR FEED SYSTEMS 


Let Fig. 12-40 represent the cross section of a reflecting sphere and 
paraboloid-of-revolution. Then a feed antenna at the focal point F which illumi- 
nates the sphere only within the angle 6’ will produce a plane wave over the 
aperture of diameter 2r having a phase deviation of less than 45°, this amount of 
deviation occurring only near the edge of the aperture. 

It is apparent that with a spherical reflector of 2x sr solid angle, which 
remains fixed in position, a beam can be scanned over almost ail of this solid 
angle by moving a suitable feed antenna along a spherical surface of radius R/2, 
as suggested in Fig. 12-41. 


Although the spherical reflector is fixed and does not need to be moved, 
only a fraction of its total aperture (zR7) is used.’ If the primary feed beam angle 
0’ is increased, the phase degradation increases at the edges of the beam aperture. 
The effects of this spherical aberration can be reduced by suitable corrections of 
the feed distribution. Ashmead and Pippard’ considered the necessary correc- 
tions when the spherical aberration is small. Spencer, Sletten and Walsh? and 
Love* describe a phase-correcting line source. Diffraction theory of large spher- 
ical reflectors is given by Schell® and means of correcting for spherical aberration 
are discussed by Rumsey.° 

The most famous example of a large spherical reflector is the 305-m diam- 
eter dish of 265-m radius of curvature suspended in a mountain valley at Arecibo, 
Puerto Rico (see Sec. 12-14 and Figs. 12-47, 12-48). The feeds for this spherical 
reflector antenna are slotted-waveguide line sources which can be swung through 
an angle of 20° from vertical, allowing beam scanning over a solid angle around 
the zenith of 6 percent of the sky above the horizon.’ At 430 MHz, aperture 
efficiency is about 53 percent with sidelobes 16 dB down. A discussion of the 
deficiencies of the Arecibo line-source feeds for circular polarization is given by 
Kildal® with 8 conclusions and recommendations for improvements. 

The loss in aperture due to feed antenna blockage with attendant scattering 
and minor lobes can be avoided by the use of an offset feed as in Fig. 12-21c. 


1 However, with multiple feeds multiple simultaneous beams could be produced. 

2J. Ashmead and A. B. Pippard, “The Use of Spherical Reflectors as Microwave Scanning Aerials,” 
JIEE, 93, 627-632, 1946. 

3 R. C. Spencer, C. J. Sletten and J. E. Walsh, “Correction of Spherical Aberration by a Phased Line 
Source,” Proc. Natl. Elect. Conf., 5, 320, 1949. 

4A. W. Love, “Spherical Reflecting Antennas with Corrected Line Sources,” IRE Trans. Ants. Prop., 
AP-10, 529-537, September 1962. 

5A. C. Schell, “The Diffraction Theory of Large Aperture Spherical Reflector Antennas,” [EEE 
Trans. Ants. Prop., AP-11, 428-432, July 1963. 

6 V. H. Rumsey, “On the Design and Performance of Feeds for Correcting Spherical Aberration,” 
IEEE Trans. Ants. Prop., AP-18, 343-351, May 1970. 

7A. W. Love, “Scale Model Development of a High Efficiency Dual Polarized Line Feed for the 
Arecibo Spherical Reflector,” [EEE Trans. Ants. Prop., AP-21, 628-639, September 1973. 

8 P-S. Kildal, “Study of Element Patterns and Excitations of the Line Feeds of the Spherical Refiec- 
tor at Arecibo,” [EEE Trans. Ants. Prop., AP-34, 197-207, February 1986. 
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Figure 12-41 Fixed spherical reflector 
of 2x sr solid angle with movable feed 
for beam steering over nearly 2z7 sr. 


Although the asymmetry of the offset feed makes full mechanical steerability 
more awkward for ground-based antennas, the asymmetry is less of a problem 
under the weightless conditions of space. However, with the standing-curved- 
reflector tiltable-flat-reflector (Kraus-type) radio telescope, aperture blockage can 
be made zero or nearly so (see Sec. 12-14 and Fig. 12-51). A fully steerable offset- 
fed paraboloid is also described in Sec. 12-14 (see Fig. 12-49). 

An extreme example of an offset feed is provided by the horn-reflector of 
Fig. 12-42 in which the energy from the feed point is guided inside a horn 
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Figure 12-42 “Sugar scoop” low-sidelobe horn-reflector antenna in cross section and front view. 
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attached to the reflector. A famous example of this design is the one used by 
Penzias and Wilson in their discovery of the 3 K cosmic background radiation 
(see Sec. 17-2). The absence of aperture blocking and the shielding by the horn 
structure resulted in very low side and back lobes so that the ground contributed 
negligibly (less than 75 of 1 percent of the nominal 300 K ground temperature) 
to the antenna temperature. 


12-13 FREQUENCY-SENSITIVE (OR -SELECTIVE) SURFACES 
(FSS) By Benedikt A. Munk’ 
An FSS is a surface which exhibits different reflection or transmission coefficients 
as a function of frequency.” An FSS usually consists of an array of identical 
elements.2 For example, it may be an array of small dipole-like elements as in 
Fig. 12-43a. These may be either shorted or have a load impedance Z,. When 
the elements resonate and R, = Re Z, = 0 the array can provide complete reflec- 
tion. Distinguish between R, for load resistance as used here and R, for loss 
resistance as used in some earlier sections. 

Alternatively, an array of slots in a conducting surface, as in Fig. 12-435, 
can make the surface completely transparent.? Frequency-sensitive or -selective 
surfaces are used extensively for hybrid radomes (a mixture of FSS and dielectric 
slabs), dichroic (dual-frequency) surfaces, analog absorbers, etc. 


Effect of Element Spacings d, and d,. Let us consider the reflection or trans- 
mission characteristics with frequency of the FSS array in Fig. 12-43a for an 
incident wave traveling in the # direction making an angle 6 with the y axis. The 
reflection coefficient 


a go (dimensionless) (1) 


where E, = electric field of incident wave 
E, = electric field of wave reflected in specular direction 


If the spacings d, and d, between elements are small enough that no grating 
lobes occur,* then, for 2] < 0.64, 
Ra 


_— —_____4______ dimensionless 2 
(Ra + Ry) + (Xa + X21) ' My 


Py = 


1 ElectroScience Laboratory, Ohio State University. 

2 References to the pioneering work of Kieburtz and Ishimaru, Twersky and Ott et al. are listed at the 
end of the chapter. 

3 The dipoles and slots constitute complementary surfaces as discussed in Secs. 13-4, 13-5 and 13-6. 

4 No grating lobes occur if d, < A/(1 + sin 0) for scan in the xy plane or d, < A/f(1 + sin 0) for scan in 
the yz plane. 
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Figure 12-43 (a) Reflecting surface of dipole-like elements acts as a band-rejection filter. The response 
curve is shown at right. (b) Transparent surface of slots acts as a bandpass filter. The response curve is 
shown at right. The transmission coefficient t, = 1 + p,. 


Z 22 
where R, = 5 ie a an 9° Q (for scan in xy plane) (3a) 
v4 Z 
1= sige , (for scan in yz plane) (3b) 
ae 3) 1 SD 
1 l 
pa | I(z) exp (—jBf-1) dz = pattern function,’ m (4) 
ORG! 


I, = element terminal current, A 


' For short elements, p varies little with angle of incidence and frequency. 
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Figure 12-44 (a) Reflection coefficient of FSS for 2 values of element spacing. The smaller spacing 
results in the broader bandwidth. (b) Reflection coefficient of FSS for different angles of incidence 0. 


If we consider p, in (2) as a function of frequency, we find that Ry, as given 
by (3) varies relatively little. However, X 4 + X,, which is much more compli- 
cated to determine than R,, changes dramatically. Typical curves of p, for 
normal incidence (6 = 0°) are shown in Fig. 12-44a. Changing d, and/or d,, X 4 
+ X, remains essentially constant, provided d, and d, < 1/2. However, R,4 is 
inversely proportional to both of these, i.e., becomes larger for smaller d, and d,. 
Inspection of (2) shows that smaller spacings make p, more broadbanded, as 
illustrated in Fig. 12-44a. However, the maximum magnitude of | p,| will always 
be unity provided R,; = 0 and no grating lobes are present. 


Effect of Angle of Incidence 6. Let us next consider the case where the spac- 
ings d, and d, are fixed (< ~ 0.454) and determine how the reflection coefficient 
p, varies with angle of incidence 6. We again find that X, + X, changes rela- 
tively little with angle of incidence. However, by inspection of (3), we note that R4 
increases with angle of incidence for scan in the xy plane and decreases for scan 
in the yz plane. Further, we observe that the bandwidth of p, becomes larger and 
smaller respectively, as indicated in Fig. 12-44b. This change of bandwidth with 
angle of incidence is quite large in all FSS regardless of the types of elements 
used. It can be compensated for in a number of ways. The most promising 
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appears to be by using dielectric slabs mounted on both sides of the FSS as done 
by Munk’? and by Munk and Kornbau.? 


Control of Bandwidth. It was shown above that the bandwidth could be 
broadened by decreasing d,. and/or d,, or vice versa, for smaller element spacings 
(this feature is quite universally independent of element type). Another way to 
affect the bandwidth is to make the load reactance vary faster with frequency. 
This makes p, more narrowbanded as shown by Munk? and by Munk, Kouy- 
oumjian and Peters.* A practical type of load may typically consist of a 2-wire 
transmission line stub as shown in Fig. 12-45-1a. A variation using two transmis- 
sion lines in parallel is shown in Fig. 12-45-1b. It has the advantage of being 
capable of handling arbitrary polarizations. 

Finally, the diameter of the wire elements can be reduced, leading to an 
even narrower bandwidth of p,. However, compared to the other two methods 
above, this is much less effective since it changes only logarithmically with wire 
diameter. 


Cascading or Stacking More FSS. A single FSS, as shown above, has only 
one frequency where |p,| = 1. However, by cascading or stacking two or more 
surfaces the reflection coefficient curve can be flattened at the top and can roll off 
faster as indicated in Fig. 12-45-2. This approach may be used for the reflecting 
(dipole) as well as the transparent (slot) surfaces. However, while a single dipole 


1 B. A. Munk, “ Space Filter,” U.S. Patent 4,125,841, November 1978. 


2 B. A. Munk and T. W. Kornbau, “On Stabilization of the Bandwidth of a Dichroic Surface by Use 
of Dielectric Slabs,” Electromag., 5, 349-373, 1985. 


3 B. A. Munk, “ Periodic Surface for Large Scan Angle,” U.S. Patent 3,789,404, Jan. 29, 1974. 


+ B. A. Munk, R. G. Kouyoumjian and L. Peters, Jr., “Reflection Properties of Periodic Surfaces of 
Loaded Dipoles,” IEEE Trans. Ants. Prop., AP-19, 612-617, September 1971. 
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Figure 12-45-2 Cascading or stacking 2 or more FSS (in y direction) as at left can produce a flatter- 
topped reflection coefficient curve with faster roll-off as shown at right. Note that the figure shows 
two 3 x 3(=9) element arrays stacked one in front of (or to the left of) the other. 


surface has the same reflection curve as its complementary surface’s transmission 
curve (Babinet’s principle), this is not the case when surfaces are stacked or when 
dielectric is added to a single surface. 


Element Types. Nearly any type of element will resonate at some frequency. 
However, some types are much better than others. First, the element should be 
sufficiently small that the element spacing d, and d, can remain small, meeting 
the grating lobe conditions. Consequently, a straight element as shown in 
Fig. 12-45-3a is rarely used for high-performance FSS, being too long (~A/2). 
Much better performance can be obtained with inductively loaded elements as 
shown in Fig. 12-45-3b, c and d (also Fig. 12-45-1a and b). The latter can also be 
constructed in 3-legged loaded form as shown in Fig. 12-45-3e and in the 
unloaded 3-legged form of Fig. 12-45-3f (Pelton and Munk’). Four-legged 
unloaded elements of 2 crossed wires (or slots) are used but are not recommended 
since they will, in general, exhibit a double resonance in one scan plane but not in 
the other, a feature considered undesirable for most applications, as pointed out 


1B. L. Pelton and B. A. Munk, “Periodic Antenna Surface of Tripole Slot Elements,” AF invention 
10,270, Aug. 17, 1976. 
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Figure 12-45-3 Canons types of wire elements for use with FSS. 


by Pelton and Munk.' All of the elements described are characterized by having 
medium or narrow bandwidth (4 to 25 percent). In contrast, the two loop ele- 
ments shown in Fig. 12-45-3g and h can be made to operate over more than an 
octave bandwidth. 


12-14 SOME EXAMPLES OF REFLECTOR ANTENNAS. A 
number of reflector antennas illustrative of different designs are given in this 
section. 


Bonn. The world’s largest fully steerable reflector telescope is shown in Fig. 12- 
46. Standing 40 stories tall in a valley of the Eifel mountains near Bonn, West 
Germany, the 3200-tonne 100-m diameter parabolic reflector antenna is used for 
radio astronomy and space research. The dish can be elevated 20° per minute 
and rotated in azimuth on a circular track 40° per minute. It can operate at 
wavelengths as short as 1 cm. Feeds may be either prime focus or Cassegrain. See 
the gain versus wavelength curve in Fig. 12-34. 


Arecibo. The fixed 305-m diameter spherical reflector at Arecibo, discussed in 
the preceding section, is shown in cross section in Fig. 12-47 and from above in 
Fig. 12-48. 


Bell Telephone Laboratories. The 7-m diameter parabolic reflector ais offset 
feed of the Bell Telephone Laboratories is shown in Fig. 12-49. This antenna, 


1 FE. L. Pelton and B. A. Munk, “Scattering from Periodic Arrays of Crossed Dipoles,” [EEE Trans. 
Ants. Prop., AP-27, 323-330, May 1979. 


Figure 12-46 Fully steerable 100-m diameter antenna near Bonn, West Germany, standing nearly 40 
stories tall. The moving parts weigh 3200 tonnes. Note the massive backup structure required to 
provide rigidity to the dish. (Courtesy Dr. R. Wielebinski, Max Planck Institute for Radioastronomy.) 


In-coming 
wave 


Platform Cable 


Moveable 
line 


Figure 12-47 Elevation cross section of 305-m diameter fixed spherical reflector suspended in moun- 
tain valley at Arecibo, Puerto Rico. 


606 
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Figure 12-48 Air view of 305-m Arecibo dish. Feed structure is supported by cables from 3 towers. 
Beam steering by moving the line feed allows observations at angles up to 20° from the zenith. Away 
from the zenith, only part of the reflector can be used with resulting decrease in aperture efficiency. 
(Cornell University.) 


located at Crawford Hill, New Jersey, has a 100-um rms surface accuracy permit- 
ting operation at wavelengths as short as 3 mm (100 GHz) with 59 percent aper- 
ture efficiency, a gain of 77 dBi and HPBW of 2 arcminutes.' At 1 cm (30 GHz) 


* T-S Chu, R. W. Wilson, R. W. England, D. A. Gray and W. E. Legg, “The Crawford Hill 7-m 
Millimeter Wave Antenna,” BSTJ, 57, 1257-1288, May-June 1978. 
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Figure 12-49 The 7-m offset Cassegrain-fed low-sidelobe millimeter-wave antenna of the Bell Tele- 
phone Laboratories at Crawford Hill, New Jersey. Key structural parts are covered with insulation to 
reduce thermal effects. (Courtesy Dr. T-S Chu, Bell Telephone Laboratories.) 


the aperture efficiency is 69 percent and the gain 66.5 dBi. With a 15-dB feed 
taper and no aperture blockage the sidelobe level is over 40 dB down 1° off-axis 
at 30 GHz. The antenna also has very low cross-polarization (over 40 dB down 
across the main beam). These low levels are achieved using a quasi-optical feed 
system and conical corrugated horn with hybrid-mode launcher (see Fig. 13-31). 
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Whereas the atmosphere contributes a temperature of only 2.3 K at 4 GHz 
(at the zenith), the dry atmosphere temperature at 100 GHz is about 100 K so 
that the temperature contribution due to spillover (12 K) and mylar waveguide 
window loss (1 K) add little of significance to the system temperature at 
100 GHz.* 

In radio astronomy observations, receiver noise reflected back into prime 
focus or Cassegrain feeds can produce spurious spectral lines. This effect is elimi- 
nated with an offset feed as in the Crawford Hill antenna. 


Nobeyama. The world’s largest millimeter-wave dish, shown in Fig. 12-50, is 


Figure 12-50 The 45-m fully steerable parabolic reflector antenna with gain of nearly 90 dBi at 
wavelengths of 2 to 3mm at the Nobeyama Radio Observatory in the Yatsugatake Mountains, 
Japan. (NRO photo.) 


! T-S Chu, personal communication, 1985. 
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located at the Nobeyama Radio Observatory at a high elevation in the central 
mountains of Honshu Island, Japan. It has a 200-um rms overall equivalent 
surface deviation and a pointing accuracy of 2 arcseconds." Maximum gain is 
almost 90 dBi at 2 to 3mm wavelengths. See the gain curve in Fig. 12-34. 
Thermal effects are minimized by covering the dish structure with insulated 
panels and circulating air inside the enclosure. Each of the 600 rigid panels of the 
dish have a surface accuracy of 60 wm rms. 


Ohio State University. The first radio telescope antenna I designed and built at 
the Ohio State University in 1951 consisted of an array of 96 helical antennas 
mounted on a tiltable flat panel 50 m long for operation at 200 to 300 MHz. The 
array is shown in Fig. 7-4. 

A few years later I began designing a larger dual-reflector antenna on which 
construction began in 1956.7 Work was done mostly by part-time university stu- 
dents and took over 10 years to complete. The antenna, often called a Kraus-type 
reflector, consists of a fixed-standing-curved reflector and a tiltable-flat reflector. 
The one we built, called “ Big Ear,” is shown in Fig. 12-51. The standing-curved 
reflector is a rectangular section of a sphere or paraboloid-of-revolution with 
dimensions of 110 by 21 m. The tiltable-flat reflector dimensions are 104 by 31 m 
and the two reflectors are joined by a flat conducting ground plane. The flat 
reflector is shown in Fig. 12-52. 

The basic design consideration of the antenna was that of obtaining the 
maximum aperture per unit of cost. It also has other advantages such as less than 
+ of 1 percent effective aperture blocking, reduced susceptibility to terrestrial 
interference because of the low profile of the feed (right at ground level) and 
shielding by the large reflectors, and a spacious underground receiver laboratory 
directly below the prime focus where weight restrictions are not a consideration. 

Tilting the flat reflector allows observations between declinations of —36 
and +64° (a range of 100°) which gives a coverage of 90 percent of the sky 
observable from the site. Movement of the feed car, shown in Fig. 12-53, permits 
beam steering of 15° in azimuth (or tracking of sources for an hour or more in 


* K. Akabane, M. Morimoto, N. Kaifu and M. Ishigro, “The Nobeyama Radio Observatory,” Sky 
and Tel., 495, December 1983. 

2 J. D. Kraus, “The Ohio State Radio Telescope,” Sky and Tel., 12, 157-159, April 1953. 

J. D. Kraus, “Radio Telescopes,” Sci. Am., 192, 33-43, March 1955. 

J. D. Kraus, “ Radio Telescopes of Large Aperture,” Proc. IRE, 46, 92-97, January 1958. 

J. D. Kraus, R. T. Nash and H. C. Ko, “Some Characteristics of the OSU 360-ft Radio Telescope,” 
IRE Trans. Ants. Prop., AP-9, 4-8, January 1961. 

J. D. Kraus, “The Large Radio Telescope of the Ohio State University,” Sky and Tel., 26, 12-16, July 
1963. 

J. D. Kraus, Big Ear, Cygnus-Quasar, 1976. 
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Figure 12-51 “Big Ear,” the 110-m Kraus-type telescope antenna at the Ohio State University. The 
low-profile design features a large aperture per unit cost, negligible aperture blocking, reduced suscep- 
tibility to terrestrial interference, convenient feed location, long focal length and extended tracking 
capability. This telescope was used for the Ohio Sky Survey, in which 20000 radio sources were 
cataloged and mapped at 1415 MHz and many unique sources discovered, including the most distant 
known objects in the universe. (Tom Root photo.) 


Figure 12-52 The tiltable flat reflector of Big Ear. For scale, note the man halfway up the ladder on 
the far side. 
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Figure 12-53 Horn feeds for 1.4 to 1.7 GHz on car of Big Ear for beam steering or tracking sources 
in azimuth (right ascension). (See also Fig. 13-29.) 


right ascension). The telescope has a very long focal length with F/D = 1.17 in 
azimuth (right ascension) and F/D = 6.0 in elevation (declination) so that it is 
possible to deploy many feed systems efficiently in the focal region for simulta- 
neous operation. It is noteworthy that because of the long focal length the curved 
reflector can be described as either a parabola or a sphere since both are almost 
identical except at the extreme E-W edges where they differ by only a few milli- 
meters. The antenna has been operated routinely at frequencies as low as 
20 MHz (15 m) and as high as 3 GHz (10 cm). With installation of a finer mesh 
screen, efficient operation could extend to even higher frequencies. 

The principle of operation is indicated in the elevation cross section of 
Fig. 12-54. Incoming waves are deflected by the flat reflector into the parabola, 
which brings the waves to a focus at ground level near the base of the flat reflec- 
tor. By moving the flat reflector through 50° the antenna beam is tilted through a 
100° range in elevation. 

The antenna may be operated in two modes. In one mode, illustrated in 
Fig. 12-55a, the feed horn axis is aligned with the center of the parabola and the 
ground plane is incidental. In the second mode (Fig. 12-55c), the horn axis is 
coincident with the conducting ground plane, which joins the parabola and flat 
reflector. The ground plane serves as a guiding boundary surface. In this mode 
polarization must be vertical, and the feed horn required is } the height and 4 the 
length of the horn required in the first mode. This difference in horn size may be 
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Figure 12-54 Elevation cross section through Big Ear. 


. 


inferred with the aid of the 3 diagrams in Fig. 12-55. If a horn of the first mode 
(Fig. 12-55a) is placed with its axis coincident with the ground plane, the lower 
half is an image and may be discarded, as in Fig. 12-55b. However, the beam 
width of the horn is too narrow (by a factor of 2), so that its dimensions must be 
halved, as in Fig. 12-55c. Although the ground plane serves no primary function 
in the first mode of operation, its presence reduces the antenna temperature sig- 
nificantly by shielding minor lobes from direct ground pickup. 

Another application of Big Ear is as a compact measuring range for fre- 
quencies below 3 GHz, as discussed in Sec. 18-3d. 


Tiltable flat 
Parabola reflector 


(a) 


h Figure 12-55. Arrangement for feeding antenna 
— without ground plane (a) requires 4 times horn height 
- of arrangement at (c) using ground plane. Diagram (5) 
shows that half the horn in (a) produces too sharp a 
pattern when used with the ground plane and must be 
(c) reduced in size, as at (c). 
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Spherical waves 


Plane waves 


Receiving 
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Transmitting 
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Flat reflector vertical 


Figure 12-56 Arrangement of standing-parabolic and tiltable-flat reflectors of 25-m millimeter-wave 
antenna at Gorki, USSR, used by Albert Kislyakov at a wavelength of 1 mm, with flat reflector 
turned vertically, for self-calibration. 


Gorki. Albert Kislyakov has constructed a standing-parabola tiltable-flat- 
reflector antenna near Gorki, USSR, for operation at millimeter wavelengths. 
Although the basic principle is the same as for Big Ear, Kislyakov has added a 
unique feature of self-calibration by providing that the flat reflector can be set 
vertically. With flat reflector vertical and with feed displaced laterally off-axis 
(and transmitting), radiation is brought to a focus on the opposite side of the axis 
where the signal can be received as suggested by Fig. 12-56. By moving the recei- 
ving horn sideways or up and down, the far-field pattern of the antenna can be 
measured with an arbitrarily high S/N ratio. 

With the same configuration (flat reflector vertical), panels of the reflectors 
can be adjusted to maximize the gain. For example, with panels 1, 2, 3, 5, 6 and 7 
covered with absorbing material, only panels 4, 4’, 8 and 8’ are operational, and, 


‘A. G. Kislyakov, “Radioastronomical Investigations at Millimetric and Submillimetric Wave- 
lengths,” UFN, 101, 607, 1970. 
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Figure 12-57 Front and back views of the Five College Radio Astronomy Observatory 14-m 
radome-enclosed radio telescope. 


with 4 and 4’ as reference, panels 8 and 8’ can be adjusted for maximum signal or 
gain. The same procedure is then repeated with other pairs of panels until all 
panels are adjusted. 


Five College Observatory. The 14-m dish of the Five College Radio 
Astronomy Observatory is an example of a millimeter-wave antenna enclosed in 
a Buckminster Fuller triangular-panel geodesic radome. Front and back views of 
the dish are shown in Fig. 12-57. The reflector is constructed of 72 panels con- 
toured to a section of a paraboloid with a 65-um rms surface accuracy, or 1/20 at 
1.3 mm. To set the panels accurately a holographic technique was used in which 
the amplitude and phase of a 38-GHz satellite beacon signal was measured over 
an angular extent much larger than the main beam of the antenna. The ampli- 
tude and phase of the antenna aperture field distribution was then obtained by a 
2-dimensional Fourier transform.’ This indicated a 90-um rms residual panel 


* A complete description of the procedure is given by P. F. Goldsmith and N. R. Erickson in sec. 6-22 
of J. D. Kraus, Radio Astronomy, 2nd ed., Cygnus-Quasar, 1986. For additional information on holo- 
graphic techniques see Bennet et al., Godwin, Whitaker and Anderson, Mayer et al. and Rahmat- 
Samii in the references listed at the end of this chapter. 
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Figure 12-58 The 5.5 by 2.4 m Offsat uplink-downlink antenna with full offset feed for C and Ku 
bands. (Comtech Antenna Corporation.) 


position error with the antenna at a 45° elevation angle. At 38 GHz (J = 7.9 mm) 
the gain-loss factor from (12-10-3) is 


0.09 mm 
COSs RO een 
k, = cos*| 720 ag nia 0.98 
or only 0.09 dB loss from surface error. 
At 230 GHz (A = 1.3 mm) the loss is larger and irregular lens behavior of 
the radome fabric becomes significant. 


Offsat. A parabolic one-piece offset-feed fiberglass 5.5 by 2.4m antenna is 
shown in Fig. 12-58. This Offsat antenna was developed by Comtech Antenna 
Corporation to meet the FCC-ITU 2° spacing requirement for satellites in the 
Clarke orbit. The full-offset prime-focus feed eliminates aperture blocking. The 
gain at 4 GHz is 40 dBi, at 6 GHz is 46 dBi, at 12 GHz is 51 dBi and at 14 GHz 
is 52 dBi. The dish weighs 1 tonne, has a noise temperature of 17 K at 40° ele- 
vation angle with the first sidelobe 24 dB down. (See Sec. 16-16.) 


12-15 LOW-SIDELOBE CONSIDERATIONS. Referring to Fig. 12-35, 
it is to be noted that the sidelobes in the forward direction (0 to 90°) of a large 


“he 
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Figure 12-59 Main beam and sidelobes with respect to the isotropic level. 


parabolic dish reflector are determined (1) by the aperture distribution, (2) by the 
irregularities of the dish surface, (3) by scattering or diffraction from the feed 
structure and support struts and (4) by diffraction from the edge of the dish. 
Effect (3) is absent with offset feeds or with the horn-reflector antenna. The side- 
lobes to the rear (90 to 180°) are determined (1) by the spillover and (2) by diffrac- 
tion around the edges of the dish. Schrank’ gives a thorough summary of 
low-sidelobe reflector antennas. 

For an isotropic source the directivity D = 1 (0 dBi) so the isotropic level 
and the relative power level (uniform in all directions) are the same. As D 
increases, the main lobe rises above the isotropic level in proportion to D. In the 
hypothetical (but typical) pattern shown in Fig. 12-59, the directivity D = 22.5 
dBi (=lossless gain) and the highest sidelobe is 17 dB below (the main-lobe 
maximum) or 5.5 dB above the isotropic level (5.5 dBi). Sidelobe levels are usually 
referred to the main lobe but sometimes to the isotropic level. 

As shown in Fig. 11-66, a triangular or cosine tapered aperture distribution 
drops to zero field at the edge of the aperture, yet it results in front sidelobes. 
Back sidelobes should, in principle, be absent. However, the cosine squared or 
Gaussian distributions have no sidelobes but the HPBWSs are greater. 


1H. E. Schrank, “Low Sidelobe Reflector Antennas,” [EEE Ant. Prop. Soc. Newsletter, 27, 5-16, 
April 1985. 
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(a) (b) 


Sharp Serrated Figure 12-60 (a) Sharp edge and (b) serrated or sawtooth edge for 
edge edge reduced sidelobe level. 


Dish surface irregularities with a regular (periodic) spacing of a wavelength 
or more are apt to result in sidelobes called grating lobes.’ Diffraction from the 
sharp edge of a dish also contributes to the sidelobes both front and back. To 
randomize the phase of the diffracted rays, the edge may be serrated (saw-tooth 
edge) as in Fig. 12-60. The tooth dimensions should be of the order of a wave- 
length or more. The straight-versus-diagonal or sawtooth effect may also be 
noted with a square dish or ground plane. Thus, as suggested in Fig. 12-61, the 
sidelobes in the plane of the diagonal tend to be less than in the plane of the 
sides. 

Edge diffraction may be reduced by means of a rolled edge with (or 
without) absorbing material, as illustrated in Fig. 12-6c. An oversize parabolic 
dish with reduced-edge illumination might also be used to reduce edge diffraction 
but a problem with this approach is that the underilluminated edge and outer 
regions of the parabola (with its irregularities) still contribute to a diffracted field. 
However, if the outer region of the dish is curved away from a parabolic contour 


/ Plane of 


7 ater 
2) sidelobes 


Square dish 
or ground 


plane 
x 


Plane of 
smaller 
sidelobes 


Figure 12-61 Square dish or ground plane 
with lower sidelobes in plane of diagonal. 


* Grating lobes are typical for arrays with interelement spacings of A or more (see Sec. 11-26). 
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Figure 12-62 Reflector antenna with 
cylindrical shroud of absorber for reducing 
far-out sidelobes. 


and blended into a rolled or curved edge, diffraction effects are much reduced! 
(see Sec. 18-3d). 

Although the horn-reflector antenna (Fig. 12-42) has very low wide-angle 
sidelobes, a sidelobe tends to appear at 0 = 90°, which may be objectionable. 
Thomas? has used a serrated edge (blinder) to reduce it. 

Another side and back lobe suppression technique involves the addition of 
a cylindrical absorbing shroud attached to the edge of the dish as in Fig. 12-62. 
The outer surface of the shroud may be metal or dielectric. Dybdal and King* 
found that with a shroud twice as long as the dish diameter the far-out sidelobes 
were 60 to 75 dB down, although the on-axis back lobe (#6 = 180°) was only 
50 dB down. 
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PROBLEMS’ 


12-1 Flat sheet reflector. Calculate and plot the radiation pattern of a 4/2 dipole 
antenna spaced 0.154 from an infinite flat sheet for assumed antenna loss resist- 
ances R, = 0 and 10 Q. Express the patterns in gain over a 4/2 dipole antenna in 
free space with the same power input (and zero loss resistance). 


12-2 Square-corner reflector. A square-corner reflector has a driven 4/2 dipole antenna 
spaced 4/2 from the corner. Assume perfectly conducting sheet reflectors of infinite 
extent (ideal reflector). Calculate and plot the radiation pattern in a plane at right 
angles to the driven element. 


12-3 Square-corner reflector. Calculate and plot the pattern of an ideal square-corner 
reflector with 1/2 driven antenna spaced 4/2 from the corner but with the antenna 
displaced 20° from the bisector of the corner angle. The pattern to be calculated is 
in a plane perpendicular to the antenna and to the reflecting sides. 


12-4 Paraboloidal reflector. Calculate and plot the radiation patterns of a paraboloidal 
reflector with uniformly illuminated aperture when the diameter is 8A and when 
the diameter is 164A. 


12-5 Cylindrical parabolic reflector. Calculate the radiation pattern of a cylindrical 
parabolic reflector of square aperture 16/1 on a side when the illumination is 
uniform over the aperture and when the field intensity across the aperture follows 
a cosine variation with maximum intensity at the center and zero intensity at the 
edges. Compare the two cases by plotting the normalized curves on the same 
graph. 


1 Answers to starred (*) problems are given in App. D. 
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Square-corner reflector. 

(a) Calculate and plot the pattern of a 90° corner reflector with a thin center-fed 
4/2 driven antenna spaced 0.35/A from the corner. Assume that the corner 
reflector is of infinite extent. 

(b) Calculate the radiation resistance of the driven antenna. 

(c) Calculate the gain of the antenna and corner reflector over the antenna alone. 
Assume that losses are negligible. 


Square-corner reflector versus array of its image elements. Assume that the corner 
reflector of Prob. 12-6 is removed and that in its place the three images used in the 
analysis are present physically, resulting in a 4-element driven array. 

(a) Calculate and plot the pattern of this array. 

(b) Calculate the radiation resistance at the center of one of the antennas. 

(c) Calculate the gain of the array over one of the antennas alone. 


Square-corner reflector array. Four 90° corner-reflector antennas are arranged in 
line as a broadside array. The corner edges are parallel and side-by-side as in 
Fig. P12-8. The spacing between corners is 14. The driven antenna in each corner 
is a A/2 element spaced 0.4A from the corner. All antennas are energized in phase 
and have equal current amplitude. Assuming that the properties of each corner are 
the same as if its sides were of infinite extent, what is (a) the gain of the array over 
a single 4/2 antenna and (b) the half-power beam width in the H plane? 


Driven 
element 


p> > ef 


Figure P12-8 Square-corner reflector array. 


Paraboloidal reflector aperture distribution. 

(a) Show that the variation of field across the aperture of paraboloidal reflector 
with an isotropic source is proportional to 1/[1 + (p/2L)?] where p is the 
radial distance from the axis of the paraboloid. Show that this rélation is 
equivalent to (1 + cos @)/2. 

(b) If the parabola extends to the focal plane and the feed is isotropic over the 
hemisphere subtended by the parabola, calculate the aperture efficiency. 


12-10 Square-corner reflector. 


(a) Show that the relative field pattern in the plane of the driven 4/2 element of a 
Square-corner reflector is given by 


cos (90° cos 6) 


E = [1 —cos (S, sin 6)] nO 
sin 
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where @ is the angle with respect to the element axis. Assume that the corner- 
reflector sheets are perfectly conducting and of infinite extent. 

(b) Calculate and plot the field pattern in the plane of the driven element for a 
spacing of 4/2 to the corner. Compare with the pattern at right angles 
(Prob. 12-2). 


Corner reflector. 1/4 to the driven element. A square-corner reflector has a spacing 
of A/4 between the driven 4/2 element and the corner. Show that the directivity 
D = 12.8 dBi. 


Corner reflector. 1/2 to the driven element. A square-corner reflector has a driven 

4/2 element 1/2 from the corner. 

(a) Calculate and plot the far-field pattern in both principal planes. 

(b) What are the HPBWs in the two principal planes? 

(c) What is the terminal impedance of the driven element? 

(d) Calculate the directivity in two ways: (1) from impedances of driven and image 
dipoles and (2) from HPBWs, and compare. Assume perfectly conducting sheet 
reflectors of infinite extent. 


Parabolic reflector with missing sector. A circular parabolic dish antenna has an 
effective aperture of 100 m7. If one 45° sector of the parabola is removed, find the 
new effective aperture. The rest of the antenna, including the feed, is unchanged. 


Efficiency of rectangular aperture with partial taper. Calculate the aperture effi- 
ciency and directivity of an antenna with rectangular aperture x,y, with a uniform 
field distribution in the y direction and a cosine field distribution in the x direction 
(zero at edges, maximum at center) if x, = 20A and y, = 10A. 


Efficiency of rectangular aperture with full taper. Repeat Prob. 12-14 for the case 
where the aperture field has a cosine distribution in both the x and y directions. 


Efficiency of aperture with phase ripple. A square unidirectional aperture (x,y,) is 
10A on a side and has a design distribution for the electric field which is uniform in 
the x direction but triangular in the y direction with maximum at the center and 
zero at the edges. Design phase is constant across the aperture. However, in the 
actual aperture distribution there is a plus-and-minus-30° sinusoidal phase varia- 
tion in the x direction with a phase cycle per wavelength. Calculate (a) the design 
directivity, (b) the utilization factor, (c) the actual directivity, (d) the achievement 
factor, (e) the effective aperture and (f) the aperture efficiency. 

Rectangular aperture. Cosine taper. An antenna with rectangular aperture x,y, 
has a uniform field in the y direction and a cosine field distribution in the x 
direction (zero at edges, maximum at center). If x, = 16/4 and y, = 84, calculate (a) 
the aperture efficiency and (b) the directivity. 

Rectangular aperture. Cosine tapers. Repeat Prob. 12-17 for the case where the 
aperture field has a cosine distribution in both the x and y directions. 

A 20) line source. Cosine-squared taper. 

(a) Calculate and plot the far-field pattern of a continuous in-phase line source 


20/ long with cosine-squared field distribution. 
(b) What is the HPBW? 


CHAPTER 


SLOT, 

HORN AND 
COMPLEMENTARY 
ANTENNAS 


13-1 INTRODUCTION. Sections 13-2 and 13-3 of this chapter deal with 
slot antennas and their patterns. These antennas are useful in many applications, 
especially where low-profile or flush installations are required as, for example, on 
high-speed aircraft. Sections 13-4, 13-5 and 13-6 discuss the relation of slots to 
their complementary dipole forms. Any slot has its complementary form in wires 
or strips, so that pattern and impedance data of these forms can be used to 
predict the patterns and impedances of the corresponding slots. The discussion is 
based largely on a generalization and extension of Babinet’s (Ba-bi-nay’s) prin- 
ciple by Henry Booker. A slotted cylinder antenna is discussed in Sec. 13-7.1 The 
next four sections of the chapter describe horn antennas, both rectangular and 
conical. The remaining sections involve ridge, septum, corrugated and matched 
horns. 


13-2. SLOT ANTENNAS. The antenna shown in Fig. 13-1a, consisting of 
two resonant 4/4 stubs connected to a 2-wire transmission line, forms an ineffi- 
cient radiator. The long wires are closely spaced (w < 4) and carry currents of 
opposite phase so that their fields tend to cancel. The end wires carry currents in 


* Patch or microstrip antennas, which may be regarded as derived from slot antennas, are discussed 
in Sec. 16-12. 
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Metal sheet 
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Figure 13-1 Parallel connected 1/4 stubs (a) and simple slot antenna (b). 


the same phase, but they are too short to radiate efficiently. Hence, enormous 
currents may be required to radiate appreciable amounts of power. 

The antenna in Fig. 13-1b, on the other hand, is a very efficient radiator. In 
this arrangement a 4/2 slot is cut in a flat metal sheet. Although the width of the 
slot is small (w < 4), the currents are not confined to the edges of the slot but 
spread out over the sheet. This is a simple type of slot antenna. Radiation occurs 
equally from both sides of the sheet. If the slot is horizontal, as shown, the radi- 
ation normal to the sheet is vertically polarized. 

A slot antenna may be conveniently energized with a coaxial transmission 
line as in Fig. 13-2a. The outer conductor of the cable is bonded to the metal 
sheet. Since the terminal resistance at the center of a resonant //2 slot in a large 
sheet is about 500 © and the characteristic impedance of coaxial transmission 
lines is usually much less, an off-center feed such as shown in Fig. 13-2b may be 
used to provide a better impedance match. For a 50-Q coaxial cable the distance 
s should be about 4/20. Slot antennas fed by a coaxial line in this manner are 
illustrated in Fig. 13-2c and d. The radiation normal to the sheet with the hori- 
zontal slot (Fig. 13-2c) is vertically polarized while radiation normal to the sheet 
with the vertical slot (Fig. 13-2d) is horizontally polarized. The slot may be 4/2 
long, as shown, or more. 

A flat sheet with a 1/2 slot radiates equally on both sides of the sheet. 
However, if the sheet is very large (ideally infinite) and boxed in as in Fig. 13-3a, 
radiation occurs only from one side. If the depth d of the box is appropriate 
(d ~ 4/4 for a thin slot), no appreciable shunt susceptance appears across the 
terminals. With such a zero susceptance box, the terminal impedance of the res- 
onant 1/2 slot is nonreactive and approximately twice its value without the box, 
or about 1000 9. 

The boxed-in slot antenna might be applied even at relatively long wave- 
lengths by using the ground as the flat conducting sheet and excavating a trench 
4/2 long by 4/4 deep as suggested in Fig. 13-3b. The absence of any structure 
above ground level might make this type of antenna attractive, for example, in 
applications near airports. To improve the ground conductivity, the walls of the 
trench and the ground surrounding the slot can be covered with copper sheet or 
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Figure 13-2 Slot antennas fed by coaxial transmission lines. 


screen. Radiation is maximum in all directions at right angles to the slot and is 
zero along the ground in the directions of the ends of the slot, as suggested in 
Fig. 13-3b. The radiation along the ground is vertically polarized. 

Radiation from only one side of a large flat sheet may also be achieved by a 
slot fed with a waveguide as in Fig. 13-4a. With transmission in the guide in the 
TE,,9 mode, the direction of the electric field E is as shown. The width L of the 
guide must be more than 4/2 to transmit energy, but it should be less than 1/ to 
suppress higher-order transmission modes. With the slot horizontal, as shown, 
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Figure 13-3 Boxed-in slot antenna (a) and application to provide flush radiator (b). 
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Figure 13-4 Waveguide-fed slot (a) and T-fed slot (b). 


the radiation normal to the sheet is vertically polarized. The slot opening consti- 
tutes an abrupt termination to the waveguide. It has been found’ that the 
resulting impedance mismatch is least over a wide frequency band if the ratio L/w 
is less than 3. 

A compact wideband method for feeding a boxed-in slot is illustrated in 
Fig. 13-4b. In this T-fed arrangement’ the bar compensates the impedance char- 
acteristics so as to provide a VSWR on a S0-Q feed line of less than 2 over a 
frequency range of nearly 2 to 1. The ratio L/w of the length to width of the slot 
is about 3. 

Dispensing with the flat sheet altogether, an array of slots may be cut in the 
waveguide as in Fig. 13-5 so as to produce a directional radiation pattern.* With 
transmission in the guide in the TE,, mode, the instantaneous direction of the 
electric field E inside the guide is as indicated by the dashed arrows. By cutting 
inclined slots as shown at intervals of 4,/2 (where 4, is the wavelength in the 
guide), the slots are energized in phase and produce a directional pattern with 
maximum radiation broadside to the guide. If the guide is horizontal and E 
inside the guide is vertical, the radiated field is horizontally polarized as sug- 
gested in Fig. 13-5. 


14. Dorne and D. Lazarus, in Very High Frequency Techniques, Radio Research Laboratory Staff, 
McGraw-Hill, New York, 1947, chap. 7. 

2 W. H. Watson, The Physical Principles of Wave Guide Transmission and Antenna Systems, Oxford 
University Press, London, 1947. 
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Figure 13-5 Broadside array of 
slots in waveguide. 


13-3 PATTERNS OF SLOT ANTENNAS IN FLAT SHEETS. 
EDGE DIFFRACTION. Consider the horizontal 4/2 slot antenna of width 
w in a perfectly conducting flat sheet of infinite extent, as in Fig. 13-6a. The sheet 
is energized at the terminals FF. It has been postulated by Booker! that the 
radiation pattern of the slot is the same as that of the complementary horizontal 
4/2 dipole consisting of a perfectly conducting flat strip of width w and energized 
at the terminals FF, as indicated in Fig. 13-6b, but with two differences. These 
are (1) that the electric and magnetic fields are interchanged and (2) that the 
component of the electric field of the slot normal to the sheet is discontinuous 
from one side of the sheet to the other, the direction of the field reversing. The 
tangential component of the magnetic field is, likewise, discontinuous. 

The patterns of the 4/2 slot and the complementary dipole are compared in 
Fig. 13-7. The infinite flat sheet is coincident with the xz plane, and the long 
dimension of the slot is in the x direction (Fig. 13-7a). The complementary dipole 
is coincident with the x axis (Fig. 13-7b). The radiation-field patterns have. the 
same doughnut shape, as indicated, but the directions of E and H are inter- 
changed. The solid arrows indicate the direction of the electric field E and the 
dashed arrows the direction of the magnetic field H. 

If the xy plane is horizontal and the z axis vertical as in Fig. 13-7a, the 
radiation from the horizontal slot is vertically polarized everywhere in the xy 
plane. Turning the slot to a vertical position (coincident with the z axis) rotates 
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Figure 13-6 A oh slot in an infinite flat sheet (a) and a complementary 4/2 dipole antenna (b). 


‘ H. G. Booker, “Slot Aerials and Their Relation to Complementary Wire Aerials,” JIEE (Lond.), 93, 
pt. IIIA, no. 4, 1946. 
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Figure 13-7 Radiation-field patterns of slot in an infinite sheet (a) and of complementary dipole 


antenna (b). The patterns have the same shape but with E and H interchanged. 


the radiation pattern through 90° to the position shown in Fig. 13-8. The radi- 
ation in this case is everywhere horizontally polarized; i.e., the electric field has 
only an E, component. If the slot is very thin (w < 4) and 4/2 long (L = 4/2), the 


variation of E, as a function of 6 is, from (5-5-12), given by 


cos [(z/2) cos 6] 


Ein sin 0 


Slot in sheet in 
X-z plane 


Figure 13-8 Radiation pattern of vertical slot in an infinite flat sheet. 


(1) 
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(a) (b) 


Figure 13-9 Solid curves show patterns in xy plane of Fig. 13-8 for slot in finite sheet of length L. 
Slot is open on both sides in (a) and closed on left side in (b). Dashed curves show pattern for infinite 
sheet. All patterns idealized. - 


Assuming that the sheet is perfectly conducting and infinite in extent, the 
magnitude of the field component E, remains constant as a function of @ for any 
value of @. Thus, 


E,(%) = constant (2) 


Consider now the situation where the slot is cut in a sheet of finite extent as 
suggested by the dashed lines in Fig. 13-8. This change produces relatively little 
effect on the E,(6) pattern given by (1). However, there must be a drastic change 
in the E,() pattern since in the x direction, for example, the fields radiated from 
the two sides of the sheet are equal in magnitude but opposite in phase so that 
they cancel. Hence, there is a null in all directions in the plane of the sheet. For a 
sheet of given length L in the x direction, the field pattern in the xy plane might 
then be as indicated by the solid curve in Fig. 13-9a. The dashed curve is for an 
infinite sheet (L = oo). If one side of the slot is boxed in, there is radiation in the 
plane of the sheet as suggested by the pattern in Fig. 13-9b." With a finite sheet 
the pattern usually exhibits a scalloped or undulating characteristic, as suggested 
in Fig. 13-9. As the length L of the sheet is increased, the pattern undulations 
become more numerous but the magnitude of the undulations decreases, so that 
for a very large sheet the pattern conforms closely to a circular shape. Measured 
patterns? illustrating this effect are shown in Fig. 13-10 for 3 values of L. A 
method due to Andrew Alford for locating the angular positions of the maxima 
and minima is described by Dorne and Lazarus.” In this method the assumption 


' According to H. G. Booker, “Slot Aerials and Their Relation to Complementary Wire Aerials,” 
JIEE (Lond.), 93, pt. IIIA, no. 4, 1946, the energy density in the ¢ = 0 or 180° directions is 4 that for 
an infinite sheet, or the field intensity is 0.707 that for an infinite sheet. 

2 A. Dorne and D. Lazarus, in Very High Frequency Techniques, Radio Research Laboratory Staff, 
McGraw-Hill, New York, 1947, chap. 7 (see sec. 7-3). 
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Figure 13-10 Measured ¢-plane patterns of 4/2 boxed-in slot antennas in finite sheets of three 
lengths L = 0.5, 2.75 and 5.34. The width of the slots is 0.12. (After A. Dorne and D. Lazarus, in Very 
High Frequency Techniques, Radio Research Laboratory Staff, McGraw-Hill, New York, 1947.) 


is made that the far field is produced by three sources (see Fig. 13-11), one (1) at 
the slot of strength 1 sin wt and two (2 and 3) at the edges of the sheet (edge 
diffraction effect) with a strength k sin (wt — 6), where k <1 and 6 gives the 
phase difference of the edge sources with respect to the source (1) at the slot. At 
the point P at a large distance in the direction ¢, the relative field intensity is 
then 


E=sin wt + k sin (wt — 6 — €) + k sin (wt — 6 + 8) (3) 
where ¢ = (z/A)L cos h 


To point P 


Figure 13-11 Construction for locating maxima and 
minima of @ pattern for slot in a finite sheet. 
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By trigonometric expansion and rearrangement, 
E =(1 + 2k cos 6 cos €) sin wt — (2k sin 6 cos &) cos wt (4) 
and the modulus of E is 


|E| = ./(1 + 2k cos 6 cos «)” + (2k sin 6 cos €)* (5) 


Squaring and neglecting terms with k’, since k < 1, (5) reduces to 


|E| = ./1+ 4k cos 6 cos € (6) 


The maximum and minimum values of | E| as a function of ¢ occur when ¢ = nz, 
so that 


c= = Loos $= nn (7) 
where n is an integer. Thus 
A A 
cos @d = 7. and @ = arccos 2 (8) 


The values of ¢ for maxima and minima in the @ pattern are given by (8). These 
locations are independent of k and 6. If cos 6 is positive, then the maxima corre- 
spond to even values of n and the minima to odd values of n. 


13-4 BABINET’S PRINCIPLE AND COMPLEMENTARY ANTEN- 
NAS. By means of Babinet’s (Ba-bi-nay’s) principle many of the problems of slot 
antennas can be reduced to situations involving complementary linear antennas 
for which solutions have already been obtained. In optics Babinet’s principle’ 
may be stated as follows: 


The field at any point behind a plane having a screen, if added to the field at the same 
point when the complementary screen is substituted, is equal to the field at the point 
when no screen is present. 


The principle may be illustrated by considering an example with 3 cases. 
Let a source and 2 imaginary planes, plane of screens A and plane of observation 
B, be arranged as in Fig. 13-12. As Case 1, let a perfectly absorbing screen be 
placed in plane A. Then in plane B there is a region of shadow as indicated. Let 
the field behind this screen be some function f, of x, y and z. Thus, 


ee = f,(x, Jy, Z) (1) 


As Case 2 let the first screen be replaced by its complementary screen and the 
field behind it be given by 


Lee = f(x, ys Z) (2) 


' See, for example, Max Born, Optik, Verlag Julius Springer, Berlin, 1933, p. 155. 
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< No screen 

y Figure 13-12 Illustration of 
x Babinet’s principle. 
As Case 3 with no screen present the field is 
Fo = fa(X, y, 2) (3) 


Then Babinet’s principle asserts that at the same point x,, y,, Z;, 
Ei. a ve a Fo (4) 


The source may be a point as in the above example or a distribution of sources. 
The principle applies not only to points in the plane of observation B as sug- 
gested in Fig. 13-12 but also to any point behind screen A. Although the prin- 
ciple is obvious enough for the simple shadow case above, it also applies where 
diffraction is considered. 
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Babinet’s principle has been extended and generalized by Booker' to take 
into account the vector nature of the electromagnetic field. In this extension it is 
assumed that the screen is plane, perfectly conducting and infinitesimally thin. 
Furthermore, if one screen is perfectly conducting (o = 00), the complementary 
screen must have infinite permeability (u = oo). Thus, if one screen is a perfect 
conductor of electricity, the complementary screen is a perfect “conductor” of 
magnetism. No infinitely permeable material exists, but the equivalent effect may 
be obtained by making both the original and complementary screens of perfectly 
conducting material and interchanging electric and magnetic quantities every- 
where. The only perfect conductors are superconductors which soon may be avail- 
able at ordinary temperatures for antenna applications. However, many metals, 
such as silver and copper, have such high conductivity that we may assume the 
conductivity is infinite with a negligible error in most applications. 

As an illustration of Booker’s extension of Babinet’s principle, consider the 
cases in Fig. 13-13. The source in all cases is a short dipole, theoretically an 
infinitesimal dipole. In Case 1 the dipole is horizontal and the original screen is 
a infinite, perfectly conducting, plane, infinitesimally thin sheet with a vertical 
slot cut out as indicated. At a point P behind the screen the field is E,. In Case 2 
the original screen is replaced by the complementary screen consisting of a per- 
fectly conducting, plane, infinitesimally thin strip of the same dimensions as the 
slot in the original screen. In addition, the dipole source is turned vertical so as to 
interchange E and H. At the same point P behind the screen the field is E,. As an 
alternative situation for Case 2 the dipole source is horizontal and the strip is 
also turned horizontal. Finally, in Case 3 no screen is present and the field at 
point P is E,. Then, by Babinet’s principle, 


E,+E,=E, (5) 
Pet age: 
So Se Se 1 

sd E, a Ey (6) 


Babinet’s principle may also be applied to points in front of the screens. In the 
situation of Case 1 (Fig. 13-13) a large amount of energy may be transmitted 
through the slot so that the field E, may be about equal to the field E, with no 
intermediate screen (Case 3). In such a situation the complementary dipole acts 
like a reflector and E, is very small. (Recall Sec. 12-13 on frequency-sensitive 
surfaces.) Since a metal sheet with a 1/2 slot or, in general, an orifice of at least 1/ 
perimeter may transmit considerable energy, slots or orifices of this size should be 
assiduously avoided in sheet reflectors such as described in Chap. 12 when E is 
not parallel to the slot. 


‘ H. G. Booker, “Slot Aerials and Their Relation to Complementary Wire Aerials,” JIEE (Lond), 93, 
pt. IIIA, no. 4, 1946. 
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Figure 13-13 Illustration of Babinet’s principle applied to a slot in an infinite metal sheet and the 
complementary metal strip. 


13-5 THE IMPEDANCE OF COMPLEMENTARY SCREENS. In 
this section Babinet’s principle is applied with the aid of a transmission-line 
analogy to finding the relation between the surface impedance Z, of a screen and 
the surface impedance Z, of the complementary metal screen.! 

Consider the infinite transmission line shown in Fig. 13-14a of character- 
istic impedance Z, or characteristic admittance Y = 1/Z). Let a shunt admit- 
tance Y, be placed across the line. An incident wave traveling to the right of 
voltage V; is partly reflected at Y, as a wave of voltage V, and partly transmitted 
beyond Y, as a wave of voltage V,. The voltages are measured across the line. 


* The treatment follows that given by H. G. Booker. See “Slot Aerials and Their Relation to Comple- 
mentary Wire Aerials,” JIEE (Lond.), 93, pt. IIIA, no. 4, 1946. 
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Figure 13-14 Shunt admittance across 
transmission line (a) is analogous to infin- 
ite screen in path of plane wave (b). 

(c) Method of measuring surface admittance 
of screen is suggested in (c). 


This situation is analogous to a plane wave of field intensity E; incident 
normally on a plane screen of infinite extent with a surface admittance, or admit- 
tance per square, of Y,; that is, the admittance measured between the opposite 
edges of any square section of the sheet as in Fig. 13-14c is Y,. Neglecting the 
impedance of the leads the admittance 


(© per square) (1) 


~x|— 


The value of Y is the same for any square section of the sheet. Thus, the section 
may be | cm square or 1 meter square. Hence, (1) has the dimensions of admit- 
tance rather than of admittance per length squared and is called a surface admit- 
tance, or admittance per square. The field intensities of the waves reflected and 
transmitted normally to the screen are E, and E,. Let the medium surrounding 
the screen be free space. It has a characteristic admittance Y, which is a pure 
conductance Gy. Thus, 


Y% => =355 = Go (O) (2) 
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The ratio of the magnetic to the electric field intensity of any plane traveling 
wave in free space has this value. Hence, 


Hapa -st=st ©) (3) 


~ 
= 
ms 


where H;, H, and H, are the magnetic field intensities of the incident, reflected 
and transmitted waves respectively. 

The transmission coefficient for volatge t, of the transmission line! (Fig. 
13-14a) is 


Vi 
— 4 


By analogy the transmission coefficient for the electric field (Fig. 13-14b) is 


E ZY, 
Br ere (5) 
Be) 2Y, 4 7; 
If now the original screen is replaced by its complementary screen with an admit- 
tance per square of Y,, the new transmission coefficient is the ratio of the new 
transmitted field E; to the incident field. Thus, 


Geta neers : (6 


dar ih | (7) 
or Te t+tp = 1 (8) 
Therefore, 
OK: BY, 


2Y5 + Yp, 2% 4.5 
and we obtain Booker’s result that 
Y,Y, =4Y2 (10) 


pices 1/7,; ¥, = 1/Z5 and. 3551/24. 


Ze Z 
ZiZ,=— or /Z,Z,= ae (11) 


" See, for example, S. A. Schelkunoff, Electromagnetic Waves, Van Nostrand, New York, 1943, p. 212. 


638 13 SLOT, HORN AND COMPLEMENTARY ANTENNAS 


Screen 1 (strips) Screen 2 (slots) 


ee ‘ Figure 13-15 Screen of parallel 
strips (a) and complementary 
(a) (b) screen of slots (5). 


Thus, the geometric mean of the impedances of the two screens equals 4 the 
intrinsic impedance of the surrounding medium. Since, for free space, Z> = 
376.7: Q:; 


35476 
1 we 2 


(92) (12) 


If screen 1 is an infinite grating of narrow parallel metal strips as in 
Fig. 13-15a, then the complementary screen (screen 2) is an infinite grating of 
narrow slots as shown in Fig. 13-15b. Suppose that a low-frequency plane wave is 
incident normally on screen 1 with the electric field parallel to the strips. Then 
the grating acts as a perfectly reflecting screen and zero field penetrates to the 
rear. Thus Z, = 0 and, from (12), Z, = 00, so that the complementary screen of 
slots (screen 2) offers no impediment to the passage of the wave. If the frequency 
is increased sufficiently, screen 1 begins to transmit part of the incident wave. If at 
the frequency F, screen 1 has a surface impedance Z, = j188 Q per square, the 
impedance Z, of screen 2 is —j188 Q per square, so that both screens transmit 
equally well. If screen 1 becomes more transparent (Z, larger) as the frequency is 
further increased, screen 2 will become more opaque (Z, smaller). At any fre- 
quency the sum of the fields transmitted through screen 1 and through screen 2 is 
a constant and equal to the field without any screen present. 

The dipoles and slots of Sec. 12-13 are more specialized examples of com- 
plementary surfaces or screens. 


13-6 THE IMPEDANCE OF SLOT ANTENNAS. In this section a 
relation is developed for the impedance Z, of a slot antenna in terms of the 
impedance Z, of the complementary dipole antenna.! Knowing Z, for the dipole, 
the impedance Z, of the slot can then be determined. | 


‘ The treatment follows that given by H. G. Booker, “Slot Aerials and Their Relation to Complemen- 
tary Wire Aerials,” JIEE (Lond.), 93, pt. IIIA, no. 4, 1946, with minor embellishments suggested by V. 
H. Rumsey. See also Sec. 15-2. 
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Y | 
Figure 13-16 Slot antenna (a) and 


(a) (b) complementary dipole antenna (b). 


Consider the slot antenna shown in Fig. 13-16a and the complementary 
dipole antenna shown in Fig. 13-16b. The terminals of each antenna are indicated 
by FF, and it is assumed that they are separated by an infinitesimal distance. It is 
assumed that the dipole and slot are cut from an infinitesimally thin, plane, per- 
fectly conducting sheet. 

Let a generator be connected to the terminals of the slot. The driving-point 
impedance Z, at the terminals is the ratio of the terminal voltage V, to the ter- 
minal current J,. Let E, and H, be the electric and magnetic fields of the slot at 
any point P. Then the voltage V, at the terminals FF of the slot is given by the 
line integral of E, over the path C, (Fig. 13-16a) as C, approaches zero. Thus, 


V. = lim | E, : dl (1) 
Ci 


Ci 0 
where dl = infinitesimal vector element of length dl along the contour or path C, 


The current J, at the terminals of the slot is 


pea) Sli | H, - dl (2) 
(E5510) A6o) 

The path C, is just outside the metal sheet and parallel to its surface. The factor 

2 enters because only 4 of the closed line integral is taken, the line integral over 

the other side of the sheet being equal by symmetry. 

Turning our attention to the complementary dipole antenna, let a generator 
be connected to the terminals of the dipole. The driving-point impedance Z, at 
the terminals is the ratio of the terminal voltage V, to the terminal current J,. Let 
E, and H, be the electric and magnetic fields of the dipole at any point P. Then 
the voltage at the dipole terminals is 


V, = lim | E,:dl (3) 
C2 


C2->0 
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and the current is 


Pee tk [Hua (4) 
Gi OF Gi 
However, 
Go— 0 Jo C270 JC2 
toe 
and lim | H,-dl=— lim | E,- dl (6) 
Ci OF CF 0) (on =O) afer 


where Z, is the intrinsic impedance of the surrounding medium. Subsituting (3) 
and (2) in (5) yields 


Zo 
Vi aa - 
d 9») Ss ( ) 
Substituting (4) and (1) in (6) gives 
fi, 
Areinn it (8) 
Multiplying (7) and (8) we have 
VViR Zo 
Bed ge ©) 
or 
Zz Z2 
Leal a = ae 
sd 4 or Zs 4Z,, (10) 


Thus, we obtain Booker’s result that the terminal impedance Z, of a slot antenna 
is equal to ; of the square of the intrinsic impedance of the surrounding medium 
divided by the terminal impedance Z, of the complementary dipole antenna. For 
free space Z,) = 376.7 Q, so’ 


a SOG 


rr on (11) 


' If the intrinsic impedance Z, of free space were unknown, (11) provides a means of determining it 
by measurements of the impedance Z, of a slot antenna and the impedance Z, of the complementary 
dipole antenna. The impedance Z, is twice the geometric means of Z,and Z, or 


Lo jen) LLa (12) 


vo a oe ae ae 
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Figure 13-17 Comparison of impedances of cylindrical dipole antennas with complementary slot 
antennas. The slot in (c) matches directly to the 50 Q coaxial line. 


Ses 


D= = 0.033 
28 


The impedance of the slot is proportional to the admittance of the dipole, or vice 
versa. Since, in general, Z, may be complex, we may write 


35476) 5 co A16 
ERE al Re eee? 


where R, and X, are the resistive and reactive components of the dipole terminal 
impedance Z,. Thus, if the dipole antenna is inductive, the slot is capacitative, 
and vice versa. Lengthening a 4/2 dipole makes it more inductive, but 
lengthening a 4/2 slot makes it more capacitative. 

Let us now consider some numerical examples, proceeding from known 
dipole types to the complementary slot types. The impedance of an infinitesimally 
thin 4/2 antenna (L = 0.5/ and L/D = oo) is 73 + j42.5 Q (see Chap. 10). There- 
fore, the terminal impedance of an infinitesimally thin 2/2 slot antenna (L = 0.52 
and L/w = oo) is 


(Ra — jX4) (13) 


35 476 
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See Fig. 13-17a. 
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As another more practical example, a cylindrical antenna with a length- 
diameter ratio of 100 (L/D = 100) is resonant when the length is about 0.4751 
(L = 0.4754). The terminal impedance is resistive and equal to about 67 Q. The 
terminal resistance of the complementary slot antenna is then 

pena Aisa: (15) 
67 
See Fig. 13-175, 

The complementary slot has a length L = 0.475/, the same as for the dipole, 
but the width of the slot should be twice the diameter of the cylindrical dipole. As 
indicated in Sec. 9-7, a flat strip of width w is equivalent to a cylindrical conduc- 
tor of diameter D provided that w = 2D. Thus, in this example, the width of the 
complementary slot is 

20 2 O47 3A 
Wi De iGoy 100 ~ 0.014 (16) 

As a third example, a cylindrical dipole with an L/D ratio of 28 and length 
of about 0.9254 has a terminal resistance of about 710 + j0 Q. The terminal 
resistance of the complementary slot is then about 50 + j0 Q so that an imped- 
ance match will be provided to a 50 Q coaxial line. See Fig. 13-17c. 

If the slots in these examples are enclosed on one side of the sheet with a 
box of such size that zero susceptance is shunted across the slot terminals, due to 
the box, the impedances are doubled. 

The bandwidth or selectivity characteristics of a slot antenna are the same 
as for the complementary dipole. Thus, widening a slot (smaller L/w ratio) 
increases the bandwidth of the slot antenna, the same as increasing the thickness 
of a dipole antenna (smaller L/D ratio) increases its bandwidth. 

The above discussion of this section applies to slots in sheets of infinite 
extent. If the sheet is finite, the impedance values are substantially the same pro- 
vided that the edge of the sheet is at least a wavelength from the slot. However, 
the measured slot impedance is sensitive to the nature of the terminal connec- 
tions. 


13-7 SLOTTED CYLINDER ANTENNAS.' A slotted sheet antenna is 
shown in Fig. 13-18a. By bending the sheet into a U-shape as in (b) and finally 
into a cylinder as in (c), we arrive at a slotted cylinder antenna. The impedance of 
the path around the circumference of the cylinder may be sufficiently low so that 


' A. Alford, “Long Slot Antennas,” Proc. Natl. Electronics Conf., 1946, p. 143. 

A. Alford, “Antenna for F-M Station WGHF,” Communications, 26, 22, February 1946. 

E. C. Jordan and W. E. Miller, “Slotted Cylinder Antennas,” Electronics, 20, 90-93, February 1947. 
George Sinclair, “The Patterns of Slotted Cylinder Antennas,” Proc. IRE, 36, 1487-1492, December 
1948. 
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(a) (b) (c) 
Figure 13-18 Evolution of slotted cylinder from slotted sheet. 


most of the current tends to flow in horizontal loops around the cylinder as 
suggested. If the diameter D of the cylinder is a sufficiently small fraction of a 
wavelength, say, less than 4/8, the vertical slotted cylinder radiates a horizontally 
polarized field with a pattern in the horizontal plane which is nearly circular. As 
the diameter of the cylinder is increased, the pattern in the horizontal plane tends 
to become more unidirectional with the maximum radiation from the side of the 
cylinder with the slot. For resonance, the length L of the slot is greater than 4/2. 
This may be explained as follows. Referring to Fig. 13-19a, the 2-wire transmis- 
sion line is resonant when it is 4/2 long. However, if this line is loaded with a 
series of loops of diameter D as at (b), the phase velocity of wave transmission on 
the line can be increased, so that the resonant frequency is raised. With a suffi- 
cient number of shunt loops the arrangement of (b) becomes equivalent to a 
slotted cylinder of diameter D. Typical slotted cylinder dimensions for resonance 
are D = 0.125/A, L = 0.75/ and the slot width about 0.024. 

This type of antenna, pioneered by Andrew Alford, has found considerable 
application for broadcasting a horizontally polarized wave with an omnidirec- 
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Figure 13-19 Slotted cylinder as a loop-loaded 
(a) (b) transmission line. 


644 13 sLOT, HORN AND COMPLEMENTARY ANTENNAS 


tional or circular pattern in the horizontal plane. Vertical-plane directivity may 
be increased by using a long cylinder with stacked, .ie., collinear, slots. 


13-8 HORN ANTENNAS. A horn antenna may be regarded as a flared- 
out (or opened-out) waveguide. The function of the horn is to produce a uniform 
phase front with a larger aperture than that of the waveguide and hence greater 
directivity. Horn antennas are not new. Jagadis Chandra Bose constructed a 
pyramidal horn in 1897. 

Several types of horn antennas are illustrated in Fig. 13-20. Those in the left 
column are rectangular horns. All are energized from rectangular waveguides. 
Those in the right column are circular types. To minimize reflections of the 
guided wave, the transition region or horn between the waveguide at the throat 
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Figure 13-20 Types of rectangular and circular horn antennas. Arrows indicate E-field directions. 
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and free space at the aperture could be given a gradual exponential taper as in 
Fig. 13-20a or e. However, it is the general practice to make horns with straight 
flares as suggested by the other types in Fig. 13-20. The types in Fig. 13-20b and 
c are sectoral horns. They are rectangular types with a flare in only one dimen- 
sion. Assuming that the rectangular waveguide is energized with a TE,,. mode 
wave electric field (E in the y direction), the horn in Fig. 13-20b is flared out in a 
plane perpendicular to E. This is the plane of the magnetic field H. Hence, this 
type of horn is called a sectoral horn flared in the H plane or simply an H-plane 
sectoral horn. The horn in Fig. 13-20c is flared out in the plane of the electric field 
E, and, hence, is called an E-plane sectoral horn. A rectangular horn with flare in 
both planes, as in Fig. 13-20d, is called a pyramidal horn. With a TE,) wave in 
the waveguide the magnitude of the electric field is quite uniform in the y direc- 
tion across the apertures of the horns of Fig. 13-20b, c and d but tapers to zero in 
the x direction across the apertures. This variation is suggested by the arrows at 
the apertures in Fig. 13-20b, c and d. The arrows indicate the direction of the 
electric field E, and their length gives an approximate indication of the magnitude 
of the field intensity. For small flare angles the field variation across the aperture 
of the rectangular horns is similar to the sinusoidal distribution of the TE,, 
mode across the waveguide. 

The horn shown in Fig. 13-20f is a conical type. When excited with a circu- 
lar guide carrying a TE,, mode wave, the electric field distribution at the aper- 
ture is as shown by the arrows. The horns in Fig. 13-20g and h are biconical 
types. The one in Fig. 13-20g is excited in the TEM mode by a vertical radiator 
while the one in Fig. 13-20h is excited in the TE), mode by a small horizontal 
loop antenna. These biconical horns are nondirectional in the horizontal plane. 
The biconical horn of Fig. 13-20g is like the one shown in Fig. 2-28c. 

Neglecting edge effects, the radiation pattern of a horn antenna can be 
determined if the aperture dimensions and aperture field distribution are known. 
For a given aperture the directivity is maximum for a uniform distribution. 
Variations in the magnitude or phase of the field across the aperture decrease the 
directivity. Since the H-plane sectoral horn (Fig. 13-20b) has a field distribution 
over the x dimension which tapers to zero at the edges of the aperture, one would 
expect a pattern in the xz plane relatively free of minor lobes as compared to the 
yz plane pattern of an E-plane sectoral horn (Fig. 13-20c) for which the magni- 
tude of E is quite constant over the y dimension of the aperture. This is borne out 
experimentally. 

The principle of equality of path length (Fermat’s principle) is applicable to 
the horn design but with a different emphasis. Instead of requiring a constant 
phase across the horn mouth, the requirement is relaxed to one where the phase 
may deviate, but by less than a specified amount 6, equal to the path length 
difference between a ray traveling along the side and along the axis of the horn. 


’ Horns with a straight flare tend to have a constant phase center while those with a taper do not. 
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Figure 13-21 (a) Pyramidal horn antenna. (b) Cross section with dimensions used in analysis. The 
diagram can be for either E-plane or H-plane cross sections. For the E plane the flare angle is 0, and 
aperture a,. For the H plane the flare angle is 0,, and the aperture a,,.See Fig. 13-22. 


From Fig. 13-21, 


COs clpeimbat ia (1) 
 L+6 
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ONY oNeL Teny 2) 
he) 
tan — = — 
an ary (3) 
where 6 = flare angle (0, for E plane, 0, for H plane) 
a = aperture (a, for E plane, a, for H plane) 
L = horn length 
From the geometry we have also that 
az 
ee 
35 (0 < L) (4) 
a L 
d €é=2tan>'—= ~t 
an an OL, 2 cos Laas (5) 
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In the E plane of the horn, 6 is usually held to 0.25/ or less. However, in the H 
plane, 6 can be larger, or about 0.4/, since E goes to zero at the horn edges 
(boundary condition, E, = 0 satisfied). 

To obtain as uniform an aperture distribution as possible, a very long horn 
with a small flare angle is required. However, from the standpoint of practical 
convenience the horn should be as short as possible. An optimum horn is between 
these extremes and has the minimum beam width without excessive sidelobe level 
(or most gain) for a given length. 

If 6 is a sufficiently small fraction of a wavelength, the field has nearly 
uniform phase over the entire aperture. For a constant length L, the directivity of 
the horn increases (beam width decreases) as the aperture a and flare angle 6 are 
increased. However, if the aperture and flare angle become so large that 6 is 
equivalent to 180 electrical degrees, the field at the edge of the aperture is in 
phase opposition to the field on the axis. For all but very large flare angles the 
ratio L/(L + 0) is so nearly unity that the effect of the additional path length 6 on 
the distribution of the field magnitude can be neglected. However, when 6 = 180°, 
the phase reversal at the edges of the aperture reduces the directivity (increases 
sidelobes). It follows that the maximum directivity occurs at the largest flare 
angle for which 6 does not exceed a certain value (6,). Thus, from (1) the optimum 
horn dimensions can be related by 


v8 
dy = RO is (6) 
Se _ 09 cos (6/2) 


~ 1—cos (6/2) ™) ' 


It turns out that the value of 6) must usually be in the range of 0.1 to 0.4 free- 
space wavelength.’ Suppose that for an optimum horn 6, = 0.25A and that the 
axial length L = 10. Then from (5), 6 = 25°. This flare angle then results in the 
maximum directivity for a 104 horn. 

The path length, or 6 effect, discussed above is an inherent limitation of all 
horn antennas of the conventional type.” The relations of (1) through (7) can be 
applied to all the horns of Fig. 13-20 to determine the optimum dimensions. 
However, the appropriate value of 6) may differ as discussed in the following 
sections. Another limitation of horn antennas is that for the most uniform aper- 
ture illumination higher modes of transmission in the horn must be suppressed. It 


At a given frequency the wavelength in the horn 4, is always equal to or greater than the free-space 
wavelength 4. Since 1, depends on the horn dimensions, it is more convenient to express 6, in free- 
space wavelengths 4. 

2 In the lens-compensated type of horn antenna (see Fig. 14-18b and Fig. 13-30) the velocity of the 
wave is increased near the edge of the horn with respect to the velocity at the axis in order to equalize 
the phase over the aperture. 
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follows that the width of the waveguide at the throat of the horn must be 
between 2/2 and 14, or if the excitation system is symmetrical, so that even modes 
are not energized, the width must be between 4/2 and 34/2. 


13-9 THE RECTANGULAR HORN ANTENNA.’ Provided that the 
aperture in both planes of a rectangular horn exceeds 1A, the pattern in one plane 
is substantially independent of the aperture in the other plane. Hence, in general, 
the H-plane pattern of an H-plane sectoral horn is the same as the H-plane 
pattern of a pyramidal horn with the same H-plane cross section. Likewise, the 
E-plane pattern of an E-plane sectoral horn is the same as the E-plane pattern of 
a pyramidal horn with the same E-plane cross section. Referring to Fig. 13-22, 
the total flare angle in the E plane is 6, and the total flare angle in the H plane is 


E-plane cross section 


(a) 


H-plane cross section 


fo) 
io) Figure 13-22 E-plane and H-plane cross sec- 
tions. 


1 W. L. Barrow and F. D. Lewis, “The Sectoral Electromagnetic Horn,” Proc. IRE, 27, 41-50, 
January 1939. 

W. L. Barrow and L. J. Chu, “Theory of the Electromagnetic Horn,” Proc. IRE, 27, 51-64, January 
1939. 

L. J. Chu and W. L. Barrow, “Electromagnetic Horn Design,” Trans. AIEE, 58, 333-337, July 1939. 
F. E. Terman, Radio Engineers’ Handbook, McGraw-Hill, New York, 1943, pp. 824-837 (this refer- 
ence includes a summary of design data on horns). 

J. R. Risser, in S. Silver (ed.), Microwave Antenna Theory and Design, McGraw-Hill, New York, 1949, 
chap. 10, pp. 349-365. 

G. Stavis and A. Dorne, in Very High Frequency Techniques, Radio Research Laboratory Staff, 
McGraw-Hill, New York, 1947, chap. 6. 
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Figure 13-23 Measured E- and H-plane field patterns of rectangular horns as a function of flare 
angle and horn length. (After D. R. Rhodes, “An Experimental Investigation of the Radiation Patterns 
of Electromagnetic Horn Antennas,” Proc. IRE, 36, /10/—-1105, September 1948.) 


0,,. The axial length of the horn from throat to aperture is L and the radial 
length is R. Patterns measured by Donald Rhodes? are shown in Fig. 13-23. In 
(a) the patterns in the E plane and H plane are compared as a function of R. Both 
sets are for a flare angle of 20°. The E-plane patterns have minor lobes whereas 
the H-plane patterns have practically none. In (b) measured patterns for horns 
with R = 84 are compared as a function of flare angle. In the upper row E-plane 
patterns are given as a function of the E-plane flare angle 0; and in the lower row 
H-plane patterns are shown as a function of the H-plane flare angle 0,. For a 
flare angle 0, = 50° the E-plane pattern is split, whereas for 04 = 50° the H-plane 
pattern is not. This is because a given phase shift at the aperture in the E-plane 
horn has more effect on the pattern than the same phase shift in the H-plane 
horn. In the H-plane horn the field goes to zero at the edges of the aperture, so 


1D. R. Rhodes, “An Experimental Investigation of the Radiation Patterns of Electromagnetic Horn 
Antennas,” Proc. IRE, 36, 1101-1105, September 1948. 
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Figure 13-24 Experimentally determined optimum dimensions for rectangular horn antennas. Solid 
curves give relation of flare angle 0, in E plane and flare angle 6, in H plane to horn length (see 
Fig. 13-22). The corresponding half-power beam widths and apertures in wavelengths are indicated 
along the curves. Dashed curves show calculated dimensions for 69 = 0.25 and 0.44. 


the phase near the edge is relatively less important. Accordingly, we should 
expect the value of 6) for the H plane to be larger than for the E plane. This is 
illustrated in Fig. 13-24 and discussed in the next paragraph. 

From Rhodes’s experimental patterns, optimum dimensions were selected 
for both E- and H-plane flare as a function of flare angle and horn length L. 
These optimum dimensions are indicated by the solid lines in Fig. 13-24. The 
corresponding half-power beam widths and apertures in wavelengths are also 
indicated. The dashed curves show the calculated dimensions for a path length 
do = 0.254 and 5, = 0.41. The value of 0.25/ gives a curve close to the experimen- 
tal curve for E-plane flare, while the value of 0.4/ gives a curve close to the 
experimental one for H-plane flare over a considerable range of horn length. 
Thus, the tolerance in path length is greater for H-plane flare than for E-plane 
flare, as indicated above. 

Suppose we wish to construct an optimum horn with length L = 10/. From 
Fig. 13-24 we note that for this length the HPBW (E plane) = 11° and the 
HPBW (H plane) = 13°, the E-plane aperture a, = 4.54 and the H-plane aperture 
dy = 5.84. Thus, although the E-plane aperture is not so large as the H-plane 
aperture, the beam width is less (but minor lobes larger) because the E-plane 
aperture distribution is more uniform. For horn operation over a frequency band 
it is desirable to determine the optimum dimensions for the highest frequency to 
be used, since 6 as measured in wavelengths is largest at this highest frequency. 
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The directivity (or gain, assuming no loss) of a horn antenna can be 
expressed in terms of its effective aperture. Thus, 


= 4nA, 7 4né,, Ap (1) 
}2 A? 


where A, = effective aperture, m7 
A, = physical aperture, m* 
€,p = aperture efficiency = A,/A, 
A = wavelength, m 


For a rectangular horn A, = aga, and for a conical horn A, = mr*, where 
r = aperture radius. It is assumed that az, ay or r are all at least 1A. Taking 
Exp ~ 0.6, (1) becomes 


T.5A 
T.5A 
or D =~ 10 log (7) (dBi) (3) 


For a pyramidal (rectangular) horn (3) can also be expressed as 
D = 10 log (7.5az, ay.) (4) 


where a,, = E-plane aperture in 
ay, = H-plane aperture in A 


Example. (a) Determine the length L, H-plane aperture and flare angles 0; and 6, 
(in the E and H planes respectively) of a pyramidal horn as in Fig. 13-20d for which 
the E-plane aperture a, = 104. The horn is fed by a rectangular waveguide with 
TE,, mode. Let 6 = 0.24 in the E plane and 0.3754 in the H plane. (b) What are the 
beam widths? (c) What is the directivity? 


Solution. Taking 5 = 4/5 in the E plane, we have from (13-8-4) that the required 


horn length 
a> 100A 
L=— = — = 62.54 5 
86 8/5 (>) 
and from (13-8-5) that the flare angle in the E plane 
a 10 
6, =2 tan”! — =2 tan”. ' — =9.1° 6 
cig or ee] ek an (6) 
Taking 6 = 3//8 in the H plane we have from (13-8-5) that the flare angle in the H 
plane 
i 62.5 
6, =2 “i_w_=2 ~1 ___ = 12,52° i 
Haag Ptah rera ia aee © 65°52 ()13'75 7) 
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Figure 13-25a Dimensions of rectangular 
(pyramidal) horns (in wavelengths) versus directivity 
(or gain, if no loss). Thus, noting the dashed lines, a 
gain of 19 dBi requires a horn length L, = 4.25, an 
H-plane aperture a,,, = 3.7 and an E-plane aperture 
az, = 2.9. These are inside dimensions. It is assumed 
that 56 (E plane) = 0.254 and 6 (H plane) = 0.44, 
LDA 154617) 181191202 1-9292304 making the dimensions close to optimum. It is also 
Gain, dBi assumed that ¢,, = 0.6. 


Ly, Ae OF Ay 


and from (13-8-5) that the H-plane aperture 


7] 
dy = 2L tan = = 2 x 62.5/ tan 6.26° = 13.7A (8) 
From Table 13-1, 
Plewe «olay 
HPBW (E plane) =—— =-— — 5.6, (9a) 
Mapa 
Gage Ook 
HPBW (Hi plane) = —— =) —  — 4 9 (9b) 
ape shes a 
From (3), 
T.5A, 
D ~ 10 log zeal 10 log) (7:5>< 10) 13.7) =30° dd Bi (10) 


The 6 values used in this example are conservative. For an optimum horn, 
the 6 values are larger, resulting in a considerably shorter horn but at the expense 
of slightly less gain (because fields are less uniform across the aperture of an 
optimum horn). 

Figure 13-25a shows the optimum dimensions for pyramidal (rectangular) 
horns versus gain (or directivity, if no loss).’ For a given desired gain, the graph 
gives the dimensions for the length L,, E-plane aperture a,, and H-plane aper- 
ture a,,, all in wavelengths. For a given length, the graph also gives the appro- 
priate apertures and the gain. The dimensions are close to optimum. Such 
dimensions are only of importance on large horns (many wavelengths long) 


* A similar but somewhat different version has been given by H. Schrank (“Optimum Horns,” [EEE 
Ant. Prop. Soc. Newsletter, 27, 13-14, February 1985), who credits T. A. Milligan for sending him the 
data. 
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Table 13-17 


EEUU EEEEEE UE EEEEEI EERE 


Beam width, deg 


Between Between 
Type of aperture first nulls half-power points 
Uniformly illuminated rectangular aperture 115 51 
or linear array we, ‘a 
140 58 
Uniformly illuminated circular aperture — — 
D, D, 
Pts 56 
Optimum E-plane rectangular horn — — 
aE, aE, 
; 172 67 
Optimum H-plane rectangular horn — — 
an, an, 


i 


+ L, = length of rectangular aperture or linear array in free-space wavelengths 
D, = diameter of circular aperture in free-space wavelengths 
da,;, = aperture in E plane in free-space wavelengths 
a, = aperture in H plane in free-space wavelengths 


where it is desired that the length be a minimum. For small (short) horns, opti- 
mization is usually unwarranted. 


13-10 BEAM-WIDTH COMPARISON. It is interesting to compare the 
beam width between first nulls and between half-power points for uniformly illu- 
minated rectangular and circular apertures obtained in previous chapters with 
those for optimum rectangular horn antennas (sectoral or pyramidal). This is 
done in Table 13-1. In general, the relations apply to apertures that are at least 
several wavelengths long. The beam widths between nulls for the horns are calcu- 
lated and the half-power beam widths are empirical.’ 


13-11 CONICAL HORN ANTENNAS. The conical horn’ (Fig. 13-20f) 
can be directly excited from a circular waveguide. Dimensions can be determined 
from (13-8-5), (13-8-6) and (13-8-7) by taking 69 = 0.324. 


1G. Stavis and A. Dorne, in Very High Frequency Techniques, Radio Research Laboratory Staff, 
McGraw-Hill, New York, 1947, chap. 6. 

2 G. C. Southworth and A. P. King, “Metal Horns as Directive Receivers of Ultrashort Waves,” Proc. 
IRE, 27, 95-102, February 1939. 

A. P. King, “The Radiation Characteristics of Conical Horn Antennas,” Proc. IRE, 38, 249-251, 
March 1950. For optimum conical horns King gives half-power beam widths of 60/a,, in the E plane 
and 70/a,,, in the H plane. These are about 6 per cent more than the values for a rectangular horn as 
given in Table 13-1. 
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Figure 13-25b Dimensions of conical horn (in 

wavelengths) versus directivity (or gain, if no loss). 

Thus, noting the dashed lines, a gain of 20 dBi 

15 requires a horn length L,=6.0 and a diameter 

14 15 16 17 18 19.20 2122 23 24 D, = 4.3. These (inside) dimensions are close to 
Gain, dBi optimum. 


The biconical horns’ (Fig. 13-20g and h) have patterns that are nondirec- 
tional in the horizontal plane (axis of horns vertical). These horns may be regard- 
ed as modified pyramidal horns with a 360° flare angle in the horizontal plane. 
The optimum vertical-plane flare angle is about the same as for a sectoral horn of 
the same cross section excited in the samé mode. 

Figure 13-25b shows optimum dimensions for conical horns versus direc- 
tivity (or gain if no loss) as adapted from King.” For a given desired gain, the 
graph gives the length L, and diameter D,, or for a given length, the graph gives 
the appropriate aperture and gain. 


13-12 RIDGE HORNS. A central ridge loads a waveguide and increases its 
useful bandwidth by lowering the cutoff frequency of the dominant mode.? A 


Fin 
4 
Single Double Fin line with Figure 13-26 Single- and double- 
ridge ridge diode : 
ridge rectangular waveguide and 
(a) (b) (c) fin-line with diode. 


1 W. L. Barrow, L. J. Chu and J. J. Jansen, “ Biconical Electromagnetic Horns,” Proc. IRE, 27, 769- 
779, December 1939. 


2 A. P. King, “The Radiation Characteristics of Conical Horn Antennas,” Proc. IRE, 38, 249-251, 
1950. 

> §. B. Cohn, “ Properties of the Ridge Wave Guide,” Proc. IRE, 35, 783-789, August 1947. 

T-S Chen, “Calculation of the Parameters of Ridge Waveguides,” IRE Trans. Microwave T heory 
Tech., MTT-26, 726-732, October 1978. 
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Figure 13-27 Double-ridge horn with 
coaxial feed. The view at (a) is a cross 
section at the feed point. 


(a) (b) 


rectangular guide with single ridge is shown in Fig. 13-26a and with a double 
ridge in Fig. 13-26b. A very thin ridge or fin is also effective in producing the 
loading of a central ridge. It may consist of a metal-clad ceramic sheet which 
facilitates the installation of shunt circuit elements as suggested in Fig. 13-26c.* 

Of course, the cutoff frequency can be lowered by placing dielectric material 
in the waveguide, but this does not increase the bandwidth and it may increase 
losses. 

By continuing a double-ridge structure from a waveguide into a pyramidal 
horn as suggested in Fig. 13-27, the useful bandwidth of the horn can be 
increased manyfold? (see also Fig. 15-1). A quadruple-ridge horn connected to a 
dual-fed quadruple-ridge square waveguide can provide dual orthogonal linear 
polarizations over bandwidths of more than 6 to 1. 


13-13 SEPTUM HORNS. Although the electric field in the H plane of a 
pyramidal horn tends to zero at the edges, resulting in a tapered distribution and 
reduced sidelobes, the electric field in the E plane may be close to uniform in 
amplitude to the edges, resulting in significant sidelobes. By introducing septum 
plates bonded to the horn walls, a stepped-amplitude distribution can be 
achieved in the E plane with a reduction in E-plane sidelobes. Typically, the first 
sidelobes of a uniform amplitude distribution are down about 13 dB. With a 
2-septum horn Peace and Swartz? were able to achieve a sidelobe level more than 
30 dB down, which is lower than the sidelobe level in the H plane. 

A cosine field distribution is approximated with a 1:2: 1 stepped ampli- 
tude distribution with apertures also in the ratio 1:2:1 as suggested in Fig. 
13-28. To achieve this distribution the septums must be appropriately spaced at 
the throat of the horn. 

Figure 13-29 shows a stepped-amplitude septum horn with metal-plate lens 
for feeding “ Big Ear,” the Ohio State University 110-m radio telescope. The dual- 


1p J. Meier, “Integrated Fin-Line Millimeter Components,” [EEE Trans. Microwave Theory Tech., 
MTT-22, 1209-1216, December 1974. 

2K. L. Walton and V. C. Sundberg, “Broadband Ridged Horn Design,” Microwave J., 7, 96-101, 
March 1964. 

3 G. M. Peace and E. E. Swartz, “Amplitude Compensated Horn Antenna,” Microwave J., 7, 66-68, 
February 1964. 
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Figure 13-28 Two-septum horn with 1:2:1 stepped amplitude distribution in field intensity at 
mouth of horn (approximating a cosine distribution). 


feed stacked twin horn with metal-plate E-plane lens, as in Fig. 13-28, provides a 
compact arrangement ; the length of a single horn. This twin horn is one of a 
pair used for radio astronomy observations at 1 to 2 GHz.’ Both the aperture 
and field distributions have the ratios 1 : 2 : 1 (binomial series ratio). 


i eee : : | : . 


Figure 13-29 Stacked septum horns with E-plane metal-plate lenses for feeding 110-m Ohio State 
University radio telescope. The aperture height (= 4h in Fig. 13-28) is 3 m. (See also Fig. 12-53.) 


* R. T. Nash, “Stepped-Amplitude Distributions,” IEEE Trans. Ants. Prop., AP-12, July 1964. 


R. T. Nash, “Beam Efficiency Limitations of Large Antennas,” IEEE Trans. Ants. Prop., AP-12, 
918-923, December 1964. 


J. D. Kraus, Radio Astronomy, 2nd ed., Cygnus-Quasar, 1986. 
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Figure 13-30 Corrugations of width w and 
depth d. 


13-14 CORRUGATED HORNS. Corrugated horns can provide reduced 
edge diffraction, improved pattern symmetry and reduced cross-polarization (less 
E field in the H plane). 

Corrugations on the horn walls acting as 1/4 chokes are used to reduce E to 
very low values at all horn edges for all polarizations. These prevent waves from 
diffracting around the edges of the horn (or surface currents flowing around the 
edge and over the outside)." 

Consider the corrugations of width w and depth d shown in Fig. 13-30. A 
square cross section (w by w), as indicated in the figure, constitutes the open end 
of a short-circuited field-cell transmission line of length d with a characteristic 
impedance Z = 377 Q.’ The reactance at the open end is given approximately by 


2 
X ~ 377 tan (=) (Q) (1) 
where d = depth, 4 


The reactance for any square area of the corrugations (such as 3w x 3w) 1s 
also as given by (1). Thus, this is the surface reactance in ohms per square. It is 
assumed that the corrugations are air-filled and that the wall thickness is small 
enough to be neglected. 

When d=4/4, X becomes infinite, while when d= x = 0 and, 
assuming no radiation or loss, R = 0 and, hence, Z = 0. 

As an example, a circular waveguide-fed corrugated horn with a corrugated 
transition is shown in Fig. 13-31. In the transition section the corrugation depth 
changes from 4/2, where the corrugations act like a conducting surface, to 4/4, 
where the corrugations present a high impedance. The corrugation spacing or 


1 A. F. Kay, “The Scalar Feed,” AFCRL Rept. 64-347, March 1964. 
2 J. D. Kraus, Electromagnetics, 3rd ed., McGraw-Hill, 1984, sec. 10-5. 
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Figure 13-31 Cross section of circular waveguide-fed corrugated horn with corrugated transition. 
Corrugations with depth of 4/2 at waveguide act like a conducting surface while corrugations with 1/4 
depth in horn present a high impedance. (After T. S. Chu et al., ‘Crawford Hill 7-m Millimeter Wave 
Antenna,” Bell Sys. Tech. J., 57, 1257-1288, May-June 1978.) 
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Figure 13-32 Cross section of circular waveguide with flange and 4 chokes for wide-beam-width 
high-efficiency feed of low F/D parabolic reflectors. (After R. Wohlleben, H. Mattes and O. Lochner, 


“Simple, Small, Primary Feed for Large Opening Angles and High Aperture Efficiency,” Electronics 
Letters, 8, 19, September 1972.) 
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width w = 4/10. The corrugations are air-filled. This corrugated horn was devel- 
oped by Chu et al.' for feeding a 7-m millimeter-wave reflector antenna of the 
Bell Telephone Laboratories. 

A simpler feed with choke corrugations was developed for deep dishes with 
F/D ratios of less than 0.35 by Wohlleben, Mattes and Lochner? for use on the 
Bonn 100-m radiotelescope. It consists of a circular waveguide equipped with a 
disc (or flange) projecting 14 beyond the guide and 4 chokes 4/5 deep as shown in 
Fig. 13-32. The location of the disc with chokes 3//8 behind the waveguide 
opening gives a broad 130° 10-dB beam width with a steep edge taper. This 
results in high aperture efficiency. 


13-15 APERTURE-MATCHED HORN. By attaching a smooth curved 
(or rolled) surface section to the outside of the aperture edge of a horn, Burnside 
and Chuang? have achieved a significant improvement in the pattern, impedance 
and bandwidth characteristics. This arrangement, shown in Fig. 13-33 is an 
attractive alternative to a corrugated horn. The shape of the rolled edge is not 
critical but its radius of curvature should be at least 4/4. 


" 
aR Curved 


edge 
section 


Figure 13-33 Cross section of Burnside and 
Chuang’s aperture-matched horn. The radius of 
curvature r of the rolled edge should be at least 
4/4. 
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PROBLEMS! 

*13-1  Boxed-slot impedance. What is the terminal impedance of a slot antenna boxed to 
radiate only in one half-space whose complementary dipole antenna has a driving- 
point impedance of Z = 100 + j0 Q? The box adds no shunt susceptance across 
the terminals. : 


13-2 Open-slot impedance. What dimensions are required of a slot antenna in order 
that its terminal impedance be 75 + j0 Q? The slot is open on both sides. 


*13-3 Optimum horn gain. What is the approximate maximum power gain of an 
optimum horn antenna with a square aperture 104 on a side? 


13-4 Horn pattern. 
(a) Calculate and plot the E-plane pattern of the horn of Prob. 13-3, assuming 
uniform illumination over the aperture. 
(b) What is the half-power beamwidth and the angle between first nulls? 


13-5 Two 4/2 slots. Two 4/2-slot antennas are arranged end-to-end in a large conduct- 
ing sheet with a spacing of 1/ between centers. If the slots are fed with equal 
in-phase voltages, calculate and plot the far-field pattern in the 2 principal planes, 
Note that the H plane coincides with the line of the slots. 


*13-6 Boxed slot. The complementary dipole of a slot antenna has a terminal impedance 
Z = 90 + j10 Q. If the slot antenna is boxed so that it radiates only in one half- 
space, what is the terminal impedance of the slot antenna? The box adds no shunt 
susceptance at the terminals. 

13-7 Pyramidal horn. 

(a) Determine the length L, aperture a, and half-angles in E and H planes for a 
pyramidal electromagnetic horn for which the aperture a, = 8A. The horn is 
fed with a rectangular waveguide with TE,, mode. Take 6 = 1/10 in the E 
plane and 6 = 1/4 in the H plane. 

(b) What are the HPBWs in both E and H planes? 

(c) What is the directivity? 

(d) What is the aperture efficiency? 


* Answers to starred (*) problems are given in App. D. 
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14-1 INTRODUCTION. Lens antennas may be divided into two distinct 
types: (1) delay lenses, in which the electrical path length is increased by the lens 
medium, and (2) fast lenses, in which the electrical path length is decreased by the 
lens medium. In delay lenses the wave is retarded by the lens medium. Dielectric 
lenses and H-plane metal-plate lenses are of the delay type. E-plane metal-plate 
lenses are of the fast type. The actions of a dielectric lens and an E-plane metal- 
plate lens are compared in Fig. 14-1. 
The dielectric lenses may be divided into two groups: 


1. Lenses constructed of nonmetallic dielectrics, such as lucite or polystyrene 
2. Lenses constructed of metallic or artificial dielectrics 


These types are considered in the next two sections (14-2 and 14-3). E-plane 
metal-plate lenses are discussed in Sec. 14-4, tolerances in Sec. 14-5 and the 
H-plane metal-plate lens in Sec. 14-6. A reflector lens is presented in Sec. 14-7. 

All lens antennas of the delay type may be regarded basically as end-fire 
antennas with the polyrod and monofilar axial-mode helical antennas as rudi- 
mentary forms as suggested in Fig. 14-2. Likewise, the director structure of a 
many-element Yagi-Uda antenna is a rudimentary lens. Polyrods are covered in 
Sec. 14-8, monofilar axial-mode helical antennas having already been discussed in 
Chap. 7. Yagi-Uda antennas are considered in Chap. 11. Lenses of multiple 
helices are also described in Sec. 14-9. The last section of this chapter (14-10) 
discusses two spherically symmetric lenses of special type, the Luneburg and Ein- 
stein lenses, the latter utilizing a large mass as the focusing device. 
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lens antennas. 
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At millimeter wavelengths low-loss dielectric lens antennas are competitive 
in weight and performance with reflector antennas.’ 


14-2 NONMETALLIC DIELECTRIC LENS ANTENNAS.? 
FERMAT’S PRINCIPLE. This type is similar to the optical lens. It may be 
designed by the ray analysis methods of geometrical optics. As an example, let us 
determine the shape of the plano-convex lens of Fig. 14-1la for transforming the 
spherical wave front from an isotropic point source or primary antenna into a 
plane wave front.’ The field over the plane surface can be made everywhere in 
phase by shaping the lens so that all paths from the source to the plane are of 
equal electrical length. This is the principle of equality of electrical (or optical) 
path length (Fermat’s principle). Thus, in Fig. 14-3, the electrical length of the 
path OPP’ must equal the electrical length of the path OQQ’Q”, or more simply 
OP must equal OQ’. Let OQ = L and OP = R, and let the medium surrounding 
the lens be air or vacuum. Then 


BE BN PRICOS OE 
a is (1) 


Figure 14-3 Path lengths in dielectric 
lens. 


1 P. F. Goldsmith and E. L. Moore, “Gaussian Optics Lens Antennas (GOLAs),” Microwave J., 26, 
153-156, July 1984. 

P. F. Goldsmith, “Quasioptical Techniques at Millimeter and Submillimeter Wavelengths,” in K. 
Button (ed.), Infrared and Millimeter Waves, vol. 6, Academic Press, 1982, pp. 277-343. 

P. F. Goldsmith and G. J. Gill, “ Dielectric Wedge Conical Scanned Gaussian Optics Lens Antenna,” 
Microwave J., 29, 207-212, September 1986. 


2 A detailed discussion is given by J. R. Risser, in S. Silver (ed.), Microwave Antenna Theory and 
Design, McGraw-Hill, New York, 1949, chap. 11. 


3 A wave front is defined as a surface on all points of which the field is in the same phase. 


664 14 LENS ANTENNAS 
where 1, = wavelength in free space (air or vacuum) 
Aq = wavelength in the lens 
Multiplying (1) by 49, 
R=L+NR cos 0 — L) (2) 
where n = A,/A, = index of refraction 


In general, 


eel Coens! Lig Opes v/ Me (3) 


where f = frequency, Hz 
Vo = Velocity in free space, m s~ 
v, = velocity in dielectric, ms" * 
uu = permeability of the dielectric medium, H m~ 
€ = permittivity of the dielectric medium, F m“* 
lo = permeability of free space = 4x x 10°’, H m™ 
&) = permittivity of free space = 8.85 x 10° **, F m™ 


1 
1 


1 
1 


However, 
= Ho by (4) 
and Be th. (5) 


where pl, = | — relative permeability of dielectric medium 
Ho 


é, = — = relative permittivity of dielectric medium 


£0 
Thus, from (3), 
n= /U,&, (6) 


For nonmagnetic materials p, is very nearly unity so that 


nes 


The index of refraction of dielectric substances is always greater than unity. For 
vacuum, é€, = | by definition. For air at atmospheric pressure, ¢, = 1.0006, but in 
most applications it is sufficiently accurate to take ¢, = 1 for air. The relative 
permittivity (or dielectric constant), index of refraction and power factor for a 
number of lens materials are listed in Table 14-1 in order of increasing ¢,. 
Although the permittivity of materials may vary with frequency (¢, for water is 81 
at radio frequencies and about 1.8 at optical frequencies), the table values are 
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Table 14-1 

Relative Index of 

permittivity refraction Power 
Material E, n factor§ 
Paraffin 2.1 1.4 0.0003 
Polyethylene Paes jie) 0.0003 
Lucite or Plexiglas (methacrylic resin) 2.6 1.6 0.01 
Polystyrene a 1.6 0.0004 
Flint glass 7 pe 0.004 
Polyglas (TiO, or titanate fillers) 4-16t 2-4 0.003 
Rutile (TiO ,) 85-170t 9-13 0.0006 


+ Depends on composition. 
t Depends on orientation of crystal with respect to field. 
§ Equals cosine of angle between conduction and total currents. 


appropriate at radio wavelengths down to the order of 1 cm. The power factor is 
also a function of frequency. The values listed merely indicate the order of magni- 
tude at radio frequencies. 

Returning now to Eq. (2) and solving for R, we have 


R= (n — 1)L (7) 


~ ncos@—1 


This equation gives the required shape of the lens. It is the equation of a hyper- 
bola. Referring to Fig. 14-3, the distance L is the focal length of the lens.’ The 
asymptotes of the hyperbola are at an angle 6, with respect to the axis. The angle 
8, may be determined from (7) by letting R = oo. Thus, 


1 
0) = arccos (8) 


The point O is at one focus of the hyperbola. The other focus is at O’. For a point 
source at the focus, the 3-dimensional lens surface is a spherical hyperbola 
obtained by rotating the hyperbola on its axis. For an in-phase line source 
normal to the page (Fig. 14-3) as the primary antenna, the lens surface is a cylin- 
drical hyperbola obtained by translating the hyperbola parallel to the line source. 


1 The F number of a lens is the ratio of the focal distance to the diameter A of the lens aperture. 
Thus, F = L/A. 
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Figure 14-4 Annular zone. 


Although Eq. (7) for the lens surface was derived without using Snell’s laws 
of refraction,' these laws are satisfied by the lens boundary as given by (7). 

The plane wave emerging from the right side of the lens produces a second- 
ary pattern with maximum radiation in the direction of the axis. The shape of the 
secondary pattern is a function of both the aperture A and the type of illumi- 
nation. This aperture-pattern relation has been discussed in previous chapters. 

For an isotropic point-source primary antenna and a given focal distance L, 
the field at the edge of the lens (8 = @,) is less than at the center (9 = 0), the 
effects of reflections at the lens surfaces and losses in the lens material being 
neglected. The variation of field intensity in the aperture plane of the spherical 
lens can be determined by calculating the power per unit area passing through an 
annular section of the aperture as a function of the radius p.? Referring to 
Fig. 14-4, the total power P through the annular section of radius p and width dp 
is given by 


Pi 2rpidp s. (9) 
where S, = power density or Poynting vector (power per unit area) at radius p 


This power must be equal to that radiated by the isotropic source over the solid 
angle 2x sin 6 d@. Thus, 


Pi=27 sin-0.d0.U (10) 
where U = radiation intensity of the isotropic source (power per unit solid angle) 


Equating (9) and (10), 


p dp S, = sin 0 do U (11) 
S sin @ 

and = ——___ 12 
U = p(dp/d0) Ce 


 Snell’s laws of refraction are (1) that the incident ray, the refracted ray and the normal to the surface 
lie in a plane and (2) that the ratio of the sine of the angle of incidence to the sine of the angle of 
refraction equals a constant for any two media. If the medium of the incident wave is air, the constant 
is the index of refraction n of the medium with the refracted ray. Thus, sin «/sin B = n, where « is the 
angle between the incident ray in air and the normal to the surface and f is the angle between the 
refracted ray in the dielectric medium and the normal to the surface. 


2 J. R. Risser, in S. Silver (ed.), Microwave Antenna Theory and Design, McGraw-Hill, New York, 
1949, chap. 11. 
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However, p = R sin 0, and introducing the value of R from (7), 
(n cos 8 — 1)° 
ae Se ee ee EE 
?’ —(n— 1)*(n —cos LP Oe 


The ratio of the power density S, at the angle 0 to the power density S, at the 
axis (8 = 0) is given by the ratio of (13) when 0 = @, to (13) when 6 = 0. Thus, 


Secealticos O—=1)> 
So (n—1)?(n —cos 8) 


In the aperture plane the field-intensity ratio is equal to the square root of (14), 


1 
RB) 
Ey _ So _ 1 (n cos 8 — 1) (15a) 
Pee PeN eS) be n — cos 0 


or 
The ratio E,/E, is the relative field intensity at a radius p given by p = R sin 0. 
For n= 1.5, 


(14) 


E 
—=()7 at 0 = 20° 
Eo 


and Llp 0.14 at 6 = 40° 

Fo 
Hence, for nearly uniform aperture illumination an angle 6, to the edge of the 
lens even less than 20° is essential unless the pattern of the primary antenna is an 
inverted type, i.e., one with less intensity in the axial direction (@ = 0) than in 
directions off the axis. 

Instead of uniform aperture illumination, a tapered illumination may be 
desired in order to suppress minor lobes. Thus, in the above example with 6, = 
40°, the field at the edge of the lens is 0.14 its value at the center. The disadvan- 
tage of this method of producing a taper is that the lens is bulky (Fig. 14-5a). An 
alternative arrangement, shown in Fig. 14-5b, has a lens of smaller 8, value with 
the desired taper obtained with a directional primary antenna at a larger focal 
distance (relative to the aperture). The lens in this case is less bulky, but the focal 
distance is larger (F number = L/A larger). 

For compactness and mechanical lightness it would be desirable to combine 
the short focal distance of the lens at (a) with the light weight of the lens at (5). 
This combination may be largely achieved with the short focal distance zoned 


1 Equation (15a) is for a spherical lens. Attenuation in the lens is neglected. For a cylindrical lens the 
field-intensity ratio is 
E, ce ncos 6 — 1 (15b) 
Eo (n — 1)(n — cos 6) 


where E,/E, is the relative field intensity at a distance y from the axis given by y = R sin 0. 
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lens of Fig. 14-5c. The weight of this lens is reduced by the removal of sections or 
zones, the geometry of the zones being such that the lens performance is substan- 
tially unaffected at the design frequency. Whereas the unzoned lens is not fre- 
quency sensitive, the zoned lens is, and this may be a disadvantage. The thickness 
z of a zone step is such that the electrical length of z in the dielectric is an integral 
number of wavelengths longer (usually unity) than the electrical length of z in air. 
Thus, for a 1/ difference, 


| (16) 


or ZL_= 


(17) 


For a dielectric with index of refraction n = 1.5, 
Z= 2A 
that is, each zone step is twice the free-space wavelength. Since n = A9/A,, 


ZA, 
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Thus, in this case, the electrical length of z in the dielectric is 3 A, while the 
electrical length of z in air is 2 A (see Fig. 14-Sc). 

In lens antennas the primary antenna does not interfere with the plane 
wave leaving the aperture as it does in a symmetrical parabolic reflector antenna 
(with prime focus feed) (see Chap. 12). However, the energy reflected from the lens 
surfaces may be sufficient to cause a mismatch of the primary antenna to its feed 
line or guide. In the lens of Fig. 14-6a reflections from the convex surface of the 
lens do not return to the source except from points at or near the axis. This is not 
serious, but the wave reflected internally from the plane lens surface is refocused 
at the primary antenna and may be disturbing. In this case, the wave is reflected 
at normal incidence, and the reflection coefficient is 


Zyo—Z 
aan (18) 
ot Z 
where Z, = intrinsic impedance of free space = ./{U/& 
Z = intrinsic impedance of dielectric lens material = ./p/é 
Thus, 
Zo/Z) —1 —] 
_@ZolZ)-1_ 1 ae 


CAVA ee A 
where n = the index of refraction of the dielectric lens material 
For n = 1.5, p = 0.2, while for n = 4, p = 0.6. Hence, for a small reflection a 
low index of refraction is desirable. The reflection can also be minimized by other 


methods. For example, a 1/4 plate can be applied to the plane lens surface with 
the refractive index of the plate made equal to ./n, where n is the refractive index 
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of the lens proper.’ Another method is to tilt the lens slightly as indicated in 
Fig. 14-6b so that the reflected wave refocuses to one side of the primary antenna. 
Even though the lens is tilted, the antenna beam remains on axis. 


14-3. ARTIFICIAL DIELECTRIC LENS ANTENNAS. Instead of 
using ordinary, nonmetallic dielectrics for the lens, Kock” has demonstrated that 
artificial or metallic dielectrics can be substituted, generally with a saving in 
weight. Whereas the ordinary dielectric consists of molecular particles of micro- 
scopic size, the artificial dielectric consists of discrete metal particles of macro- 
scopic size. The size of the metal particles should be small compared to the 
design wavelength to avoid resonance effects. It is found that this requirement is 
satisfied if the maximum particle dimension (parallel to the electric field) is less 
than 4/4. A second requirement is that the spacing between the particles be less 
than A to avoid diffraction effects. 

The particles may be metal spheres, discs, strips or rods. For example, a 
plano-convex lens constructed of metal spheres is illustrated in Fig. 14-7. The 
spheres are arranged in a 3-dimensional array or lattice structure. Such an 
arrangement simulates the crystalline lattice of an ordinary dielectric substance 
but on a much larger scale. The radio waves from the source or primary antenna 
cause oscillating currents to flow on the spheres. The spheres are, thus, analogous 
to the oscillating molecular dipoles of an ordinary dielectric. 

An artificial dielectric lens can be designed in the same manner as an ordi- 
nary dielectric lens (Sec. 14-2). To do this, it is necessary to know the effective 
index of refraction of the artificial dielectric. This can be measured experimentally 
with a slab of the material, or it can be calculated approximately by the following 
method of analysis.?7 Metal discs or strips are generally preferable to spheres 
because they are lighter in weight. The strips may be continuous in a direction 


Source 


6c0 c0000000008 
5000000000000 00 


Wake 


raeiiys Figure 14-7 Artificial dielectric lens of metal spheres. 


‘ In general the refractive index of a 4/4 matching plate between two media should be equal to the 
geometric mean of the indices of the two media. This is equivalent to saying that the intrinsic imped- 
ance Z,, of the plate material is made equal to the geometric mean of the intrinsic impedances Z, and 
Z, of the two media. Thus, Z, = .\/Z,Z,. 


2 W. E. Kock, “ Metallic Delay Lens,” Bell System Tech. J., 27, 58-82, January 1948. 
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Figure 14-8 Artificial dielectric lens of flat metal strips of width w. 


perpendicular to the electric field as indicated in Fig. 14-8. Since, however, the 
sphere is more readily analyzed, the method will be illustrated for the case of the 
sphere. 
Let an uncharged conducting sphere be placed in an electric field E as in 
Fig. 14-9a. The field induces positive and negative charges as indicated. At a 
distance the effect of these charges may be represented by point charges +q and 
—q separated by a distance / as in Fig. 14-9b. Such a configuration is an electric 
dipole of dipole moment ql. At a distance r >! the potential due to the dipole is 
given by 
ql cos 0 


(1) 


Ante, r? 
The polarization P of the artificial dielectric is given by 
P = Nal (2) 


where N = number of spheres per cubic meter 
1 = vector of length / joining the charges q 


le 


fe 
(a) (0) 
Figure 14-9 Charged sphere and equivalent dipole. 
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The electric displacement D, the electric field intensity E and the polarization P 
are related by 


D=cE=¢6,E+P (3) 
where &,) = dielectric constant of free space 


Thus, the effective dielectric constant é of the artificial dielectric medium is 
=> Eo + N = (4) 


Hence, if the number of spheres per unit volume and the dipole moment of one 
sphere per unit applied field are known, the effective dielectric constant can be 
determined. Let us now determine the dipole moment per unit applied field. 

We have E = — VV. Then in a uniform field the potential 


vy =~ ['F 008 dr = ~Br cos 6 (5) 
0 
where @ is the angle between the radius vector and the field (see Fig. 14-9b). The 


potential Vy outside the sphere placed in an originally uniform field is the sum of 
(1) and (5), or 


Vo = —Ercos 8+ is (6) 
At the sphere (radius a) (6) becomes? 

0= icon gm sone 

Ate a 
and solving for gl/E we obtain 
e = ens (7) 
Introducing this value for the dipole moment per unit applied field in (4), 
€ = & + 4n& Na? 

or é, = 1+ 4nNa° (8) 


where ¢, = effective relative permittivity of the artificial dielectric 


If the effective relative permeability of the artificial dielectric is unity, the 
index of refraction is given by the square root of (8). However, the lines of mag- 
netic field of a radio wave are deformed around the sphere since high-frequency 
fields penetrate to only a very small distance in good conductors. The effective 


* The potential of the sphere is zero since there is as much positive as negative charge on its surface. 
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Table 14-2 Artificial dielectric materialst 


Relative Relative 
Type of permittivity permeability Index of 
particle &. Ht, refraction n 


Sphere 1+ 4nNa° 1 — 2xNa? /(1 + 4nNa?\1 — 22Na?) 


Disc 1 5.33:Na> ~1 1+ 5.33Na? 


Strip 1 + 7.85N'w? ~1 ./1 + 7.85N'w? 


+ N = number of spheres or discs per cubic meter 

radius of sphere or disc, m 

number of strips per square meter in lens cross section (see Fig. 14-8a) 
width of strips, m (see Fig. 14-8) 


< 
Hou 


relative permeability of an artificial dielectric of conducting spheres is 
uw, = 1—2nNa? (9) 


The effective index of refraction of the artificial dielectric of conducting spheres is 


then given by 
n=./ep,=./(1 + 4aNa>\(1 — 2xNa?) (10) 


Equation (10) gives a smaller n than obtained by the square root of (8) alone. 
According to (10) the index of refraction of an artificial dielectric of conducting 
spheres can be calculated if the radius a of the sphere (in meters) and the number 
N of spheres per cubic meter are known. The relative permeability of disc or 
strip-type artificial dielectrics is more nearly unity so that one can take ee as 
their index of refraction. Theoretical values of ¢,, u, and n for artificial dielectrics 
made of conducting spheres, discs and strips are listed in Table 14-2.’ According 
to Kock the table values are reliable only for ¢, < 1.5, and only approximate for 
larger ¢,. For ¢, > 1.5, N becomes sufficiently large that the particles interact 
because of their close spacing. This effect is neglected by the formulas. 


14-4 E-PLANE METAL-PLATE LENS ANTENNAS.’ Whereas the 
ordinary and artificial dielectric lens depend for their action on a retardation of 
the wave in the lens, the E-plane metal-plate type of lens depends for its action on 
an acceleration of the wave by the lens. In this type of lens the metal plates are 
parallel to the E plane (or plane of the electric field). Referring to Fig. 14-10, the 
velocity v of propagation of a TE;) wave (E as indicated) in the x direction 


1 From W. E. Kock, “ Metallic Delay Lens,” Bell System Tech. J., 27, 58-82, January 1948. 
2 W. E. Kock, “ Metal Lens Antennas,” Proc. IRE, 34, 828-836, November 1946. 
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; 


—_—> J 


b 
ies Figure 14-10 Wave between plates in E-plane type of metal-plate 
lens. 
a 


between two parallel conducting plates of large extent is given by’ 


v 
vik eee (1) 
1 — (A0/26) 
where vu, = velocity in free space 
Ao = wavelength in free space 
b = spacing of plates or sheets 


The plates act as a guide, transmitting the wave for values of b > A,/2. The 
spacing b = A,/2 is the critical spacing since for smaller values of b the guide is 
opaque and the wave is not transmitted. The variation of the velocity for a fixed 
wavelength as a function of the plate spacing b is illustrated in Fig. 14-11. The 
velocity of the wave between the plates is always greater than the free-space 
velocity vg. It approaches infinity as b approaches 0.54), and it approaches vy as 
b becomes infinite. 


Vo 1 
/ n 
0 Figure 14-11 Velocity v of wave between parallel 


O OF5 gO 1.5 2.0 plates and equivalent index of refraction n as a func- 
b in free-space wavelengths, A, tion of spacing b between plates. 


* L. J. Chu and W. L. Barrow, “Electromagnetic Waves in Hollow Metal Tubes of Rectangular Cross 
Section,” Proc. IRE, 26, 1520-1555, December 1938. 


* However, for typical spacings of b ~ 3//4 at normal incidence the transmission coefficient is nearly 
unity. 
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Figure 14-12 E-plane type of 
metal-plate lens. 


source 


The equivalent index of refraction of a medium constructed of many such 
parallel plates with a spacing b is 


Vo Ay \? 
nam fi (; 2) (2) 
The index is always less than unity, as shown in Fig. 14-11. 

The acceleration of waves between plates has been applied’ in a metal-plate 
lens for focusing radio waves. For instance, a metal lens equivalent to the plano- 
convex dielectric lens of Fig. 14-la or Fig. 14-3 is a plano-concave type as illus- 
trated in Fig. 14-12. The plates are cut from flat sheets, the thickness t at any 
point being such as to transform the spherical wave from the source into a plane 
wave on the plane side of the lens. The electric field is parallel to the plates. 

The lens plate on the axis of the lens in Fig. 14-12 is shown in Fig. 14-13. 
The shape of the plate can be determined by the principle of equality of electrical 
path length (Fermat’s principle). Thus, in Fig. 14-13, OPP’ must be equal to 
OQQ' in electrical length, or 

Bose d= Ricos: 0 


emt gk, Ne dt lace aoe z 
Raia fed, Se ©) 


where A, = wavelength in free space 
A, = wavelength in lens 


Figure 14-13 Geometry for E-plane type of metal- 
plate lens. 


1 W. E. Kock, “Metal Lens Antennas,” Proc. IRE, 34, 828-836, November 1946. 
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Figure 14-14 Cross séctions of constrained types of E-plane metal-plate lenses. 


a, 


Then 


(1 —nL 
a 1—ncos 6 4) 
This relation is identical with (14-2-7). However, to keep both numerator and 
denominator positive (since n<1 in the present case), the numerator and 
denominator of (14-2-7) should be multiplied by minus 1. With n < 1, (4) is the 
equation of an ellipse. The 3-dimensional concave surface of the lens in Fig. 14-12 
would be generated by rotating the contour for the center plate, as given by (4), 
on the axis. If the primary antenna were a line source perpendicular to the page 
in Fig. 14-13, all the plates would be identical and the lens surface would be in 
the form of an elliptical cylinder. 

Waves entering the lens of Fig. 14-12 at the point P obey Snell’s laws of 
refraction. However, this is not necessarily the case for waves entering at P’ where 
the metal plates constrain the wave to travel between them. E-plane metal-plate 
lenses may be constructed that have only such constrained refraction. Two types 
are illustrated in cross section in Fig. 14-14. Both have a line source normal to 
the page. The electric field E is parallel to the source. All lens cross sections 
perpendicular to the line sources are the same as the ones shown in the figure. In 
the lens at (a) the spacing between plates is uniform, but the width varies from 
plate to plate. In the lens at (b) all plates have the same width, but the spacing 
varies. 

A disadvantage of the E-plane metal-plate lens as compared to the dielectric 
type is that it is frequency-sensitive, i.e., the lens has a relatively small bandwidth. 
To determine the bandwidth,’ consider the geometry of Fig. 14-15. At the design 
frequency f we have from (3) that 


j Dia 84 
ace pila i et 5 
rn ane (5) 


1 J. R. Risser, in S. Silver (ed.), Microwave Antenna Theory and Design, McGraw-Hill, New York, 
1949, chap. 11. 
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Figure 14-15 Geometry for bandwidth  consider- 
ations. 


or L=R-+not (6) 
where n = index of refraction at the design frequency f 
At some other frequency /’, 

L+é6=R+nt (7) 


where 6 = the difference in electrical path length of OQ and OPP’ 
n’ = index of refraction at the frequency f’ 


Subtracting (6) from (7), 
Or rAmit (8) 


where An = n’' —n 


For a small wavelength difference Ado, 
0 
A= a, Aho (9) 


Introducing n from (2) into (9), differentiating and substituting this value of An in 
(8) yields 


2 
— 1] 
empire, (10) 
Rh. Ag 
Ado no 
—“0| _ ——__ 11 
a Ae | (heen ae 
The total bandwidth B is twice (11) so 
me 2nd 2n 0; (12) 


where 6, = maximum tolerable path difference in free-space wavelengths 
t, = thickness of lens plate at edge of lens in free-space wavelengths 
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If we arbitrarily take 6 = 0.25A, 


50n 
B= (mania (%) (13) 


For n = 0.5 and t = 6A, the bandwidth 
B= S26 


Thus, the usable frequency band for this antenna is 5.5 percent of the design 
frequency.’ Although zoning a dielectric lens introduces frequency sensitivity, the 
effect of zoning an E-plane metal-plate lens is to decrease the frequency sensi- 
tivity. Hence, zoning is desirable with E-plane metal-plate lens, both to save 
weight and to increase the bandwidth. An E-plane metal-plate lens 40/ square 
with nine zones is illustrated in Fig. 14-16. The patterns of this lens, fed with a 
short primary horn antenna, are shown in Fig. 14-17. 

The bandwidth of a zoned E-plane metal-plate lens is given approximately 
by 


" 50n 
bp abesy <a 


(%) (14) 


where n = index of refraction at the design frequency 
K = number of zones, the zone on the axis of the lens being counted as the 
first zone 


A zoned lens comparable to the unzoned lens of n = 0.5, t = 6A) and B=5.5 
percent has n = 0.5 and K = 3 since with n = 0.5, K ~ t,/2. The bandwidth B of 
this zoned lens is 10 percent, or nearly double the bandwidth of the unzoned lens. 
The aperture efficiency to be expected of large lens antennas is about 0.6 so 
that the directivity is about the same as for optimum horns of the same size 
aperture (see Chap. 12). 
Referring to Fig. 14-18a, the thickness z of a zone step is given by 


or Z = 


(15) 


A 
See eS ee < 
et ai ihe fc ta neat 
where A = design wavelength 
f = design frequency 

A, = short wavelength limit of band 

A, = long wavelength limit of band 

f, = high-frequency limit of band 

f, = low-frequency limit of band 
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Figure 14-16 Zoned type of E-plane metal-plate lens with a square aperture 40A on a side. (Courtesy 
W. E. Kock, Bell Telephone Laboratories.) 


Figure 14-17 E-plane pattern (solid) and H-plane 
pattern (dashed) of 40A square zoned E-plane lens of 
gle from axis Fig. 14-16. (After W. E. Kock.) 


1 
An 


680 14 LENS ANTENNAS 


Wave guide 


(a) 
Figure 14-18 (a) Zoned lens plate. (b) Horn with lens. 


The equation for the contour of the zoned lens is the same as (4) for the unzoned 
lens except that L is replaced by L,, where 


(K — Io 


ey 
k a ad 


=L+(K — 1)z (16) 
For the first zone (on the axis) L, = L, for the second zone L, = L + z, for the 
third: zone: Li — sl 27. ete: 

To shield against stray radiation from the source side of a lens, a metallic 
enclosure may be used as in Fig. 14-18b. This enclosure forms an electromagnetic 
horn of wide flare angle with a lens at the aperture. Without the lens an optimum 
horn of the same aperture would be much longer (smaller flare angle). The fact 
that the lens permits a much shorter structure for the same size aperture is, 
perhaps, the principal advantage of a lens or lens-horn combination over a 
simple horn antenna. 


14-5 TOLERANCES ON LENS ANTENNAS.! In a dielectric lens, dif- 
ferences in the path length may be caused by deviations in thickness from the 
ideal contour and by variations in the index of refraction. Assigning an allowable 
variation of 4,/32 rms to either cause, we have as the thickness tolerance that 


Ar At 
py Mary oon ey 
or A ETO aes 
32(n — 1) 
or icp WALZ (1) 
32(n—1) n-1 


" J. R. Risser, in S. Silver (ed.), Microwave Antenna Theory and Design, McGraw-Hill, New York, 
1949, chap. 11. 
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Form ='1.5, 
At = 0.06/, 
For the tolerance on n, 
A 
Ant =— 
eee 
0.03 
ar An = —— (2) 
ty 


where t, = thickness of lens in free-space wavelengths 


Dividing (2) by n, 
3 
a ICN: 3) 


If n = 1.5 and t = 4A), An/n = 3%. 

In an E-plane metal-plate lens the path length may be affected by both the 
thickness of the lens and by the spacing b between lens plates. Assigning 4,/32 to 
each cause, we have as the thickness tolerance that 


Ao 0.03A, 
= 
321—n) I1-—n (4) 
and for the tolerance on the spacing b between plates 
Ab 3n 
See % 5 
b (1—n?*)t, We) >) 


It is interesting to compare these tolerances with the surface contour 
requirement of a parabolic reflector. A displacement Ax normal to the surface of 
the reflector at the vertex (i.e., a displacement in the axial direction) results in a 
change in wave path of 2Ax. Thus, for the same effect as either At or An, Ax must 
be $ as large. 

This is a severe requirement for a large reflector at a small wavelength, 
placing a strict limitation on the allowable warping or twisting of the reflector. In 
contrast to this, the thickness tolerance on a lens refers only to the thickness dimen- 
sion. It does not imply that the lens contour be maintained to this accuracy. With 
a lens, a relatively large amount of warping or twisting can be tolerated, and this 
is an important advantage of this type of antenna. Furthermore, the lens axis can 
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Table 14-3 Tolerances on lens and reflector antennas 


Type of antenna Type of tolerance Amount of tolerance (rms) 
Parabolic reflector Surface contour 0.016A, 
; 0.03A 
Dielectric lenst (unzoned) Thickness eer 
3 
Index of refraction — % 
nt, 
Dielectric lenst (zoned) Thickness 3% 
i) 


Index of refraction 


0.03A 
E-plane metal-plate lenst (unzoned) Thickness aes, 
Plate spaci SLD 
ate spacin 
Pei (1 nyt, 
E-plane metal-plate lenst (zoned) Thickness 3% 
Plate spaci se 
ate spacin 
ee one 


n = index of refraction 

t = lens thickness 

t, = lens thickness in free-space wavelengths 
i i oe dle 
Bnreole 


be tilted a considerable angle t with respect to the axis through the primary 
antenna and center of the lens (see Fig. 14-6) without serious effects.! 

The above-mentioned tolerances are summarized in Table 14-3. Tolerances 
for zoned lenses are also listed. These are derived from the unzoned lens toler- 
ances by taking the dielectric lens thickness as nearly equal to A,/(n — 1) and the 
metal-plate lens thickness as nearly equal to A,/(1 — n). All tolerances in the table 
assume /,/32 rms for the individual lens variations and 4,/64 rms for the reflector 
variation resulting, in each case, in a gain-loss factor k, = 0.16 dB as calculated 
from (12-10-3), provided the correlation distance >A and other conditions of 
(12-10-3) are met. For a combination of random variations (as index and 


' Little difference in radiation-field patterns of an E-plane metal-plate lens antenna is revealed for a 
tilt angle t as large as 30° according to patterns presented by Friis and Lewis. See H. T. Friis and 
W. D. Lewis, “ Radar Antennas,” Bell System Tech. J., 26, 270, April 1947. 
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thickness) the net effective variation is given by the quadrature sum of the indi- 
vidual variations. 


14-6 H-PLANE METAL-PLATE LENS ANTENNAS.! A wave enter- 
ing a stack of metal plates oriented parallel to the H plane (perpendicular to the 
E plane) as in Fig. 14-19a is little affected in its velocity. However, the wave is 
constrained to pass between the plates so that, once inside, the path length can be 
increased if the plates are deformed, as suggested in Fig. 14-19b. An increase in 
path length can also be produced by slanting the plates as at (c). The increase of 
path length is S — T. Using the slant-plate method of increasing the path length, 
an H-plane metal-plate lens can be designed by applying the principle of equality 
of electrical path length. This type of lens is called an H-plane type since the 
plates are parallel to the magnetic field (perpendicular to the E plane). 

Referring to Fig. 14-19d, the condition for equality of electrical path length 
requires that 


Rcos@—L 
R=L4+———— (1) 
cos é 
Direction Direction 
of wave of wave 
——— ——> 


e ' 


(d) 


Source 


Slanted 


metal plates 4) 


Figure 14-19 (a) H-plane stack of flat metal plates. (b) H-plane stack with increased path length. (c) 
Slanted H-plane plates. (d) H-plane metal-plate lens using slanted plate construction. 


1 W. E. Kock, “ Path Length Microwave Lenses,” Proc. IRE, 37, 852-855, August 1949. 
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eae 
Pn cos 0-1 


(2) 


Or 


where n = 1/cos € = effective index of refraction of the slant-plate lens medium 


In this case the index of refraction is equal to or greater than unity so that (2) is 
identical with (14-2-7) for a dielectric lens. The index n depends only on the plate 
slant angle € and is not a function of the frequency as in the E-plane type of 
metal-plate lens. The most critical dimension is the path length S in the lens. This 
may be affected by a change in T or in €. Assuming a maximum allowable varia- 
tion 6 = A,/8 in electrical path length, the tolerance in S is given by 


AS = +0.062, (3) 


A disadvantage of the H-plane metal-plate lens is that this type of construction 
tends to produce unsymmetrical aperture illumination in the E plane. 


14-7 REFLECTOR-LENS ANTENNA. About 1960 I filled a notebook 
with many unique reflector designs and at long last in 1982 published several of 
them.’ One of these combines a dielectric lens with a flat reflecting sheet as sug- 
gested in Fig. 14-20. An incoming ray traverses the lens twice and is brought to a 


focus at F. For thin lenses the distance R is given approximately by 
ys (n — 1)2L (1) 
(2n — 1) cos 0-1 


where n = index of refraction of lens 
L = focal length (in same units as R) 


This reflector lens is approximately half the thickness and half the weight of a 
simple dielectric lens (Figs. 14-la or 14-3) and is an alternative to a parabolic 


Dielectric ; 
Flat Figure 14-20 Reflector-lens antenna con- 


reflector sisting of a plano-convex dielectric lens on 
a flat reflecting sheet. 


"J. D. Kraus, “Some Unique Reflector Antennas,” IEEE Ant. Prop. Soc. Newsletter, 24, 10, April 
1982. 
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reflector. An interesting, specialized application would be to use a pool of con- 
ducting liquid for the flat surface with a long focal length reflector lens situated 
above as in Fig. 14-20. Beam squinting by horizontal displacements of the feed 
would allow observations of a region near the zenith. Only the thickness of the 
lens is critical since the flatness of the reflecting surface is maintained automati- 
cally, thanks to gravity. The lens need not be in contact with the flat surface. A 
meridian-transit millimeter-wave radio astronomy application at low cost is 
envisioned. 


14-8 POLYRODS. A dielectric rod or wire can act as a guide for electro- 
magnetic waves.! The guiding action, however, is imperfect since considerable 
power may escape through the wall of the rod and be radiated. This tendency to 
radiate is turned to advantage in the polyrod antenna,” so called because the 
dielectric rod is usually made of polystyrene. A 64 long polyrod antenna is shown 
in cross section in Fig. 14-21a. The rod is fed by a short section of cylindrical 


poh | Peer Maximum 
SP 
XIS_ IANA ee 
: radiation 
AN Nose sen senses: 


Ne O25) 4 ep Polystyrene 0.3A 
a Circular metal tubing 
wave guide 


\ Coaxial feed line 


(a) 


6 


(d) 


Figure 14-21 (a) Cross section of cylindrical polystyrene antenna 6/ long. (5) Radiation pattern. 
(After G. E. Mueller and W. A. Tyrrell, “ Polyrod Antennas,” Bell System Tech. J., 26, 837-851, 


October 1947.) 


1D. Hondros and P. Debye, “Elektromagnetische Wellen an dielektrischen Drahten,” Ann. Physik, 
32, 465-476, 1910. 

S. A. Schelkunoff, Electromagnetic Waves, Van Nostrand, New York, 1943, pp. 425-428. 

R. M. Whitmer, “Fields in Non-metallic Guides,” Proc. IRE, 36, 1105-1109, September 1948. 

2G. E. Mueller and W. A. Tyrrell, “ Polyrod Antennas,” Bell System Tech. J., 26, 837-851, October 
1947. 


686 14 LENS ANTENNAS 


waveguide which, in turn, is energized by a coaxial transmission line. This type of 
polyrod acts as an end-fire antenna.’ 

The phase velocity of wave propagation in the rod and also the ratio of the 
power guided outside the rod to the power guided inside are both functions of 
the rod diameter D in wavelengths and the dielectric constant* of the rod 
material.* For polystyrene rods with D < 4/4, the rod possesses little guiding 
effect on the wave, and only a small fraction of the power is confined to the inside 
of the rod. The phase velocity in the rod is also close to that for the surrounding 
medium (free space). For diameters of the order of a wavelength, however, most 
of the power is confined to the rod, and the phase velocity in the rod is nearly the 
same as in an unbounded medium of polystyrene. For increased directivity oper- 
ation the diameter D, in free-space wavelengths of a uniform rod (length L, > 2 
and 2 < «, < 5)is 

3 


D, ~ ———————> 
, et OL, 


In practice, polystyrene rod diameters in the range 0.5 to 0.34 are used.* The tod 
may be uniform or to reduce minor lobes can be tapered as in Fig. 14-21a. This 
polyrod is tapered halfway and is uniform in cross section the remainder of its 
length. The diameter D is 0.5/ at the butt end and 0.3/ at the far end. The 
radiation-field pattern for this polyrod as given by Mueller and Tyrrell is shown 
in Fig. 14-21b. The gain is about 16 dBi. 

To a first approximation the radiation pattern of a polyrod antenna excited 
uniformly along its length may be calculated by assuming that it is a continuous 
array of isotropic point sources with a phase shift of about 360 (1 + 1/2L,) 
deg/wavelength of antenna, where L, is the total length of the antenna in free- 
space wavelengths.” The relative field pattern as a function of the angle 6 from 
the axis is then given by 


0.2 (1) 


sin (\'/2) 
y'/2 


1 1 
where w’ = 2nL, cos 6 — ant { + =<) = dof Lycos =) = | 


A 


E(6) = (2) 


* An end-fire polyrod antenna may be regarded as a degenerate or rudimentary form of lens antenna 
with an effective lens cross section of the order of a wavelength. See Gilbert Wilkes, “ Wavelength 
Lens,” Proc. IRE, 36, 206-212, February 1948. 

? The relative permittivity ¢, = 2.5 for polystyrene. See Table 14-1. 

> G. E. Mueller and W. A. Tyrrell, “ Polyrod Antennas,” Bell System Tech. J., 26, 837-851, October 
1947. 

* To transmit the lowest (TE, ,) mode in a circular waveguide, the diameter D of the guide must be at 
least 0.581/,/e,, where A is the free-space wavelength and ¢, is the relative permittivity of the guide. 
Thus, for a rod of polystyrene (¢, = 2.5) fed from a circular waveguide as in Fig. 14-21a, the guide 
diameter must be at least 0.37 to allow transmission in the metal tube. 


° This is the Hansen and Woodyard condition for increased directivity of an end-fire array. See 
Sec. 4-6d. 
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The radiation field could be calculated exactly by applying Schelkunoff’s 
equivalence principle, provided the fields on the surface were known.' By this 
principle the fields at the rod surfaces are replaced by equivalent electric and 
fictitious magnetic current sheets, and the radiation field is calculated from these 
currents. An approximate calculation has been made by assuming a field distribu- 
tion.” 

The directivity D of a polyrod antenna is given approximately by? 


D~8L, (3) 
and the half-power beam width by 


(4) 


L, 
where L, = length of polyrod in free-space wavelengths 


Polyrod antennas may also be of square or rectangular cross section. 
Another possibility is to use a dielectric sleeve of circular or square cross section, 
the interior of the sleeve being air-filled. In this case the appropriate diameter of 
the sleeve may be of the order of 1/.* 

The rods and cones of the retina of a human eye are similar to polyrod 
antennas but with unity front-to-back ratio and diameters of 1 to 24 as compared 
to the high front-to-back ratio and 4/2 diameter or less of the polyrod of Fig. 
14-21. The retina has an array of more than 100 million “polyrods.” Curiously, 
to an antenna engineer, all of the feed system and connections (axons and 
dendrites) are in front of the “polyrods.” However, this is all right because the 
“ wiring” is transparent.” 


14-9 MULTIPLE-HELIX LENSES. As mentioned earlier, an axial-mode 
monofilar helical antenna is a rudimentary form of lens antenna (see Fig. 14-25). 
A multiplicity of parasitic axial-mode monofilar helices can also be arranged as 
in Fig. 14-22 to form a phase-controlled lens. Helices of opposite hand are 
mounted back-to-back on a spherical shell with the center at the focus. The 
helices on the outer side of the shell receive the incoming wave which is 
retransmitted to the focal point by the helices on the inner side of the shell. The 


1S. A. Schelkunoff, “Equivalence Theorems in Electromagnetics,” Bell System Tech. J., 15, 92-112, 
1936. 

2R B. Watson and C. W. Horton, “The Radiation Patterns of Dielectric Rods—Experiment and 
Theory,” J. Appl. Phys., 19, 661-670, July 1948. 

3G. E. Mueller and W. A. Tyrrell, “Polyrod Antennas,” Bell System Tech. J., 26, 837-851, October 
1947. 

4D. G. Kiely, Dielectric Aerials, Methuen, 1953. 

5 For more detail see, for example, J. D. Kraus, Electromagnetics, 3rd ed., McGraw-Hill, 1984, 
pp. 596-597. 
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Plane 
Converging wave 


rays 


Wave 


& 5 . 
Focus direction 


Rotatable 
monofilar ; 
axial-mode Figure 14-22 Helix lens. Focusing is 


helix pairs accomplished by rotating helix pairs. 


lens is focused by rotating each helix pair with respect to a reference pair (at the 
center) to compensate for path-length differences. Rotation of a helix pair 
through an angle @ shifts the phase by 26. The number of turns n of each helix is 
given by 

n= (1) 
12S, A°N 


where A, = lens area - 
S, = helix turn spacing 
N = number of helix pairs 


To avoid grating lobes the spacing between helix pairs should be less than 1. The 
helices and coaxial interconnections should, of course, be matched. A helix lens 
1.3 m in diameter with 1213 helix pairs has been constructed for operation at 
8.15 GHz (A = 3.7 cm).' At this wavelength the lens diameter is 35 producing a 
half-power beam width of about 2°. 


14-10 LUNEBURG AND EINSTEIN LENSES. The Luneburg lens? 
shown in Fig. 14-23 is a spherically symmetric delay-type lens formed of a dielec- 
tric with index of refraction n which varies as a function of radius, as given by 


aeie es (z) (1) 


where r = radial distance from center of sphere 
R = radius of sphere 


‘ D. T. Nakatami and T. S. Ajioka, “Lens Designs Using Rotatable Phasing Elements,” [EEE APS 
Int. Symp. Dig., 357-360, June 1977. 


2 R. K. Luneburg, Mathematical Theory of Optics, Brown University Press, 1944. (Luneburg has 
sometimes been misspelled as Luneberg.) 
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Wave 3 
ae (fees horns 


Siu receiver 1 


Wave 2 [>> To receiver 2 
“To receiver 3 
wae Figure 14-23 Luneburg lens. A plane 
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When r = R, n = 1 while at the center of the sphere (r = 0), n = 2 (its maximum 
value). The lens has the property that an incident plane wave is brought to a 
focus on the opposite side of the sphere as suggested for wave 2 in Fig. 14-23. 
Simultaneously, waves from other directions will be brought to a focus at a point 
on the opposite side of the sphere, as suggested in Fig. 14-23 for waves 1 and 3. 
Thus, signals can be received simultaneously with a Luneburg lens from as many 
directions as there is space available on the sphere to place feed horns or other 
receiving devices. For steering a single beam the receiver (or transmitter) can be 
switched to different feed horns, or a single movable feed horn can be used. The 
variable index required can be obtained with an artificial dielectric material 
(Sec. 14-3) or with concentric shells of dielectric of different indices of refraction. 

If a Luneburg sphere is cut in half and a reflecting sheet placed on the flat 
side, a Luneburg reflector-lens antenna results with incoming wave at an angle of 
incidence 0, brought to a focus at the corresponding angle of reflection 0, = 6;. 

The full spherical Luneburg lens provides beam steering in both polar coor- 
dinates (@ and ¢). For steering in only one coordinate (¢), a plane (parallel-sided) 
section through the center of the sphere can be used. However, the beam is no 
longer the same in both coordinates due to vingetting in the @ direction. Kelleher 
gives a good review on the Luneburg lens and its variants. * 

Although the idea had been mentioned earlier, Albert Einstein’s brief note 
in Science? in 1936 was the first analysis of lens action by the gravitational field 
of a star such as the sun.° Incident electromagnetic waves passing around a star 
are deflected through an angle which is proportional to the mass of the star and 
brought to a focus on the far side, as suggested by the Einstein gravity lens of 
Fig. 14-24. There is no single focal point, rather a focal line extending from a 
minimum focal distance to infinity. The gain of the lens is proportional to the 
mass of the star and inversely proportional to the wavelength. At 4 = 1 mm a 
solar lens can, in principle, give a gain of more than 80 dB. If the spacecraft on 


1K. S. Kelleher, “Electromechanical Scanning Antennas,” in R. C. Johnson and H. Jasik (eds.), 
Antennas Engineering Handbook, 2nd ed., McGraw-Hill, 1984, chap. 18. 


2 A. Einstein, “Lens-like Action of a Star by the Deviation of Light in the Gravitational Field,” 
Science, 84, 506, 1936. 


3 Actually any large mass—the sun, Jupiter, the earth, a neutron star or a black hole—would do. 
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Figure 14-24 Einstein gravity lens. A plane wave incident on a large mass (such as the sun) is 
brought to a focus along a line extending from a minimum distance to infinity. Large gains are 
possible. 


the focal line has an antenna with 80 dB gain, the total system gain is 160 dB, 
equivalent to the gain of an array of 100 million 80 dB-gain antennas. 

The minimum focal distance in the case of the sun is about a dozen times 
the distance of Pluto so that we must wait until it is possible to send a properly 
equipped spacecraft to that distance before the sun can be put to use as a gravity 
lens. 

I give more details on the Einstein lens with a worked example in my book 
Radio Astronomy,‘ based on the very extensive treatment of Von R. Eshleman. 


ADDITIONAL REFERENCE 


Goldsmith, P. F., and G. J. Gill: “Dielectric Wedge Conical Scanned Gaussian Optics Lens 
Antenna,” Microwave J., 29, 207-212, September 1986. 


PROBLEMS? 
14-1 Dielectric lens. 

(a) Design a plano-convex dielectric lens for 5 GHz with a diameter of 104. The 
lens material is to be paraffin and the F number is to be unity. Draw the lens 
cross section. 

(b) What type of primary antenna pattern is required to produce a uniform aper- 
ture distribution? 

14-2 Artificial dielectric. Design an artificial dielectric with relative permittivity of 1.4 

for use at 3 GHz when the artificial dielectric consists of (a) copper spheres, (b) 

copper discs, (c) copper strips. 


1 J. D. Kraus, Radio Astronomy, 2nd ed., Cygnus-Quasar, 1986. 


* V. R. Eshleman, “Gravitational Lens of the Sun: Its Potential for Observations and Communica- 
tions over Interstellar Distances,” Science, 205, 1133, 1979. 


> Answers to starred (*) problems are given in App. D. 
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*14-3 Unzoned metal-plate lens. Design an unzoned plano-concave E-plane type of 


14-4 
14-5 


metal-plate lens of the unconstrained type with an aperture 10A square for use 

with a 3-GHz line source 10 long. The source is to be 20A from the lens (F = 2). 

Make the index of refraction 0.6. 

(a) What should the spacing between the plates be? 

(b) Draw the shape of the lens and give dimensions. 

(c) What is the bandwidth of the lens if the maximum tolerable path difference is 
2/4? 

Helix lens. Confirm (14-9-1). 

Cylindrical lens. Prove (14-2-15b). 


CHAPTER 


BROADBAND AND 
FREQUENCY-INDEPENDENT 
ANTENNAS 


15-1 BROADBAND ANTENNAS. Many antennas are highly resonant, 
operating over bandwidths of only a few percent. Such “tuned,” narrow- 
bandwidth antennas may be entirely satisfactory or even desirable for single- 
frequency or narrowband applications. In many situations, however, wider 
bandwidths may be required. 

The volcano smoke unipole antenna of Fig. 15-1a and the twin Alpine horn 
antenna of Fig. 15-1b are examples of basic wide-bandwidth antennas! (see 
earlier discussion of the antennas in Sec. 2-32). The gradual, smooth transition 
from coaxial or twin line to a radiating structure can provide an almost constant 
input impedance over very wide bandwidths. The high-frequency limit of the 
Alpine horn antenna may be said to occur when the transmission-line spacing 
d > 4/10 and the low-frequency limit when the open end spacing D < 4/2. Thus, 
if D = 1000d, the antenna has a theoretical 200 to 1 bandwidth. 

A compact version of the twin Alpine horn, shown in Fig. 15-1c and d, has a 
double-ridge waveguide as the launcher on an exponentially flaring 2-conductor 
balanced transmission line. The design in Fig. 15-1c and d incorporates features 


* I built and tested a volcano smoke antenna at the Harvard University Radio Research Laboratory 
in 1945 at the suggestion of Andrew Alford. The impedance bandwidth was very broad as anticipated. 
Drawings of both volcano smoke and twin Alpine horn antennas appeared in the first edition of this 
book (1950). 
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used by Kerr! and by Baker and Van der Neut.” The exponential taper is of the 
form 


y = kyet* (1) 


where k, and k, are constants. The exact curvature is not critical provided it is 
gradual. 

The fields are bound sufficiently close to the ridges that the horn beyond 
the launcher may be omitted. The version shown is a compromise with the top 
and bottom of the horn present but solid sides replaced by a grid of conductors 
with a spacing of about 4/10 at the lowest frequency. The grid reduces the pattern 
width in the H-plane, increasing the low-frequency gain. The Chuang-Burnside?* 
cylindrical end sections on the ridges reduce the back radiation and VSWR. 
Absorber on the top and bottom of the ridges (or horn) also reduces back- 
radiation and VSWR. 

Depending on the ratio of the open end dimension D to the spacing d of 
the ridges at the feed end, almost arbitrarily large bandwidths are possible with 
gain increasing with frequency. Thus, for the antenna of Fig. 15-1c and d, the 
feed dimension d=1.5 mm, so that the shortest wavelength 4= 15 mm 
(4/10 = 1.5 mm) and the open-end dimension D = 128 mm so that the longest 
wavelength 4 = 256 mm (A/2 = 128 mm) for a bandwidth of 17 to 1 (=256/15). 
For a similar antenna without end cylinders, Kerr reports bandwidths of 17 to 1 
with gains up to 14 dBi. 

The design of Fig. 15-1c and d is linearly polarized (vertical). With two 
orthogonal sets of ridges forming a quadruply ridged waveguide-fed horn, either 
vertical or horizontal or circular polarization can be obtained. 

The 120° wide-cone-angle biconical antenna of Fig. 15-le may be regarded 
as an evolved form of the volcano smoke antenna of Fig. 15-1a. The properties of 
the biconical antenna have been discussed in Chap. 8. An example of a 120° 
wide-cone biconical antenna is shown in Fig. 2-28c and, even though not fitted 
with end caps or absorber, has a nearly constant 50-Q input impedance over a 6 
to 1 bandwidth. 

Although the parabolic reflector is also a broadband device, its useful band- 
width is often restricted by the bandwidth of its feed. Other examples of broad- 
band antennas are the monofilar axial-mode helical antenna (Chap. 7) and the 
corner reflector (Chap. 12), both with bandwidths of 2 to 1 or more. Tapered 
helices or clustered helices have reported bandwidths of 5 to 1 or more (see 


1 J. L. Kerr, “Short Axial Length Broad Band Horns,” IEEE Trans. Ants. Prop., AP-21, 710-714, 
September 1973. 

2D. E. Baker and C. A. Van der Neut, “A Compact, Broadband, Balanced Transmission Line 
Antenna from Double-Ridged Waveguide,” [EEE Ant. Prop. Soc. Symp., Albuquerque, 1982, pp. 568- 
570. 

3 C. W. Chuang and W. D. Burnside, “A Diffraction Coefficient for a Cylindrically Truncated Planar 
Surface,” IEEE Trans. Ants. Prop., AP-28, 177-182, March 1980. 
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Figure 15-1 Wideband antennas. Volcano smoke (a) in cutaway view and twin Alpine horn (b) are 
basic types. Volcano smoke is omnidirectional in azimuth. The twin Alpine horn is unidirectional. 
Practical design derived from the twin Alpine horn with 17 to 1 design bandwidth is shown in side 
view (c) and end view (d). The 120° wide-cone-angle biconical antenna in (e) has end caps with 
absorber. 


Secs. 7-16, 7-17 and 15-4). The rhombic antenna (Sec. 11-16b) and the discone 
(Sec. 16-5) are also broadband types. 

All of the above antennas may have relatively constant input impedance 
and satisfactory pattern and gain over wide bandwidths with beam widths 
tending to become smaller and gains larger with increasing frequency. Although 
the increased gain may be highly desirable and useful, these antennas are not 
frequency independent in the sense that all parameters (impedance, pattern, 
polarization, gain) are constant or nearly so as a function of frequency. 

Consider, for example, the arrangement of Fig. 15-2, which consists of an 
adjustable 4/2 dipole made of two drum-type (roll-up) pocket rulers. If L is 
adjusted to approximately 1/2 at the frequency of operation, the impedance and 
pattern remain the same. Strictly speaking, the element thickness or width w and 
the size of the drum housing should also be adjusted, but if these dimensions 
remain small compared to J, this effect is small and for many purposes may be 


Sliding contact 


Figure 15-2 Adjustable 4/2 dipole of 2 
drum-type rulers illustrates the require- 
ment that to be frequency independent an 
antenna must expand or contract in pro- 
portion to the wavelength. 


Drum-type 
pocket rulers 


: semi line 
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negligible. This simple antenna illustrates the requirement that the antenna 
should expand or contract in proportion to the wavelength in order to be fre- 
quency independent, or if the antenna structure is not mechanically adjustable as 
above, the size of the active or radiating region should be proportional to the 
wavelength. Although the roll-up pocket ruler of Fig. 15-2 can be adjusted to 
different frequencies, it does not provide frequency independence on an instanta- 
neous basis. A dipole with tuned traps can provide instantaneous resonant oper- 
ation at a number of widely separated frequencies but not over a continuous 
wide bandwidth. A true frequency-independent antenna is physically fixed in size 
and operates on an instantaneous basis over a wide bandwidth with relatively 
constant impedance, pattern, polarization and gain. These kinds of antennas are 
discussed in subsequent sections. 


15-2 THE FREQUENCY-INDEPENDENT CONCEPT: RUMSEY’S 
PRINCIPLE. Beginning while at the Ohio State University in the early 1950s, 
continuing from 1954 to 1957 at the University of Illinois, and later at the Uni- 
versity of California, first at Berkeley and subsequently at San Diego, Victor H. 
Rumsey developed and introduced a new way of looking at antennas and their 
operation as a function of the frequency.’ 

Rumsey was intrigued with Mushiake’s observation? in 1949 that self- 
complementary antennas® have a constant impedance of Z)/2, or half the intrinsic 
impedance of space, at all frequencies. This is remarkable since there is an infinity 
of self-complementary shapes. A self-complementary planar antenna has a metal 
area congruent. to the open area, i.e., the two areas can be brought into coin- 
cidence by a rigid motion. Three examples of self-complementary antennas are 
shown in Fig. 15-3. The metal and open areas are congruent since a rotation of 
either brings both into coincidence. 

The slot and complementary dipole antennas of Chap. 13 are similarly 
related but usually require a translation for coincidence. Mushiake’s Z,/2 result 
comes directly from Booker’s relation for complementary slots and dipoles as 
given by (13-6-10). 

Rumsey’s principle is that the impedance and pattern properties of an antenna 


1 V.H. Rumsey, Frequency Independent Antennas, Academic Press, 1966. 

E. C. Jordan, G. A. Deschamps, J. D. Dyson and P. E. Mayes, “Developments in Broadband 
Antennas,” [EEE Spectrum, 1, 58-71, April 1964. 

P. E. Mayes, “Frequency-Independent Antennas: Birth and Growth of an Idea,” IEEE Ants. Prop. 
Soc. Newsletter, 24, 5-8, August 1982. 

2 Y. Mushiake, J. JEE Japan, 69, 1949. 

S. Uda and Y. Mushiake, “Input Impedance of Slit Antennas,” Tech. Rept. Tohoku University 14, pp. 
46-59, 1949. 


> The concept of complementary antennas applies strictly only to infinitesimally thin planar, perfectly 
conducting shapes of infinite extent. 
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Figure 15-3 Three self-complementary planar antennas. Theoretical terminal impedance is 188 2. 


will be frequency independent if the antenna shape is specified only in terms of 
angles. Thus, an infinite logarithmic spiral should meet the requirement. 

The biconical antenna of Chap. 8 is an example of an antenna that can be 
specified only in terms of the included cone angle, but it is frequency independent 
only if it is infinitely long. When truncated (without a matched termination) there 
is a reflected wave from the ends of the cones which results in modified imped- 
ance and pattern characteristics. 

To meet the frequency-independent requirement in a finite structure 
requires that the current attenuate along the structure and be negligible at the 
point of truncation. For radiation and attenuation to occur, as stated in Sec. 
2-37, charge must be accelerated (or decelerated) and this happens when a con- 
ductor is curved or bent normally to the direction in which the charge is trav- 
eling. Thus, the curvature of a spiral results in radiation and attenuation so that, 
even when truncated, the spiral provides frequency-independent operation over a 
wide bandwidth. 

Rumsey’s principle was implemented experimentally by John D. Dyson at 
the University of Illinois, who constructed the first practical frequency- 
independent spiral antennas in 1958, first the bidirectional planar spiral and then 
the unidirectional conical spiral. These two types are described in the next two 
sections. 


15-3 THE FREQUENCY-INDEPENDENT PLANAR LOG-SPIRAL 
ANTENNA. The equation for a logarithmic (or log) spiral is given by 


——— a? (1) 
or intr 0 Ina (2) 


where, referring to Fig. 15-4, 
r = radial distance to point P on spiral 
@ = angle with respect to x axis 
=a constant 
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Figure 15-4 Logarithmic or log spiral. 


From (1), the rate of change of radius with angle is 
>, —4 Ina=rina (3) 


The constant a in (3) is related to the angle B between the spiral and a radial line 
from the origin as given by 


dr 1 
ye 4 
ee rd@ tan fp (4) 
Thus, from (4) and (2), 
@=tan Binr (5) 


The log spiral in Fig. 15-4 was constructed so as to make r= 1 at 0=0 and 
r= 2 at 0=7. These conditions determine the value of the constants a and f. 
Thus, from (4) and (5), B = 77.6° and a = 1.247. Thus, the shape of the spiral is 
determined by the angle f which is the same for all points on the spiral.’ 


' Although it is a broadband antenna, the Archimedes spiral is not regarded as completely frequency 
independent. The angle 8 for an Archimedes spiral as given by r = a is not a constant but is a 
function of position along the spiral. However, remote from the origin on a tight Archimedes spiral, 8 
approaches a nearly constant angle and the Archimedes spiral becomes a close approximation of a 
tightly wound log spiral. See R. Bawer and J. J. Wolfe, “A Printed Circuit Balun for Use with Spiral 
Antennas,” [RE Trans. Microwave Th. Tech., MTT-8, 319-325, May 1960; and P. E. Mayes and J. D. 
Dyson, “A Note on the Difference between Equiangular and Archimedes Spiral Antennas,” [RE 
Trans. Microwave Th. Tech., MTT-9, 203-205, March 1961. 
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Let a second log spiral, identical in form to the one in Fig. 15-4, be gener- 
ated by an angular rotation 6 so that (1) becomes 


ry =a’? (6) 
and a third and fourth spiral given by 

rasa a" (7) 
and res gn? (8) 


Then, for a rotation 6 = 2/2 we have 4 spirals at 90° angles. Metalizing the areas 
between spirals 1 and 4 and 2 and 3, with the other areas open, self- 
complementary and congruence conditions are satisfied. Connecting a generator 
or receiver across the inner terminals, we obtain Dyson’s frequency-independent 
planar spiral antenna of Fig. 15-5.’ 

The arrows indicate the direction of the outgoing waves traveling along the 
conductors resulting in right-circularly polarized (RCP) radiation (IEEE 
definition) outward from the page and left-circularly polarized radiation into the 


1 J. D. Dyson, “The Equiangular Spiral Antenna,” IRE Trans. Ants. Prop., AP-7, 181-187, April 
1959. 
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Coaxial cable bonded 
to spiral arm 


Figure 15-6 Frequency-independent planar spiral antenna cut from large ground plane. 


page. The high-frequency limit of operation is determined by the spacing d of the 
input terminal and the low-frequency limit by the overall diameter D. The ratio 
D/d for the antenna of Fig. 15-5 is about 25 to 1. If we take d= 4/10 at the 
high-frequency limit and D = 4/2 at the low-frequency limit, the antenna band- 
width is 5 to 1. The spiral should be continued to a smaller radius but, for clarity, 
the terminal separation shown in Fig. 15-5 is larger than it should be. Halving it 
doubles the bandwidth. 

In practice, it is more convenient to cut the slots for the antenna from a 
large ground plane, as done by Dyson, and feed the antenna with a coaxial cable 
bonded to one of the spiral arms as in Fig. 15-6, the spiral acting as a balun.’ A 
dummy cable may be bonded to the other arm for symmetry but is not shown. 

Radiation for the antennas of Figs. 15-5 and 15-6 is bidirectional broadside 
to the plane of the spiral. The patterns in both directions have a single broad 
lobe so that the gain is only a few dBi. The input impedance depends on the 
parameters 6 and a and the terminal separation. According to Dyson, typical 
values are in the range 50 to 100 Q, or considerably less than the theoretical 


1 Balance-to-unbalance transformer. 
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188 Q (=Z,/2). The smaller measured values are apparently due to the finite 
thickness of spirals. 

Referring to Fig. 15-5, the ratio K of the radii across any arm, such as 
between spirals 2 and 3, is given by the ratio of (7) to (6), or 


K=—=a"r? (9) 
For the antenna of Fig. 15-5, 6 = 2/2 so 


Kea 2 = 4572 0.707 (=1)./2) (10) 


i) 


This is seen to be the ratio of the radial distances to the spiral of Fig. 15-4 at 
successive 90° intervals. 


15-4 THE FREQUENCY-INDEPENDENT CONICAL-SPIRAL 
ANTENNA. A tapered helix is a conical-spiral antenna and these were 
described and investigated extensively in the years following 1947. In my first 
article on the helical antenna published in 1947,’ I describe a tapered helix which 
I constructed and measured. Figure 15-7a and b shows tapered helical or conical 
spiral antennas in which the pitch angle is constant with diameter and turn 
spacing variable. These figures appeared in the first edition of this book (1950) 
and also appear as Fig. 7-59a and b of the present edition. These tapered helix or 
conical spirals were investigated by Springer (1950),”? by Chatterjee (1953, 1955)° 


(a) (b) 


Figure 15-7 Tapered helical or conical-spiral (forward-fire) CP antennas. 


1 J.D. Kraus, “ Helical Beam Antenna,” Electronics, 20, 109-111, April 1947. 

2 P. S. Springer, “End-Loaded and Expanding Helices as Broad-Band Circularly Polarized Radi- 
ators,” Electronic Subdiv. Tech. Rept. 6104, Wright-Patterson AFB, 1950. 

3 J. S. Chatterjee, “Radiation Field of a Conical Helix,” J. Appl. Phys., 24, 550-559, May 1953; 
“Radiation Characteristics of a Conical Helix of Low Pitch Angle,” J. Appl. Phys., 26, 331-335, 
March 1955. | 
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Figure 15-8 Dyson 2-arm balanced 
conical-spiral (backward-fire) antenna. 
Polarization is RCP. Inner conductor of 
coax connects to dummy at apex. 


and others, and more recently by Nakano, Mikawa and Yamauchi,’ and found 
capable of bandwidths of 5 to 1 or more (see Sec. 7-17). Chatterjee also described 
a planar spiral antenna. 

However, it was not until 1958 that John D. Dyson? at the University of 
Illinois made the tapered helix or conical spiral fully frequency independent by 
wrapping or projecting multiple planar spirals onto a conical surface. 

A typical balanced 2-arm Dyson conical spiral is shown in Fig. 15-8. The 
conical spiral retains the frequeney-independent properties of the planar spiral 
while providing broad-lobed unidirectional circularly polarized radiation off the 
small end or apex of the cone. As with the planar spiral, the two arms of the 
conical spiral are fed at the centerpoint or apex from a coaxial cable bonded to 
one of the arms, the spiral acting as a balun. For symmetry a dummy cable may 
be bonded to the other arm, as suggested in Fig. 15-8. In some models the metal 
straps are dispensed with and the cables alone used as the spiral conductors. 
According to Dyson, the input impedance is between 100 and 150 Q for a pitch 
angle « = 17° and full cone angles of 20 to 60°. The smaller cone angles (30° or 
less) have higher front-to-back ratios of radiation. The bandwidth, as with the 


* H. Nakano, T. Mikawa and J. Yamauchi, “ Numerical Analysis of Monofilar Conical Helix,” [EEE 
AP-S Int. Symp., 1, 177-180, 1984. 


? J. D. Dyson, “The Unidirectional Spiral Antenna,” JRE Trans. Ants. Prop., AP-7, 329-334, October 
1959. 
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planar spiral, depends on the ratio of the base diameter (~4/2 at the lowest 


frequency) to the truncated apex diameter (~ 4/4 at the highest frequency). This 
ratio may be made arbitrarily large. 

Conical and planar spirals with more than 2 arms are also possible and 
have been investigated by Dyson and Mayes’ and by Deschamps,’ all at the 
University of Illinois, and also by Atia and Mei.° 


15-5 THE LOG-PERIODIC ANTENNA. While the planar and conical 
spirals were being developed, Raymond DuHamel and Dwight Isbell,* also at the 
University of Illinois, created a new type of frequency-independent antenna with 
a self-complementary toothed structure as suggested in Fig. 15-9. In an alterna- 
tive version, the metal and slot areas of Fig. 15-9 are interchanged. Since 


“Coaxial lin 


Figure 15-9 Self-complementary toothed log-periodic antenna of DuHamel and Isbell. 


1 J. D. Dyson and P. E. Mayes, “ New Circularly-Polarized Frequency-Independent Antennas with 
Conical Beam or Omnidirectional Patterns,” [RE Trans. Ants. Prop., AP-9, 334-342, July 1961. 

2G. A. Deschamps, “Impedance Properties of Complementary Multiterminal Planar Structures,’ 
IRE Trans. Ants. Prop., AP-7, 8371-378, December 1959. 

3 AE. Atia and K. K. Mei, “Analysis of Multiple Arm Conical Log-Spiral Antennas,” [EEE Trans. 
Ants. Prop., AP-19, 320-331, May 1971. 

4R H. DuHamel and D. E. Isbell, “Broadband Logarithmically Periodic Antenna Structures,” [RE 
Natl. Conv. Rec., pt. 1, 119-128, 1957. 
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Figure 15-10 Isbell log-periodic frequency-independent type of dipole array of 7 dBi gain with 11 
dipoles showing active central region and inactive regions (left and right ends). 


B, + B, =90° the self-complementary condition is fulfilled. The expansion 
parameter 


R, + 1 
k,=— 1 
a (1 
and the tooth-width parameter 
k, =— 2 
a (2) 


Further work at the University of Illinois showed that the self- 
complementary condition was not required, and by 1960 Dwight Isbell’ had 
demonstrated the first log-periodic dipole array.* The basic concept is that a grad- 
ually expanding periodic structure array radiates most effectively when the array 
elements (dipoles) are near resonance so that with change in frequency the active 
(radiating) region moves along the array. This expanding structure array differs 
from the uniform arrays considered in Sec. 7-11. 

The log-periodic dipole array is a popular design. Referring to Fig. 15-10, 
the dipole lengths increase along the antenna so that the included angle a is a 
constant, and the lengths / and spacings s of adjacent elements are scaled so that 


(3) 


' D. E. Isbell, “ Log Periodic Dipole Arrays,” IRE Trans. Ants. Prop., AP-8, 260-267, May 1960. 


* So called because the structure repeats periodically with the logarithm of the frequency. Put another 
way, the structure doubles for each doubling of the wavelength [see (8)]. 
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Figure 15-11 Log-periodic array geometry 
for determining the relation of parameters. 


where k is a constant. At a wavelength near the middle of the operating range, 
radiation occurs primarily from the central region of the antenna, as suggested in 
Fig. 15-10. The elements in this active region are about 4/2 long. 

Elements 9, 10 and 11 are in the neighborhood of 1/4 long and carry only 
small currents (they present a large inductive reactance to the line). The small 
currents in elements 9, 10 and 11 mean that the antenna is effectively truncated at 
the right of the active region. Any small fields from elements 9, 10 and 11 also 
tend to cancel in both forward and backward directions. However, some radi- 
ation may occur broadside since the currents are approximately in phase. The 
elements at the left (1, 2, 3, etc.) are less than 4/2 long and present a large capac- 
itative reactance to the line. Hence, currents in these elements are small and 
radiation is small. 

Thus, at a wavelength J, radiation occurs from the middle portion where 
the dipole elements are ~//2 long. When the wavelength is increased the radi- 
ation zone moves to the right and when the wavelength is decreased it moves to 
the left with maximum radiation toward the apex or feed point of the array. 

At any given frequency only a fraction of the antenna is used (where the 
dipoles are about //2 long). At the short-wavelength limit of the bandwidth only 
15 percent of the length may be used, while at the long-wavelength limit a larger 
fraction is used but still less than 50 percent. 

From the geometry of Fig. 15-11 for a section of the array, we have 


ee & a (4) 


or from (3), 


_O= C/K) Mn+ 1/2) 


tan (5) 
s 
Taking |, ,, = 4/2 (when active) we have 
1 — (1/k 
tana — bis 5) (6) 
As, 


where a = apex angle 
k = scale factor 
S, = spacing in wavelengths shortward of 4/2 element 
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Figure 15-12 Relation of log-periodic array parameters of apex angle «, scale factor k and spacing s, 
[from (6)] with optimum design line and gain values according to Carrel and others (see text for 


details). 


Specifying any 2 of the 3 parameters a, k and s, determines the third. The 
relationship of the 3 parameters is displayed in Fig. 15-12 with the optimum 
design line (maximum gain for a given value of scale factor k) and gain along this 
line from calculations of Carrel,| Cheong and King,* De Vito and Stracca® and 
Butson and Thomson.* 

The length | (and spacing s) for any element n+ 1 is k” greater than for 
element 1, or 


where F = frequency ratio or bandwidth 


Thus, if k = 1.19 and n= 4, F = k* = 1.19* = 2 and element 5 (=n + 1) is twice 
the length 1, of element 1. Thus, with 5 elements and k = 1.19, the frequency ratio 
is 2 to 1. 


Example. Design a log-periodic dipole array with 7 dBi gain and a 4 to 1 band- 
width. Specify apex angle «, scale constant k and number of elements. 


" R. L. Carrel, “The Design of Log-Periodic Dipole Antennas,” IRE Int. Conv. Rec., 1, 61—75, 1961. 

2 W. M. Cheong and R. W. P. King, “Log Periodic Dipole Antenna,” Radio Sci., 2, 1315-1325, 
November 1967. 

> G. De Vito and G. B. Stracca, “Comments on the Design of Log-Periodic Dipole Antennas,” IEEE 
Trans. Ants. Prop., AP-21, 303-308, May 1973; AP-22, 714-718, September 1974. 

* P. C. Butson and G. T. Thomson, “A Note on the Calculation of the Gain of Log-Periodic Dipole 
Antennas,” [EEE Trans. Ants. Prop., AP-24, 105-106, January 1976. 
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Solution. From Fig. 15-12, the 7 dBi point on the maximum gain line corresponds 
to the apex angle a = 15° and k = 1.2. (We also note that s, = 0.15.) From (7), 


ke =F or ink = ine (8) 


d ee ee ee. 
i. tii ee 0) 


Taking n = 8, n+ 1 = 9. Adding 2 more elements for a conservative design brings 
the total to 11.' 


The array in Fig. 15-10 corresponds to the parameters of the above 
example. The E-plane HPBW ~ 60°. The H-plane beam width is a function of 
the gain as given by 

1 000 


4 
HPBW (#7 plane) <= =——__— 
D x 


oo.) (10) 


For the antenna of the example D = 5, since log,,. 5 = 7 dBi, so 


41000 
HPBW (H plane) < 5x 60° > [37 (11) 

Details of construction and feeding are shown in Fig. 15-13. The arrange- 
ment in (a) is fed with coaxial cable, the one at (b) with twin line. 

To obtain more gain than with a single log-periodic dipole array, 2 arrays 
may be stacked. However, for frequency-independent operation, Rumsey’s prin- 
ciple requires that the locations of all elements be specified by angles rather than 
distances. This means that both log-periodic arrays must have a common apex, 
and, accordingly, the beams of the 2 arrays point in different directions. For a 
stacking angle of 60°, the situation is as suggested in Fig. 15-14a for dipole arrays 
of the type shown in Figs. 15-10 and 15-13. The array in Fig. 15-14b is a 
skeleton-tooth or edge-fed trapezoidal type. Wires supported by a central boom 
replace the teeth of the antenna of Fig. 15-9. 

For very wide bandwidths the log-periodic array must be correspondingly 
long. To shorten the structure, Paul Mayes and Robert Carrel,” of the University 
of Illinois, developed a more compact V-dipole array which can operate in 
several modes. In the lowest mode, with the central region dipoles ~//2 long, 
operation is as already described. However, as the frequency is increased to the 
point where the shortest elements are too long to give 4/2 resonance, the longest 
elements become active at 3//2 resonance. As the frequency is increased further, 


1 The number of extra elements needed depends, for example, on the design gain. Thus, for a high- 
gain design the active region requires more elements than for a low-gain design so that the bandwidth 
is less than given by k”. 


2 P. E. Mayes and R. L. Carrel, “Log Periodic Resonant-V Arrays,” San Francisco Wescon Conf., 
August 1961. 
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Figure 15-13 Construction and feed details of log-periodic dipole array. Arrangement at (a) has a 
50- or 75-Q coaxial feed. The one at (b) has criss-crossed open-wire line for 300-Q twin-line feed. 


the active region moves to the small end in the 32/2 mode. With still further 
increase in frequency the large end becomes active in still higher-order modes. 
The forward tilt of the V-dipoles has little effect on the 4/2 mode but in the 
higher modes provides essential forward beaming. An example of a V-dipole 
array is shown in Fig. 15-15. 


15-6 THE YAGI-UDA-CORNER-LOG-PERIODIC (YUCOLP) 
ARRAY. For ultimate compactness and gain, to cover the 54 to 890 MHz USS. 
TV and FM bands, a hybrid YUCOLP (Yagi-Uda—Corner—Log-Periodic) array 
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Figure 15-14 Stacked log-periodic arrays, with dipole type, as in Figs. 15-10 and 15-11, at (a) and 
trapezoidal or edge-fed type at (b). 


is a popular design. A typical model, shown in Fig. 15-15, has an « = 43°, k = 1.3 
LP array of 5 V-dipoles to cover the 54 to 108 MHz TV and FM bands with a 
6 dBi gain in the A/2 mode, the 174 to 216 MHz band with 8 or 9 dBi gain in the 
31/2 mode and a square-corner—YU array to cover the 470 to 890 UHF TV band 
with a 7 to 10 dBi gain. The total included angle of the V-dipoles is 120°. The 
corner-YU array is similar in design to the one in Fig. 11-42. As frequency 
increases, the active region moves from the large to the small end of the LP array 
in the 2/2 mode, then from the large to the small end in the 34/2 mode, next to 
the corner reflector and finally to the YU array. The corner-YU array provides 
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Uda Figure 15-15 YUCOLP (Yagi-Uda—Corner-— 
Log-Periodic) hybrid array for covering U.S. 
VHF TV and FM bands and UHF TV band. 
The YU-corner combination provides higher 
gain for the UHF TV band than an extension 
of the LP dipole array. 


more gain for the UHF band than possible with a high-frequency extension of 
the LP array. 


PROBLEMS 

15-1 Log spiral. Design a planar log-spiral antenna of the type shown in Fig. 15-5 to 
operate at frequencies from 1 to 10 GHz. Make a drawing with dimensions in 
millimeters. 


15-2 Log periodic. Design an “optimum” log-periodic antenna of the type shown in 
Fig. 15-10 to operate at frequencies from 50 to 250 MHz. Make a drawing with 
dimensions in meters. 

15-3 Stacked LPs. Two LP arrays like in the worked example of Sec. 15-5 are stacked as 
in Fig. 15-14a. : 

(a) Calculate and plot the vertical plane field pattern. Note that pattern multiplica- 
tion cannot be applied. 
(b) What is the gain? 


CHAPTER 


ANTENNAS FOR 
SPECIAL 
APPLICATIONS: 
EE DING 
CONSIDERATIONS 


16-1 INTRODUCTION. Previous chapters cover the properties of many 
basic types of antennas which are the mainstream of antenna technology. In this 
chapter, more specialized, application-oriented antennas are discussed. These 
include antennas that are electrically small (but sometimes physically very large) 
and ones that are physically small (but sometimes electrically large), siting of 
antennas and the effect of typical ground, feeding and matching arrangements, 
and antennas for specialized applications from vehicular to satellite communica- 
tion. 


16-2 ELECTRICALLY SMALL ANTENNAS. The radiation efficiency 


of an antenna is given by 


R, 


RE 
R, + R, 


(dimensionless) (1) 


where R, = radiation resistance, Q 
R,, = loss resistance, Q 


From (5-3-15), radiation resistance of a short dipole is given by 


R,=20072 (Q) (2) 
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where |, = length of dipole in wavelengths, dimensionless 


If 1, = 0.1, R, = 2 Q; if 1, = 0.01, R, = 0.02 Q. With such low values of radiation 
resistance it is apparent that even small values of loss resistance can result in low 
radiation efficiency. 


Example. Referring to Fig. 16-1a, a 100-kHz transmitter feeds a 150-m vertical 
antenna against ground. The loss resistance is 2 9. Find (a) the effective height, (b) 
the radiation resistance and (c) the radiation efficiency. 


Radiating 
tower 


Ground “Feed across 
base insulator 


(a) (b) 


Figure 16-1 Electrically small antennas. (a) 150-m tower for operation at 1, = 3000 m. (b) 
Two non-radiating towers supporting flat top for increasing effective height. 


Solution 

(a) At 100 kHz (A = 3000 m), the antenna (physical) height h, = 0.054 (= 150/3000) 
and with a triangular current distribution (current zero at top increasing linearly 
to a maximum value IJ, at the base) we have, from (2-19-3), that the effective 
height h, = h,/2 = 0.025A. 

(b) The radiation resistance for a short vertical monopole is given by 


R, = 400( 2) = 1600( “e) Q 3) 
, = 400{#} = 16001} @) (3) 


where h, = physical height, m 
h, = effective height, m 
and for the 150-m vertical radiator, we have 


R, = 400 x 0.05 =1Q 
(c) From (1) the radiation efficiency 


R 1 
RE = ——— = —— = 0.33 or 33 percent 
Rae aaa at 


To increase the radiation efficiency requires an increase in the radiation 
resistance R, or a decrease in the loss resistance R,; or both. The loss resistance 


* It is assumed in (2) and (3) that the average antenna current is 4 the terminal current. 
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involves losses in the ground system, antenna insulators, tuning coil, conductors 
(including the tower itself) and corona. These may be reduced but only at a 
certain cost. On the other hand, doubling the physical height of the antenna 
quadruples the radiation resistance and increases the radiation efficiency. 
However, to double the tower height might cost 8 times as much (cost pro- 
portional approximately to the cube of the height). Another alternative would be 
to use 2 towers 150 m tall supporting a vertical wire with flat top as suggested in 
Fig. 16-1b, making the current distribution along the vertical conductor more 
uniform (I,, > 41,) and the effective height more nearly equal to the physical 
height. This will not quadruple R, but could increase it by some factor less than 
4. The currents on the flat top are in phase opposition and, being separated by a 
small fraction of a wavelength, have only a small effect on the radiation. What 
steps, if any, are taken to increase the radiation efficiency involve trade-offs with 
cost considerations a determining factor. 

According to Harold Wheeler,’ a figure-of-merit for an electrically small 
antenna is its radiation power factor: 

Fe eeu power _ R, iat (4) 
reactive power X 
where R, = radiation resistance 
X = reactance 


This is not the same as 1/Q since 


energy stored per unit time xX center frequency 5 

ae energy lost per unit time R, + R, bandwidth (>) 

Thus, increasing either R, or R,, or both, reduces.Q and broadens the band- 

width. However, only an increase in R, increases Wheeler’s radiation power 

factor. 

Harold Wheeler defines an electrically small antenna as one which occupies 

a volume of less than a radian sphere, i.e., a sphere of radius r = A/2n (=0.16 4). 

The significance of this definition is that stored energy dominates inside the 

radian sphere while radiated energy is important outside. Wheeler shows further 

that the radiation power factor for a small antenna is equal to the ratio of the 
antenna volume to a radian sphere or 


t | air 2ar\° 
pp — antenna volume ___ 379 -() 6) 


1H. A. Wheeler, “Fundamental Limitations of Small Antennas,” Proc. IRE, 35, 1479-1484, Decem- 
ber 1947. 

H. A. Wheeler, “Small Antennas,” JEEE Trans. Ants. Prop., AP-23, 462-469, July 1975. 

See also R. C. Hansen, “Fundamental Limitations of Antennas,” Proc. IEEE, 69, 170-182, February 
1981. 
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where r = radius of antenna volume, m 
2 = wavelength, m 


According to (6), the PF or figure-of-merit of a small antenna varies as the cube 
of its dimension. If R, = 0 in (5), we have from (4) and (6) that 


1 


ii Qury: 


(7) 


Thus, an electrically small lossless antenna (2zr, < 1) is inherently high Q and 
narrow bandwidth. We note from (5) that losses decrease Q and increase band- 
width. 

To reduce the attenuation through salt water, very low frequencies (10 to 
50 kHz) are used for transmitting to submerged submarines. At a frequency of 
10 kHz (A = 30 km) antennas may have flat tops covering many square kilo- 
meters and rank as the world’s largest antennas (physically), yet they are electri- 
cally small (h, < 0.014). (See Prob. 16-21.) 


16-3 PHYSICALLY SMALL ANTENNAS. Heinrich Hertz and other 
radio pioneers used meter and centimeter wavelengths, but the demonstration of 
long-distance communication with kilometer wavelengths by Guglielmo Marconi 
and others soon moved interest from the short to the long wavelengths. However, 
over the intervening years this trend has been reversed and now active radio 
technology extends down to millimeter and submillimeter wavelengths. One of 
the bonuses of the short wavelengths is the spectrum space available for many 
wide-bandwidth video and high-data-rate channels. 

Antennas for these short wavelengths include printed and patch antennas 
(Sec. 16-12) and ones with built-in (integrated) active elements (amplifiers and 
detectors) (Sec. 16-13). These active elements can compensate for the increased 
transmission-line losses at millimeter wavelengths. 

The twin Alpine exponential horn described in Secs. 2-2, 2-28 and 15-1 is 
well adapted for printed-circuit fabrication, as suggested in Fig. 16-2. Here the 


4conductor 


Thickness 
exaggerated 


50Q feed Dielectric 


strip 


) Section 
through a-a’ 


Figure 16-2 Exponential notch antenna with 50-Q microstrip feed. 
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horn takes the form of an exponential notch in the conducting surface of a circuit 
board with coupling from a 50-Q strip line on the other surface of the board. 
Bandwidths of 5 to 1 are possible but with only small gain.’ However, many such 
printed notch radiators can be stacked to form highly directional phased arrays.” 

Visible wavelengths (blue to red) extend from 400 to 700 nm. Infrared wave- 
lengths extend from 700 nm into the micrometer range where they merge with 
radio. Whether these micrometer wavelengths are called infrared or radio is arbi- 
trary. With printed-circuit technologies now able to fabricate structures in the 
micrometer and nanometer range,* it may be possible to construct antennas for 
visible wavelengths. 

An array of 4/2 dipoles connected to detector (rectifier) elements has been 
described by Marks* for the direct, high-efficiency conversion of light to de 
power. An important application is power generation from solar radiation. 

In the design proposed by Marks, a broadside array of 4/2 dipoles is used 
to collect the incident radiation and convert it to direct current via a 2-conductor 
RF transmission line which terminates in a full-wave bridge rectifier. The dc 
output of the rectifier feeds the conductors of a dc bus. However, my variant, 
shown in Fig. 16-3, consists of an array of A dipoles (2 colinear 4/2 dipoles), 
reducing the number of dipoles required to 4. 

From the table of Sec. 2-24 the effective aperture of a resonant 4/2 dipole is 
0.1342. If the array is backed by a suitable reflector (solid or grid) the effective 
aperture of each dipole can be doubled (approximately) to 0.267, which is about 
the same as an area 4/2 square, as shown shaded for one //2 dipole in Fig. 16-3. 
It is apparent that the aperture efficiency of the array should be about 100 
percent.° 

This efficiency implies linear polarization. However, solar radiation is unpo- 
larized (equivalent to 2 orthogonal polarizations® in random phase), so that the 
aperture efficiency for sunlight is only about 50 percent. To capture the cross- 
polarized radiation requires an additional orthogonal array (with grid reflector) 
placed above the other array with all de outputs combined. Phasing between the 


1 § N. Prasad and S. Mahapatra, “A New MIC Slot-Line Aerial,” [EEE Trans. Ants. Prop., AP-31, 
525-527, May 1983. 


2 J. L. Armitage, “Electronic Warfare Solid-State Phased Arrays,” Microwave J., 29, 109-122, Feb- 
ruary 1986. 

3 A. L. Robinson, “Cornell Submicron Facility Dedicated,” Science, 214, 777-778, 1981. 

4 A. M. Marks, “Device for Conversion of Light Power to Electric Power,” U.S. Patent 4,445,050, 
Apr. 24, 1984. 

5 Note that proper phasing for broadside operation requires that adjacent dipoles (whether 4/2 long 
as in Marks’ design or / long as in Fig. 16-3) be cross-connected. An alternative is to space the 
dipoles by 1/4 and have 2 such identical arrays, each with its own transmission line and rectifiers, one 
array above (or below) and staggered 4/2 with respect to the other array. The reflector could be 
spaced 4/4 and 34/4 respectively from the 2 arrays. 


6 Two orthogonal linear polarizations or left- and right-circular polarizations. Note that an unpo- 
larized wave is not the same as a single circularly polarized wave. 
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Figure 16-3 Dipole array for direct conversion of light 
to dc power. The wavelength 4 ~ 600 nm. 
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arrays is of no concern. With such a combination array, 100 percent aperture 
efficiency is possible, in principle. Although transmission line and rectifier loss 
could reduce the overall light-to-dc efficiency to 75 or 80 percent, this is several 
times the efficiency of present photocell devices. Since the array may be imbedded 
in a dielectric, the dipole dimensions for resonance will be less than in air or less 
than about 500 nm for the center-fed full-/ dipole. 

Although not operating in a strict sense as an antenna, the rods and cones 
of the retina of the human eye are very similar in design to a polyrod antenna 
(see Sec. 14-8), with conversion of photon to dc impulses transmitted via bipolar 
cells, dendrites and axons (transmission lines) to the brain for signal processing 
and image recognition.’ The retina contains an array of over 100 million rods 
and cones. A typical cone is 50 wm long with diameter tapering from about 3 um 
at one end to 1 um at the other. At a light wavelength of 500 nm (4 um) these 
dimensions correspond to a length of 100A and diameters of 6 to 24. It is inter- 
esting that the index of refraction of the cone medium is nearly the same as 
employed in typical commercial optical fibers (n ~ 1.45). 


16-4 ANTENNA SITING AND THE EFFECT OF TYPICAL 
(IMPERFECT) GROUND. In Secs. 11-7 and 11-8 the vertical plane pat- 
terns for horizontal and vertical antennas were calculated assuming that the 


* J. D. Kraus, Electromagnetics, 3rd ed., McGraw-Hill, 1984, p. 596. 
J. M. Enoch and F. L. Tobey (eds.), Vertebrate Photoreceptor Optics, Springer Verlag, 1981. 
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Figure 16-4 Geometry for horizontal 
dipole at height h above a flat earth or 


Image¢ ground. 


ground was perfectly conducting (o = 00). Let us consider now the more general 
situation of a flat ground which is not perfectly conducting, considering first the 
case for horizontal polarization. Referring to Fig. 16-4, the electric field from the 
horizontal dipole is perpendicular () to the page or plane of incidence. 
Assuming the ground is nonmagnetic (u = fo), it may be shown that the reflec- 


tion coefficient (9 ,) is given by’ 
sin « — ./&, — cos? a 
SS (1) 


i ketan 5) 
sin a + ./& — COS’ & 


where ¢, = relative permittivity of the ground = ¢/é where 
€ = ground permittivity 
E>) = air (or vacuum) permittivity 
a = elevation angle (=90° minus angle of incidence 
measured from the zenith) 


If «, > 1, (1) reduces to 


sina—n 
sig hee 2 
Pa sina+n (2) 


where n = Je = index of refraction 


The relative electric field at a large distance is the resultant of the direct ray from 
the dipole and the ray reflected from the ground, as suggested in Fig. 16-4, as 


1 See, for example, J. D. Kraus, Electromagnetics, 3rd ed., McGraw-Hill, 1984, p. 515. 
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Figure 16-5 Short vertical dipole at 
height h above a flat ground. 
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given by 


E, =1+p,/2Bh sin « (3) 
where PB = 2n/A 
h = height of horizontal dipole above ground 
a = elevation angle 
p, = reflection coefficient 
26h sin a = path length difference of direct and reflected rays, rad 


In its complex form 
pele ale opagy ee (4) 
WE 
From (2) we note that if the ground is: (1) perfectly conducting (o = 00) or (2) a 
lossless dielectric (« = 0) of large relative permittivity (¢, > 1), 


p.=-l (5) 


and the patterns for the two cases are the same. 

Consider now the situation for vertical polarization. Referring to Fig. 16-5, 
the electric field from the short vertical dipole is parallel (||) to the page or plane 
of incidence. Assuming that the ground is nonmagnetic (u = Ho), 1t may be shown 
that the reflection coefficient (p))) is given by’ 


€, sin a — ./e, — cos” « 
Us (6) 
GrasSi DAO sae Ea COS ao 
If ¢, > 1, (6) reduces to 
nsin a — 1 


lh eeerNe eg 


(7) 


where n = J = index of refraction 


* See, for example, J. D. Kraus, Electromagnetics, 3rd ed., McGraw-Hill, 1984, p. 518. 
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As with the horizontal dipole, the field at a large distance is the resultant of the 
direct ray from the vertical dipole and the ray reflected from the ground, as 
suggested in Fig. 16-5, as given by 


E, =cos a[1 + py /2Bh sin «] (8) 


where PB = 2z/A 
h = height of center of short vertical dipole above ground 
a = elevation angle 
p), = reflection coefficient 
2Bh sin « = path length difference of direct and reflected rays, rad 


From (7) we note that if the ground is: (1) perfectly conducting (o = 0) or (2)a 
lossless dielectric (o = 0) of large relative permittivity (¢, > 1), 


py = +1 (9) 


and the patterns for the two cases are similar, except at small values of sin a. 
To illustrate the significance of the above relations let us consider several 
important cases.’ 


Example 1. A horizontal 2/2 dipole is situated 4/2 above a homogeneous. flat 
ground of rich, clay soil typical of many midwestern U.S. states (€& = 16, d= 
10-2 U m~?). Calculate and plot the vertical-plane electrical field pattern broadside 
to the dipole at (a) 1 MHz and (b) 100 MHz. 


Solution. From (4), the loss term of the relative permittivity at 1 MHz is equal to 


Pi 10° 
Hea 2m © 10x. 3.85 «10 


which is large compared to the dielectric term ¢, = 16. However, at 100 MHz, ¢7 = 
1.8 and is small compared to ¢, = 16. 


(a) 1 MHz case. Putting ¢, = 16 — j180 in (2) for p, as a function of the elevation 
angle « and then in (3) with h = 4/2, the electric field pattern as a function of « is 
given by the solid curve in Fig. 16-6. The loss permittivity ¢7 is sufficiently large 
at 1 MHz that the pattern is essentially the same as for a perfectly conducting 
ground. 

(b) 100 MHz case. Putting ¢, = 16 —j1.8 in (2) for p, as a function of a and then in 
(3) with h = 2/2, the pattern is as shown by the dashed curve in Fig. 16-6. 


Comparing the 2 cases, we note that at 1 MHz the pattern has a vertical null 
(at « = 90°) which is filled in at 100 MHz and also that the gain is greater at the 
lower frequency (up 1 dB at « = 30°). 


1 For table of ground and water constants, see App. A, Sec. A-6. 
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Figure 16-6 Vertical plane patterns for Example 1 of horizontal 4/2 dipole 1/2 above a flat 
earth with ¢/ = 16 and o = 10°? U m“? at 1 MHz (solid curve) and at 100 MHz (dashed 
curve). The pattern for perfectly conducting ground (a = oo) is essentially the same as the solid 
curve. Patterns to left (90° < a < 180°) are mirror images. 


Example 2. A short vertical dipole (I < 1/10) [E(6) = cos «] is located 4/2 above a 
ground with the same constants as for Example 1. Calculate and plot the electric 
field pattern at (a) 1 MHz and (b) 100 MHz. 


Solution 

(a) 1 MHz case. Putting ¢, = 16 — j180 in (7) for p, as a function of a and then in (8) 
with h = 4/2, the pattern is given by the dashed curve in Fig. 16-7. 

(b) 100 MHz case. Putting ¢, = 16 — j1.8 in (7) for p, and then in (8) with h = 4/2, 
the pattern is as shown by the dotted curve in Fig. 16-7. The solid pattern is for 
perfectly conducting ground (o = o) (same at all frequencies). 
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Figure 16-7 Vertical plane patterns for Example 2 of short vertical dipole 4/2 above a flat 
earth with ¢ = 16 and o = 10°* © m“! at 1 MHz (dashed curve) and at 100 MHz (dotted 
curve). The pattern for perfectly conducting ground (¢ = oo), as shown by the solid curve, is 
the same at all frequencies. Patterns to left (90° < ~ < 180°) are mirror images. 
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Figure 16-8 Vertical plane patterns for Example 3 of short vertical dipole at the surface of a 
flat earth with ¢) = 16 and o = 10-2 U m7! at 1 MHz (dashed curve) and at 100 MHz (dotted 
curve). The pattern for perfectly conducting ground (same at all frequencies) is shown by the 
solid curve. Patterns to left (90° < « < 180°) are mirror images. 


Example 3. Repeat Example 2 for the case where the vertical dipole is at the ground 
(vertical monopole) so that we may set =: 


Solution. Since h = 0, (8) reduces to 


Ei cos.a(l-p\)) (10) 
and introducing (7), 
2n sin 
jee epee mat (11) 
nsina-+ 1 


Evaluating (11) for the 2 frequencies results in the curves shown in Fig. 16-8. The 
pattern for 1 MHz is given by the dashed curve and at 100 MHz by the dotted 
curve. The solid pattern is for perfectly conducting ground (o = 00). 

At 100 MHz (e” = 1.8), the field along the ground (a = 0°) is zero and the 
maximum field is down almost 5 dB from the field for perfectly conducting ground 
(o = «). At 1 MHz (e; = 180), the situation is intermediate with the maximum field 
down about 2 dB from the perfectly conducting case. For higher ground conduc- 
tivity the pattern approaches the o = oo curve. 


The approximate solutions in the above examples involve the assumption 
that ¢, > 1. More rigorous, and necessarily more complex, studies have been con- 
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ducted, beginning with Arnold Sommerfeld’s classic solution of 1909.’ Neverthe- 
less, our examples illustrate some of the principle changes caused by typical 
ground as compared to perfectly conducting ground. 

Let us summarize some of the principal differences of nonperfectly versus 
perfectly conducting ground. With a perfectly conducting ground the reflected- 
ray amplitude is equal to the direct-ray amplitude (Fig. 16-4), which means that 
in some directions the 2 fields may add in phase, doubling the field (quadrupling 
the power) for a 6-dB gain. On the other hand, in some other directions the 2 
rays may be out of phase or cancel, resulting in zero field (zero power) for an 
infinite dB loss. Thus, with a perfectly conducting ground, there is the possibility 
of anything from a +6 dB to a — oo dB change from the free-space condition. 

With nonperfectly conducting ground the reflected-ray amplitude tends to 
be less than the direct-ray amplitude. Thus, in directions for which the fields add 
in phase, the maximum gain is less than 6 dB but in directions for which the 
fields are out of phase there tends not to be complete signal cancellation (a null) 
except at low frequencies. Referring to Figs. 16-6, 16-7 and 16-8, the above noted 
trends are apparent, with less gain and filled nulls in Figs. 16-6 and 16-7 and also 
much reduced field strength along the ground (a = 0°) for the vertical antennas in 
Figs. 16-7 and 16-8. 

Comparing Figs. 16-6 and 16-7, we note that for perfectly conducting 
ground the maximum for horizontal polarization is at an elevation angle of 30° 
with a null at 0°, while for vertical polarization the null is at 30° with the 
maximum at 0°. If both the vertical and horizontal antennas are short dipoles, 
4/2 above perfectly conducting ground, and are connected together as a George 
Brown turnstile to transmit circular polarization, a circularly polarized antenna 
will receive a constant signal as a function of elevation between 0 and 30° (no 
nulls, no maxima) but 6 dB below the vertical or horizontal maxima. 

In the above discussion it is assumed that the direct and reflected rays are 
parallel (distance very large). However, if the receiving antenna is closer so that 
the direct and reflected rays are not parallel, the received signal can fluctuate 
many times between maxima and nulls as a function of height, linear polarization 
being assumed. In general, avoiding a null with linear polarization may require 
either raising or lowering the receiving antenna (see Prob. 16-14, the accompany- 
ing figure and solution). Thus, although the siting procedure of Fig. 16-9 is 
unorthodox, the result has some credibility. 


1 A. Sommerfeld, “Uber die Ausbreitung der Wellen in der drahtlosen Telegraphie,” Ann. Phys., 28, 
665, 1909. 

F. E. Terman, Radio Engineering Handbook, 1st ed., McGraw-Hill, 1943, sec. 10, 28 refs. 

R. W. P. King, Theory of Linear Antennas, Harvard, 1956, chap. 7, 75 refs. 

I. V. L. Lindell, E. Alanen and K. Mannersalo, “Exact Image Method for Impedance Computation of 
Antennas above the Ground,” Helsinki University Radio Lab. Rept. S 161, 1984, 23 refs. 

R. W. P. King, “Electromagnetic Surface Waves; New Formulas and Applications,’ [EEE Trans. 
Ants. Prop., AP-33, 1204-1212, November 1985. 
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Figure 16-9 Siting the antenna. (Reprinted with special permission of King Features Syndicate, Inc.) 


Another siting effect occurs when, for example, a Yagi-Uda array is located 
less than 1/2 above ground, the proximity detuning the elements and reducing 
the gain. 


16-5 GROUND-PLANE ANTENNAS. Several types of ground-plane or 
related antennas are shown in Fig. 16-10. The type at (a) has a vertical 4/4 stub 
with a circular-sheet ground plane about 4/2 in diameter. The antenna is fed by a 
coaxial transmission line with the inner conductor connected to the 4/4 stub and 
the outer conductor terminating in the ground plane. In (b) the ground plane has 
been modified to a skirt or cone. By replacing the 1/4 stub with a disc as in (c), a 
Kandoian discone antenna! is obtained. The dimensions given are appropriate for 
the center frequency of operation. In Fig. 16-10d the solid-sheet ground plane is 
replaced by 4 radial conductors. A modification of this antenna is shown at (e) in 
which a short-circuited 4/4 section of coaxial line is connected in parallel with the 
antenna terminals.2 This widens the impedance band width and also places the 
stub antenna at dc ground potential. This is desirable to protect the transmission 
line from lightning surges. 

With reference to solid-sheet ground-plane antennas, it should be noted 
that the radiation pattern of a vertical 1/4 stub on a finite ground sheet differs 
appreciably from the pattern with an infinite sheet. This is illustrated by Fig. 
16-11. The solid curve is the calculated pattern with a ground sheet of infinite 
extent. The dashed curve is for a sheet several wavelengths in diameter and the 


1 A. G. Kandoian, “Three New Antenna Types and Their Applications,” Proc. IRE, 34, 70W—-75W, 
February 1946. 

A. G. Kandoian, W. Sichak and G. A. Felsenheld, “High Gain with Discone Antennas,” Proc. Natl. 
Electronics Conf., 3, 318-328, 1947. 


2 These radial conductor ground-plane antennas were invented in 1938 by George H. Brown, Jess 
Epstein and Robert Lewis. 
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Figure 16-10 (a) Stub antenna with flat circular ground plane, (b) same antenna with ground plane 
modified to skirt or cone, (c) Kandoian discone antenna, (d) stub antenna with 4 radial conductors to 
simulate ground plane and (e) a method of feeding ground-plane antenna. 


dotted curve for a sheet of the order of 14 in diameter. With finite solid-sheet 
ground planes the maximum radiation is generally not in the direction of the 
ground plane but at an angle « above it. In order that maximum radiation be in 
the horizontal plane, the ground plane may be modified as in Fig. 16-10b or c. 
The maximum radiation from the Kandoian discone antenna is nearly horizontal 
(normal to axis) over a considerable bandwidth. 

By top-loading a vertical stub antenna, it may be modified through the 
successive stages of Fig. 16-12 to the form in Fig. 16-12d. This antenna consists of 
a circular disc with an annular slot between it and the ground plane. The ground 


Figure 16-11 Vertical-plane patterns of 1/4 stub 
antenna on infinite ground plane (solid), and on 
finite ground planes several wavelengths in diam- 
eter (dashed) and about 1/ in diameter (dotted). 
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Figure 16-12 Evolution of flush-disc antenna from vertical 4/4 stub antenna. 


plane is depressed below the disc forming a shallow cavity.'’* The radiation 
pattern of the antenna at (d) is quite similar to the pattern for the vertical stub at 


(a).? 


16-6 SLEEVE ANTENNAS. Carrying the ground-plane modification of 
Fig. 16-10b a step further results in the vertical 4/2 sleeve antenna of Fig. 16-13a. 
Here the ground plane has degenerated into a sleeve or cylinder 4/4 long. 
Maximum radiation is normal to the axis of this antenna. 

Another variety of sleeve antenna is illustrated in Fig. 16-13b.° The antenna 
is similar to a stub antenna with ground plane but with the feed point moved to 
approximately the center of the stub. This is accomplished by enclosing the lower 
end of the stub in a cylindrical sleeve. By varying the characteristic impedance of 
this 4/8 section, some control is afforded over the impedance presented to the 
coaxial line at the ground plane. 

A balanced-sleeve dipole antenna corresponding to the sleeve stub type of 
Fig. 16-13 is illustrated in Fig. 16-13c. It is shown with a coaxial line feed and 
balance-to-unbalance transformer or balun.* This antenna may be operated over 


1 A. A. Pistolkors, “Theory of Circular Diffraction Antenna,” Proc. IRE, 36, 56-60, January 1948. 
2D. R. Rhodes, “Flush-Mounted Antenna for Mobile Application,” Electronics, 22, 115-117, March 
1949. 

3 BE. L. Bock, J. A. Nelson and A. Dorne, in Very High Frequency Techniques, Radio Research Labor- 
atory Staff, McGraw-Hill, New York, 1947, chap. 5. 
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Axis 


Figure 16-13 (a) 4/2 sleeve antenna, (b) 
sleeve antenna above ground plane and 
(c) balanced-sleeve antenna. 


a frequency range of about 2 to 1 such that L is in the range from about ¢ to 12. 
A corner reflector with this type of sleeve is shown in Fig. 12-15. 


16-7 TURNSTILE ANTENNA. Consider 2 crossed infinitesimal dipoles 
energized with currents of equal magnitude but in phase quadrature. This 
arrangement, shown in plan view in Fig. 16-14a, produces a circular pattern in 
the 6 plane since the field pattern E as a function of 6 and time is given by 


E = sin 6 cos wt + cos @ sin wt (1) 
which reduces to 
E = sin (6 + at) (2) 


At any value of 6 the maximum amplitude of E is unity at some instant during 
each cycle. Hence, the rms field pattern is circular, as shown by the circle in 
Fig. 16-14b. At any instant of time the pattern is a figure-of-eight of the same 
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+Dipole 1 Instantaneous 
pattern 
at wr=1,35" Figure 16-14 George Brown 
Rms pattern turnstile with short (infini- 
(a) (d) tesimal) dipoles. 


shape as for a single infinitesimal dipole. An instantaneous pattern is shown in 
Fig. 16-146 for wt = 135°. As a function of time this pattern rotates, completing 1 
revolution per cycle. In the case being considered in Fig. 16-14, the pattern 
rotates clockwise. Thus, the phase of the field as a function of @ is given by 
6 + wt = constant and, if the constant is zero, by 


of= —8 (3) 


If the field is a maximum in the direction 0 = 0 at a given instant, then according 
to (3) the field is a maximum in the 0 = —45° direction $-period later. 

The above discussion concerns the field in the 6 plane (plane of the crossed 
dipoles). The field in the axial direction (normal to the crossed infinitesimal 
dipoles) has a constant magnitude given by 


ne sear 4) 


Thus, the field normal to the infinitesimal dipoles is circularly polarized. In the 
case being considered in Fig. 16-14 the field rotates in a clockwise direction. 

Replacing the infinitesimal dipoles by 1/2 dipoles results in a practical type 
of antenna with approximately the same pattern characteristics. This kind of 
antenna is a George Brown turnstile antenna.’ Since the pattern of a 4/2 element is 
slightly sharper than for an infinitesimal dipole, the 6-plane pattern of the turn- 
stile with 4/2 elements is not quite circular but departs from a circle by about +5 
percent. The relative pattern is shown in Fig. 16-15a. The relative field as a func- 
tion of 6 and time is expressed by 


cos (90° cos 6) cos (90° sin 8) . 
wa repens green 2 OC) 01 oh cere eranons tenn re) 


5) 
sin 0 cos g Bee (>) 


Although the 6-plane pattern with 4/2 elements differs from the pattern 
with infinitesimal dipoles, the radiation is circularly polarized in the axial direc- 
tion from the 4/2 elements provided that the currents are equal in magnitude and 
in phase quadrature. 

A turnstile antenna may be conveniently mounted on a vertical mast. The 
mast is coincident with the axis of the turnstile. To increase the vertical plane 


1 G. H. Brown, “The Turnstile Antenna,” Electronics, 9, 15, April 1936. 
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Figure 16-15 George Brown turnstile with 1/2 dipoles. 


directivity, several turnstile units can be stacked at about 4/2 intervals as in 
Fig. 16-15b. The arrangement at (b) is called a “4-bay” turnstile. It requires 2 
bays to obtain a field intensity approximately equal to the maximum field from a 
single 4/2 dipole with the same power input. 

In order that the currents on the 4/2 dipoles be in phase quadrature, the 
dipoles may be connected to separate nonresonant lines of unequal length. 
Suppose, for example, that the terminal impedance of each dipole in a single-bay 
turnstile antenna is 70 + j0 Q. Then by connecting 70-Q lines (dual coaxial type), 
as in the schematic diagram of Fig. 16-16a, with the length of one line 90 electri- 
cal degrees longer than the other, the dipoles will be driven with currents of equal 
magnitude and in phase quadrature. By connecting a 35-Q line between the junc- 
tion point P of the two 70-Q lines and the transmitter, the entire transmission- 
line system is matched. 

Another method of obtaining quadrature currents is by introducing reac- 
tance in series with one of the dipoles.’ Suppose, for example, that the length and 
diameter of the dipoles in Fig. 16-16b result in a terminal impedance of 
70 — j70 Q. By introducing a series reactance (inductive) of +j70 Q at each ter- 


d/2 dipole 1 


Series 


reactance 
h/2 dipole 2 


(d) 


Figure 16-16 Arrangements for feeding turnstile antennas. 


! G. H. Brown and J. Epstein, “A Pretuned Turnstile Antenna,” Electronics, 18, 102-107, June 1945. 
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minal of dipole 1 as in Fig. 16-16b, the terminal impedance of this dipole 
becomes 70 + j70 Q. With the 2 dipoles connected in parallel, the currents are 
V 
70 + j70 
V 


and [pene 
% a aa (6) 


where V 


impressed emf 


I, =current at terminals of dipole 1 
I, = current at terminals of dipole 2 
Thus, 
i= a /—45° 
y (7) 
and I, = 99 /+45° 


so that IJ, and J, are equal in magnitude but J, leads J, by 90°. The 2 imped- 
ances in parallel yield 


a Re ES RRR ey gta (8) 


so that a 70-Q (dual coaxial) line will be properly matched when connected to the 
terminals FF. 


16-8 SUPERTURNSTILE ANTENNA. In order to obtain a very low 
VSWR over a considerable bandwidth, the turnstile described above has been 
modified by Masters’ to the form shown in the photograph of Fig. 16-17. In this 
arrangement, or Masters superturnstile, the simple dipole elements are replaced 
by flat sheets or their equivalent. 

Each “dipole” is equivalent to a slotted sheet about 0.7 by 0.5/ as in 
Fig. 16-18a. The terminals are at FF. As in the slotted cylinder antenna, the 
length of the slot for resonance is more than 4/2 (about 0.74). The dipole can be 
mounted on a mast as in Fig. 16-18b. To reduce wind resistance, the solid sheet is 
replaced by a grid of conductors. Typical dimensions for the center frequency of 
operation are shown. This arrangement gives a VSWR of about 1.1 or less over 
about a 30 percent bandwidth, which makes it convenient as a mast-mounted 
television transmitting antenna for frequencies as low as about 50 MHz. Unlike 
the simple turnstile there is relatively little radiation in the axial direction (along 
the mast), and only one bay is required to obtain a field intensity approximately 


1 R. W. Masters, “ The Super-turnstile Antenna,” Broadcast News, 42, January 1946. 
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Figure 16-17 Six-bay Masters  superturnstile antenna. 
(Courtesy RCA.) 
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Figure 16-18 Single dipole element of Masters superturnstile antenna. (a) Solid-sheet construction, 
(b) tubing construction showing method of mounting on mast. 
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equal to the maximum field from a single 4/2 dipole with the same power input. 
For decreased beam width in the vertical plane the superturnstile bays are 
stacked at intervals of about 1/1 between centers. Impedance matching is dis- 
cussed by Sato et al.’ 


16-9 OTHER OMNIDIRECTIONAL ANTENNAS. The radiation pat- 
terns of the slotted-cylinder and turnstile antennas are nearly circular in the hori- 
zontal plane. Such antennas are sometimes referred to as omnidirectional types, it 
being understood that “omnidirectional” refers only to the horizontal plane. 

As shown in Chap. 6, a circular loop with a uniform current radiates a 
maximum in the plane of the loop provided that the diameter D is less than 
about 0.581. The pattern is doughnut shaped with a null in the axial direction as 
suggested by the vertical plane cross section in Fig. 16-19a. 
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Figure 16-19 (a) Circular loop antenna and (b) approximately equivalent arrangements of “clover- 
leaf” type, (c) “ triangular-loop” type and (d) square or Alford loop. 


1 G. Sato, H. Kawakami, H. Sato and R. W. Masters, “ Design Method for Fine Impedance Matching 
of Superturnstile Antenna and Characteristics of the Modified Batwing Antenna,” Trans. IECE 
(Japan), E65, 271-278, May 1982. 
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One method of simulating the uniform loop is illustrated in Fig. 16-19b. 
Here 4 smaller loops are connected in parallel across a coaxial line. This arrange- 
ment is called a “cloverleaf” antenna.’ Another method is shown in Fig. 16-19c, 
3 folded dipoles being connected in parallel across a coaxial line.* A third 
method utilizing a square loop is illustrated in Fig. 16-19d.° The terminals are at 
FF. The side length L may be of the order of 4/4. A single equivalent loop or bay 
of any of these types produces approximately the same field intensity as the 
maximum field from a single 4/2 dipole with the same power input. For increased 
directivity in the vertical plane, several loops may be stacked, forming a multibay 
arrangement. 


16-10 CIRCULARLY POLARIZED ANTENNAS. Circularly polarized 
radiation may be produced with various antennas. The monofilar axial-mode 
helical antenna (Fig. 16-20a).is a simple, effective type of antenna for generating 
circular polarization. Circular polarization may also be produced in the axial 
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Figure 16-20 Antenna types for circular polarization. 


1 Pp. H. Smith, “Cloverleaf Antenna for FM Broadcasting,” Proc. IRE, 35, 1556-1563, December 
1947. 

2 A. G. Kandoian and R. A. Felsenheld, “ Triangular High-Band TV Loop Antenna System,” Commu- 
nications, 29, 16-18, August 1949. 

3 A. Alford and A. G. Kandoian, “ Ultra-high Frequency Loop Antennas,” Trans. AIEE, 59, 843-848, 
1940. 
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direction from a pair of crossed 1/2 dipoles with equal currents in phase quadra- 
ture (Fig. 16-20b) as in a turnstile antenna. If radiation in one axial direction is 
right-circularly polarized, it is left-circularly polarized in the opposite axial direc- 
tion. 

A third type of circularly polarized antenna consists of 2 in-phase crossed 
dipoles separated in space by 4/4 as in Fig. 16-20c. With this arrangement the 
type of circular polarization is the same in both axial directions. 

Any of these 3 arrangements can serve as a primary antenna that illumi- 
nates a parabolic reflector or they can be placed within a circular waveguide so 
as to generate a circularly polarized TE,, mode wave. By flaring the guide out 
into a conical horn, a circularly polarized beam can be produced. 

Another technique by which a circularly polarized beam may be obtained 
with a parabolic reflector of large focal length with respect to the diameter is with 
the aid of a metal grid or grating of parallel wires spaced 4/8 from the reflector 
and oriented at 45° with respect to the plane of bees of the wave from a 
linearly polarized primary antenna. 

Three arrangements for producing an omnidirectional pattern of circularly 
polarized radiation are illustrated by Fig. 16-20d, e and f. At (d) 4 short axial- 
mode helices of the same type are disposed around a metal cylinder with axis 
vertical and fed in phase from a central coaxial line.’ In the system at (e) verti- 
cally polarized omnidirectional radiation is obtained from two vertical 4/2 cylin- 
ders when fed at FF and horizontally polarized omnidirectional radiation is 
obtained from the slots fed at F’F’. By adjusting the power and phasing to the 2 
sets of terminals so that the vertically polarized and horizontally polarized fields 
are equal in magnitude and in phase quadrature, a circularly polarized omnidi- 
rectional pattern is produced.” At (f) 4 in-phase 4/2 dipoles are mounted around 
the circumference of an imaginary circle about 4/3 in diameter.’ Each dipole is 
inclined to the horizontal plane as suggested in the figure. 

In general, any linearly polarized wave can be transformed to an elliptically 
or circularly polarized wave, or vice versa, by means of a wave polarizer.* For 
example, assume that a linearly polarized wave is traveling in the negative z 
direction in Fig. 16-21 and that the plane of polarization is at a 45° angle with 
respect to the positive x axis. Suppose that this wave is incident on a large 
grating of many dielectric slabs of depth L with air spaces between. A section of 


1 J. D. Kraus, “Helical Beam Antenna for Wide-Band Applications,” Proc. IRE, 36, 1236-1242, 
October 1948. 

2 C. E. Smith and R. A. Fouty, “Circular Polarization in F-M Broadcasting,” Electronics, 21, 103- 
107, September 1948. 

3G. H. Brown and O. M. Woodward, Jr., “Circularly-Polarized Omnidirectional Antenna,” RCA 
Rev., 8, 259-269, June 1947. 

4 F. Braun, “Elektrische Schwingungen und drahtlose Telegraphie,” Jahrbuch der drahtlosen Tele- 
graphie und Telephonie, 4, no. 1, 17, 1910. 
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Figure 16-21 Wave polarizer. 


this grating is shown in Fig. 16-21. The slab spacing (in the x direction) 1s 
assumed to be a small part of a wavelength. 

The incident electric field E can be resolved into two components, one 
parallel to the x axis (E,) and the other parallel to the y axis (E,); that is, E = xE,, 
+ yE,. The x component (E,) will be relatively unaffected by the slabs. However, 
E, will be retarded (velocity reduced). If the depth L of the slabs is just sufficient 
to retard E, by 90° in time phase behind E,, the wave emerging from the back 
side of the slabs will be circularly polarized if | E,.| = | E,|. Viewing the approach- 
ing wave from a point on the negative z axis, the E vector rotates clockwise. 

If the depth of the slabs is increased to 2L, the wave emerging from the 
back side will again be linearly polarized since E, and E, are in opposite phase, 
but E is at a negative angle of 45° with respect to the positive x axis. Increasing 
the slab depth to 3L makes the emerging wave circularly polarized but this time 
with a counterclockwise rotation direction for E (as viewed from a point on the 
negative z axis). Finally, if the slab depth is increased to 4L, the emerging wave is 
linearly polarized at a slant angle of 45°, the same as the incident wave. The 
dielectric grating in this example behaves in a similar way to the atomic planes of 
a uniaxial crystal, such as calcite or rutile, to the propagation of light. For such 
crystals the velocity of propagation of light, linearly polarized parallel to the 
optic axis, is different from the velocity for light, linearly polarized perpendicular 
to the optic axis. 


16-11 MATCHING ARRANGEMENTS, BALUNS AND TRAPS. 
Impedance matching between a transmission line and antenna may be accqm- 
plished in various ways.’ As illustrations, several methods for matching a trans- 


1 Only arrangements with transmission-line elements will be described. These are convenient at high 
frequencies. However, at low or medium frequencies the length of the required transmission-line sec- 
tions may be inconveniently large so that it is the usual practice to use matching circuits with lumped 
elements. Radio-frequency transformers and z, T and L sections are employed in this application. 
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mission line to a simple 1/2 dipole will be considered. Suppose that the antenna is 
a cylindrical dipole with a length-diameter ratio of 60 (L/D = 60) and that the 
measured terminal impedances at 5 frequencies are as follows: 


Frequency Antenna length, 2 Terminal impedance, 2 
ALE, E0555 110 + j90 

1.07F, L = 0.49 80 + j40 

F, = center frequency L. = 0.46 65 + j0 

0.93F 5 L= 043 52 — j40 

0.85F 5 P= 029 40 — j100 


The center frequency F, corresponds to the resonant frequency of the 
antenna. At this frequency the terminal impedance is 65 + jO Q. 

The most direct arrangement for obtaining an impedance match is to feed 
the dipole with a dual coaxial transmission line of 65 Q characteristic impedance 
as in Fig. 16-22a. The variation of the antenna impedance referred to 65 Q is 
shown by the solid curve in the Smith chart’ of Fig. 16-23. The normalized 
impedances plotted on the chart are obtained by dividing the antenna terminal 
impedances by 65. The VSWR on the 65-Q line as a function of frequency and 
antenna length is shown by the solid curve in Fig. 16-24. 

The dipole antenna may also be energized with a 2-wire open type of trans- 
mission line. Since the characteristic impedance of convenient sizes of open 2-wire 
line is in the range of 200 to 600 Q, an impedance transformer is required 
between the line and the antenna. A suitable transformer design may be deduced 
as follows. Referring to Fig. 16-22b, the impedance Z, at the terminals of a loss- 
less transmission line terminated in an impedance Z , is 


Z,+jZo tan px 


Lead, 
i Le Za tan px 


(1) 
where Bx = (27//)x = length of line, rad 


Z, = characteristic impedance of the transmission line (since the line is 
assumed to be lossless, Zo is a pure resistance), 22 


Equation (1) may be reexpressed as 


= (Z,/tan Bx) + jZo 


Zr= 
5 (Z,/tan Bx) +jZ, 


(2) 


1 Pp. H. Smith, “An Improved Transmission Line Calculator,” Electronics, 17, 130, January 1944. See 
J. D. Kraus, “Electromagnetics” 3rd ed., McGraw-Hill, 1984, pp. 408-411, for Smith chart solutions 
of single and double stub matching. 
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Figure 16-22 Matching arrangements for cylindrical 4/2 dipole antenna. 


When the line is 4/4 long (Bx = 90°), (2) reduces to 


Ze 
Zr=— 3 
2-3 3) 
or Whips the Sg (4) 


or AY a: (5) 


If Z,, is the antenna terminal impedance and Z, is the characteristic imped- 
ance of the transmission line we wish to use, the two can be matched with a 1/4 
section having a characteristic impedance Z, given by (5). The arrangement is 


\/2 antenna and 65-2 line 
SaGTiccs iG \/2 antenna and 500-2 line with one \/4 transformer 
—-——--—— j)/2 antenna and 500-2 line with two 4/4 transformers 


Figure 16-23 Normalized impedance variation for cylindrical 4/2 dipole antenna (L/D = 60) fed 
directly by a 65-Q line (solid), by a 500-Q line with one 1/4 transformer (dashed) and by a 500-Q line 
with two 4/4 transformers in series (dash-dot). 


1 Figure 16-24 VSWR as a function of antenna 


ae cae Ly Wee length L in wavelengths and as a function of the fre- 
0.850.900.9510 1.05 1101. 15 quency (the resonant frequency F, is taken as unity). 
Fo The VSWR curves are for the same 3 cases of 

Relative frequency Fig. 16-23. 


TH 
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shown in Fig. 16-22c. At the center frequency, Z, = 65 Q. Supposing that the 
characteristic impedance of the line we wish to use is 500 Q (Z,; = 500 Q), we 
have from (5) that the characteristic impedance of the 4/4 section should be Z,) = 
180 Q. 

This type of transformer gives a perfect match (zero reflection coefficient) at 
only the center frequency. At a higher frequency the antenna impedance is differ- 
ent, and the line length is also greater than 4/4. The resultant impedance varia- 
tion with frequency on the 500-Q line for the L/D = 60 dipole antenna and 180-Q 
transformer (4/4 at Fy) is shown by the dashed curve in Fig. 16-23, and the 
VSWR on the 500-Q line is indicated by the dashed curve in Fig. 16-24. It is 
apparent that this arrangement is more frequency sensitive than the arrangement 
with the dual coaxial 65-Q line. 

Instead of making the transformation from the 500-Q line to the antenna in 
a single step with a single-section transformer, two sections may be connected in 
series as in Fig. 16-22d. Each is 4/4 long at the center frequency Fy). At Fo the 
first section (Z,) = 108 Q) transforms the antenna resistance of 65 Q to 180 Q. 
The second section (Z, = 300 Q) transforms this to 500 Q. The antenna and line 
are perfectly matched at only the center frequency, as before. However, this 2- 
section arrangement is less frequency sensitive than the single section. The nor- 
malized impedance variation with the 2-section transformer is indicated by the 
dash-dot curve in Fig. 16-23, and the VSWR on the 500-Q line is shown by the 
dash-dot curve in Fig. 16-24. 

If the number of sections in the transformer is increased further, it should 
be possible to approach closer to the frequency sensitivity with the direct con- 
nected 65-Q line.’ As the number of sections is increased indefinitely, we 
approach in the limit a transmission line tapered gradually in characteristic 
impedance over a distance of many wavelengths.” At one end, the line has a 
characteristic impedance equal to the antenna resistance (65 Q in the example) 
and at the other end has a characteristic impedance equal to that of the transmis- 
sion line we wish to use (500 Q in the example). 


' The logarithms of the impedance ratios may be made to correspond to a set of binomial coefficients. 
(See J.C. Slater, Microwave Transmission, McGraw-Hill, New York, 1942, p. 60.) Thus, the 
logarithms of the impedance ratios for 2-, 3- and 4-section transformers would be as in Pascal’s 
triangle: 


2-sections: jee | 
3-sections: Pi3:2 Sesh 
4-sections: 1:4:6:4:1 


In the 2-section transformer of Fig. 16-22d these ratios are followed since 


108 300 500 
log — + log ——= log —"~ 13271 
65 108 300 


7 C. R. Burrows, “The Exponential Transmission Line,” Bell System Tech. J., 17, 555-573, October 
1938. 
H. A. Wheeler, “Transmission Lines with Exponential Taper,” Proc. IRE, 27, 65-71, January 1939. 
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Another more frequency-sensitive method of matching a 500-Q line to a 4/2 
dipole is with a stub,’ as shown in Fig. 16-22e. The line between the stub and the 
transmitter may be nonresonant or perfectly matched to the antenna at one fre- 
quency with the stub as shown. The stub may also be placed 4/2 farther from the 
antenna, as shown by the dashed lines.” In this case, however, the resonant line 
between the stub and antenna is longer, and this arrangement is more frequency 
sensitive than with the stub closer to the antenna. In general, it is desirable to 
place matching or compensating networks as close to the antenna as possible if 
frequency sensitivity is to be a minimum. 

With the single stub as in Fig. 16-22e both the length of the stub and its 
distance S from the antenna are adjustable. The stub may be open or short- 
circuited at the end remote from the line, the stub length being 4/4 different for 
the 2 cases. To adapt this arrangement to a coaxial line requires that a line 
stretcher be inserted between the stub and the antenna. An alternative arrange- 
ment is a double-stub tuner which has 2 stubs at fixed distances from the antenna 
but with the lengths of both stubs adjustable. 

The frequency sensitivity’ of a dipole antenna may be made less than for 
the L/D = 60 dipole with a direct-connected 65-Q line, as above, in several ways. 
A large-diameter dipole can be used (smaller L/D ratio) since, as shown in 
Chap. 9, the impedance variation with frequency is inherently less for thick 
dipoles as compared to thin dipoles. The thick dipole is desirable for very wide- 
band applications. If such a dipole is inconvenient, the impedance variation can 
often be reduced over a moderate bandwidth by means of a compensating 
network. For example, the frequency sensitivity of the L/D = 60 dipole with a 
direct-connected 65-Q line can be reduced over a considerable bandwidth by 
connecting a compensating line in parallel with the antenna terminals as in 
Fig. 16-22f. If this line or stub has an electrical length of 4/2 at the center fre- 
quency and has a 65-Q characteristic impedance, the same as the transmission 
line, the variation of normalized antenna terminal impedance with frequency, as 
referred to 65 Q, is shown by the dash-dot curve in Fig. 16-25a. The variation 
without compensation (antenna of Fig. 16-22a) is given by the solid curve (same 
curve as in Fig. 16-23). The VSWRs on a 65-Q line are compared in Fig. 16-255 
for the antenna without compensation (solid curve) and with the compensating 
stub (dash-dot curve). The frequency sensitivity of the compensated arrangement 
is appreciably less over the frequency range shown. For instance, the bandwidth 
for VSWR < 2 is about 14 percent for the uncompensated dipole but is about 18 
percent for the compensated dipole. 

The action of the parallel-connected compensating line or stub is as follows. 


1 F. E. Terman, Radio Engineers’ Handbook, McGraw-Hill, New York, 1943, pp. 187-191. Gives 
design charts for open stub, closed stub and reentrant matching arrangements. 


2 In general, the distance of the stub from the antenna can be increased by n4/2 where n is an integer. 


3 Frequency sensitivity as used here refers only to impedance, not antenna pattern. 
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Figure 16-25. Normalized impedance (a) and VSWR (b) for cylindrical 4/2 dipole (L/D = 60) fed 
directly with a 65-Q line as in Fig. 16-22 (solid curves); with a 65-Q line and 65-Q 4/2 compensating 


stub as in Fig. 16-22f (dash-dot curves); and with a 120-Q line and 65-Q 1/2 compensating stub 
(dashed curves). 


(d) 


At the center frequency Fy it is 180° in length. Since it is open ended, it places an 
infinite impedance across the antenna terminals and has no effect. At a frequency 
slightly above F, the line becomes capacitative. Hence, it places a positive sus- 
ceptance in parallel with the antenna admittance which at this frequency has a 
negative susceptance.’ Admittances in parallel are additive so this tends to reduce 
the total susceptance at the antenna terminals and, therefore, the VSWR on the 
line. At a frequency slightly below F, the result is similar, but in this case the stub 
is inductive and the antenna has capacitative reactance. 

The above matching arrangements provide for a perfect impedance match 
(VSWR = 1) at the resonant frequency of the antenna. Sometimes a perfect 
impedance match is not required at any frequency, and it is sufficient to make the 


' The antenna impedance at this frequency has a positive reactance. Hence, 


where G is the conductance component and B the susceptance component of the admittance Y. 
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VSWR less than a certain value over as wide a frequency band as possible. For 
example, the VSWR for the 4/2 dipole (L/D = 60) may be made less than 2 over 
nearly the entire frequency band under consideration if the antenna with a 65-Q 
compensating stub is fed with a 120-Q line instead of a 65-Q line. The impedance 
and VSWR curves for this case are shown by the dashed lines in Fig. 16-25a 
and b. 

Although the above discussion deals specifically with matching arrange- 
ments between a 4/2 dipole and a 2-conductor transmission line, the principles 
are general and can be applied to other types of antennas and to coaxial lines. 

Antenna impedance characteristics may also be compensated by series reac- 
tances or by combinations of series and parallel reactances.' Many of the tech- 
niques of impedance compensation are discussed with examples by J. A. Nelson 
and G. Stavis.? 

It is often convenient to use a single coaxial cable to feed a balanced 
antenna. This may be accomplished with the aid of a balance-to-unbalance trans- 
former or balun.’ One type of balun suitable for operation over a wide frequency 
band is illustrated in Fig. 16-13c. Another more compact type is shown in 
Fig. 16-26a. The gap spacing at the center of the dipole is made small to mini- 
mize unbalance. The length L may be about 4/4 at the center frequency with 
operation over a frequency range of 2 to 1 or more. With this arrangement a 
reactive impedance Z = jZ, tan PL appears in parallel with the antenna imped- 
ance at the gap, Z, being the characteristic impedance of the 2-conductor line of 
length L. Yet another form of balun is shown in Fig. 16-26b. This form provides 
a balanced transformation only when L is 4/4 and, accordingly, is suitable only 
for operation over a few percent bandwidth. 

If a A/2 dipole antenna is fed by a single coaxial line as in Fig. 16-27a, 
current can flow back along the outside of the coaxial cable making the current 
distribution on the dipole unbalanced, as suggested in the figure. To feed the 
dipole with a single coaxial line in a balanced manner, a dummy 4/4 cable can be 
placed parallel to the active coaxial line as in Fig. 16-28a (see also Fig. 16-26a). 
However, this arrangement is narrowband and may be cumbersome in some 
applications. A wideband, more-compact arrangement is to wind the coaxial 
cables around a ferrite core, as suggested in Fig. 16-286, and locate this balun at 
the center of the dipole, as indicated in Fig. 16-27b. The high decoupling imped- 
ance of the coils on the ferrite core affects mainly the exterior fields of the coaxial 


1 F. D. Bennett, P. D. Coleman and A. S. Meier, “The Design of Broadband Aircraft-Antenna 
Systems,” Proc. IRE, 33, 671-700, October 1945. 

H. J. Rowland, “The Series Reactance in Coaxial Lines,” Proc. IRE, 36, 65-69, January 1948. 

J. R. Whinnery, H. W. Jamieson and T. E. Robbins, “Coaxial-Line Discontinuities,” Proc. IRE, 32, 
695-709, November 1944. 

2 J. A. Nelson and G. Stavis, in Very High Frequency Techniques, Radio Research Laboratory Staff, 
McGraw-Hill, New York, 1947, chap. 3, pp. 53-92. 

3 Hu Shuhao, “The Balun Family,” Microwave J., 30, 227-229, September 1987. 
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cables rather than their interior so that the coaxial line impedance (50 or 75 Q) is 
unchanged. 

Another method of feeding a balanced dipole or a driven dipole array 
(W8JK type) is shown in Fig. 16-29. A 2-conductor transmission line of alumin- 
um tubing is terminated in a short-circuited telescoping section of slightly larger 
diameter tubing which can slide trombone-fashion in order to adjust the antenna 
and line to resonance. The coaxial line tap point at a distance d above the short- 
ing bar is then adjusted by a second trombone for minimum VSWR on the coax. 
Since the antenna is resonated, its terminal impedance is immaterial, making the 
arrangement effective for matching a coaxial line to a wide variety of balanced 
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Figure 16-27 (a) Unbalanced 4/2 
dipole fed from a 50-Q coaxial line 
with currents on outside of the 
coaxial line. (b) Balanced A/2 
dipole balun-fed from coaxial line. 
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Figure 16-28 (a) 4/4 balance-to-unbalance transformer (balun). (b) More compact balun with cables 
wound on a ferrite core. 


antennas with high efficiency since the 2-conductor aluminum line has low losses. 
By sliding the trombones, the antenna may be resonated and matched at any 
frequency over a range of several octaves, with the bandwidth at a particular 
setting dependent on the Q of the antenna. 
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Figure 16-30 (a) Dipole with traps for operation at 2 frequencies separated by an octave (F, = 2F,)). 
(b) Four in-phase 1/2 elements with phase-reversing coils. (c) Vertical omnidirectional in-phase 3/4 
monopole. 


In many wide-bandwidth applications it is not necessary to have a 
frequency-independent antenna for continuous spectrum coverage but rather an 
antenna which can operate at spot frequencies. This is possible, for example, with 
a center-fed dipole by means of tuned traps, as shown in Fig. 16-30a, each trap 
consisting of a parallel-tuned LC circuit. At frequency F,, for which the dipole is 
4/2 long, the traps introduce some inductance so that the resonant length of the 
dipole is reduced. At twice the frequency F, (=2F,) the traps are resonant 
(@L = 1/mC) and the high impedance they introduce effectively isolates the outer 
sections of the dipole, the inner part becoming a resonant 4/2 dipole at frequency 
F,. Thus, in this simple example, the antenna can perform simultaneously as a 
matched 4/2 dipole at 2 frequencies, F, and F,, separated by an octave. With 
more traps, operation may be extended to other frequencies. Although in our 
example the 2 frequencies are harmonically related, this is not a requirement. 
Note, however, that the end segment must present a low impedance to the trap to 
be isolated (i.e., mismatched). In Fig. 16-30a the end segment is ~ 1/4 long at F, 
so this requirement is met. 

A coil (or trap) can also act as a 180° phase shifter as in the collinear array 
of 4 in-phase 4/2 elements in Fig. 16-30b. Here the elements present a high impe- 
dance to the coil which may be resonated without an external capacitance due to 
its distributed capacitance. The coil may also be thought of as a coiled-up 4/2 
element. This 4-element array has a gain of 6.4 dBi as compared to 3.8 and 5.3 
dBi gain for 2- and 3-element collinear arrays of 4/2 elements. 
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Cutting the antenna of Fig. 16-30b at point A and turning the section AB 
vertical above a ground plane results in the in-phase 34/4 omnidirectional mono- 
pole antenna of Fig. 16-30c with 8.3 dBi gain. To match the approximately 150-Q 
terminal resistance to a SO- to 75-Q coaxial line, a capacitance-inductance L 
network can be used. 


16-12 PATCH OR MICROSTRIP ANTENNAS. These antennas are 
popular for low-profile applications at frequencies above 100 MHz (A, < 3 m). 
They commonly consist of a rectangular metal patch on a dielectric-coated 
ground plane (circuit board). A microstrip or patch antenna is shown in Fig. 
16-31 with the dielectric substrate material having a typical relative permittivity 
&, ~ 2 and thickness t ~ 4,/100. They differ in size and method of feeding from 
the flush-disc antenna of Fig. 16-12d. 

Typical patch dimensions of length L, width W and thickness t are indi- 
cated in Fig. 16-31 with feed from a coaxial line at the center of the left edge. The 
horizontal components of the electric fields at the left and right edges are in the 
same direction, giving in-phase linearly polarized radiation with a maximum 
broadside to the patch (up in Fig. 16-31). 

The patch acts as a resonant 4/2 parallel-plate microstrip transmission line 
with characteristic impedance equal to the reciprocal of the number n of parallel 
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a— | —— (] 
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Coax Ground Figure 16-31 Top view (a) and _ side 
feed plane Side (cross-section) view (b) of patch antenna 
(5) fed by coaxial line at left edge. 


746 16 ANTENNAS FOR SPECIAL APPLICATIONS: FEEDING CONSIDERATIONS 
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field-cell transmission lines.! Each field-cell transmission line has a characteristic 
impedance equal to the intrinsic impedance Z, of the medium where 


ania aes 
z,= [t= z, | (Q) (1) 


Forairgu)—.— land) Z, = 7,7) @! 

An end view of the patch (from the left side) is shown in Fig. 16-32. The 
cross section (as drawn) has 10 parallel field-cell transmission lines so that for 
€, = 2 the microstrip characteristic impedance Z, is given by 


Z,=—% = —— = 26.79 (2) 


¢ (3) 


This relation neglects fringing of the field at the edges. Since W is typically even 
much larger than the t value in this example, this effect is small for a patch. 
However, for a microstrip transmission line where the ratio W/t is smaller, the 
fringing effect can be accounted for approximately by adding 2 cells, giving a 
more accurate formula for microstrip line impedance as 


Z nine eI 
‘Je, [(W/t) + 2] 


The resonant length L of the patch is critical and typically is a couple 
of percent less than 4/2, where A is the wavelength in the dielectric (A = Agi /er. 

Radiation from the patch occurs as though from 2 slots, at the left and right 
in Fig. 16-31. Let us calculate their impedance for the case where the dielectric 
substrate is air (€, = 1). 


(4) 


* J. D. Kraus, Electromagnetics, 3rd ed., McGraw-Hill, 1984, pp. 388, 397. 
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From (13-6-10) the impedance Z, of a slot antenna is given by 


a BZ 35416 
sear VARESE BVA 


(02) (5) 


where Z, = intrinsic impedance of empty space = 377 Q 
Z, = impedance of complementary dipole, 


For a slot 4 long and a few 4/100 wide, the complementary dipole impedance is 
approximately 700 + j0Q. Thus, the approximate slot impedance is 


~ 502 (6) 


This is the impedance of a slot in a conducting sheet open on both sides. 

The A/2 microstrip is equivalent to a 4/2 section of transmission line 
shunted with a radiation (and loss) resistance at each end. The centerpoint of the 
line is at low potential and can be grounded with little effect on operation. Thus, 
the slot at each end is effectively boxed-in, doubling its impedance. However, the 
2 patch “slots” act in parallel, which halves the impedance resulting in an input 
resistance 


R= 0K) 


for W = A), which is a typical value even with ¢,> 1. If W is smaller, R;, 
increases proportionately. 

The radiation pattern of the patch is broad. Typically, the beam area Q, is 
4 of a half-space or about z sr. The resulting patch directivity D is then given by 


D == =— = dior 6 dBi) (7) 


The impedance bandwidth of a patch antenna is usually much narrower 
than its pattern bandwidth. The impedance bandwidth is proportional to the 
thickness t of the dielectric substrate. Since t is small, the bandwidth is small, 
typically a few percent. 

Although the concept of effective height h, may not be appropriate when 
applied to a patch, it is interesting to evaluate h, for a typical patch antenna. 

From (2-19-6) the effective height h, of an antenna is given by 


ene Peg (8) 


where R, = radiation resistance, 2 
A, = effective aperture, 17 
Z, = intrinsic impedance of space, Q 
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If we take D=4 and R,=50Q for a typical patch we have as its effective 
aperture 


_ Dio _ 4% 
© 4n on 


12 Sea5046 
h, a a =~. 0.31, (10) 


It is interesting that an antenna which extends only 4,/100 above a flat ground 
plane has an “effective height” 30 times as much. 

The dimensions of a patch are not electrically small and at, say, 2 GHz 
ie ee = 106 mm) a patch is also not physically very small. 

Although the above discussion is considerably simplified, it outlines some of 
the important properties of patch antennas. Many other shapes and configu- 
rations are possible. For example, for matching purposes the feed point can be 
moved in from the edge. Patches also lend themselves to microstrip arrays in 
which the patches are fed by microstrip transmission lines. The configuration of a 
4-patch array with ¢, = 4 is shown in Fig. 16-33. See also Fig. 11-54 showing an 
array of 896 microstrip elements. 

The literature on patch or microstrip antennas is extensive. Some basic 
references are those of Munson,’ Derneryd,? Carver and Mink? and Pozar.* 

Monolithic Microwave Integrated Circuits (MMICs) combine microstrip 
antennas and associated circuitry in very compact form with applications at fre- 
quencies from 50 MHz to 100 GHz.° 

Printed-circuit technology is suitable for printing a variety of antenna 
elements as, for example, dipoles.° To feed these balanced center-fed elements 


(9) 


and as its effective height 


* R. E. Munson, “Conformal Microstrip Antennas and Microstrip Phased Arrays,” IEEE Trans. 
Ants. Prop., AP-22, 74-78, January 1974. 

R. E. Munson, “ Microstrip Antennas,” Antenna Engineering Handbook, McGraw-Hill, 1984, chap. 7. 
* A. Derneryd, “A Theoretical Investigation of the Rectangular Microstrip Antenna Element,” [EEE 
Trans. Ants. Prop., AP-26, 532-535, July 1978. Tame 

> K. R. Carver and J. W. Mink, “Microstrip Antenna Technology,” IEEE Trans. Ants. Prop., AP-29, 
25-38, January 1981. 

*D. M. Pozar, “An Update on Microstrip Antenna Theory and Design Including Some Novel 
Feeding Techniques,” [EEE Ants. Prop. Soc. Newsletter, 28, 5-9, October 1986. 

> E. Brookner, “Array Radars: An Update,” Microwave J., 30, 134-138, February 1987, and 167-174, 
March 1987. 

© D. M. Pozar, “Considerations for Millimeter Wave Printed Antennas,” IEEE Trans. Ants. Prop., 
31, 740-747, September 1983. 

E. Levine, J. Ashenasy and D. Treves, “Printed Dipole Arrays on a Cylinder,” Microwave J., 30, 
85-92, March 1987. 
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Figure 16-33 Microstrip array of 4 patches with corporate feed by microstrip transmission lines. 


requires 2-conductor microstrip transmission lines, which may be a disadvantage. 
However, a dipole element occupies less area than a patch. It is interesting that 
the input resistance variation with dielectric thickness t of a center-fed 1/ dipole 
is similar to that of a patch whose slot is complementary to the dipole. 


16-13 THE HIGH-GAIN OMNI. A high-gain (high-directivity) antenna 
which is also omnidirectional involves a contradiction. The directivity D of an 
antenna is given by 


—— (1) 
where Q., = beam area 


A hypothetical isotropic point source has a beam area Q, = 42, making it 
completely omnidirectional. From (1), its directivity D = 1, which is the lowest 
possible directivity. For the directivity (or gain of a lossless radiator) to be more 
than unity requires that the beam area be less than 47 so that the antenna is no 
longer omnidirectional. Thus, for a simple antenna, high directivity is incompat- 
ible with an omnidirectional (4x sr) pattern. The combination of both is a theo- 
retical and a practical impossibility. However, in the digital signal-processing 
domain of a large phased array the combination is theoretically possible, giving 
an arbitrarily large number of simultaneous high-directivity beams but, due to 
inherent losses, not necessarily ones of high gain (see Sec. 11-13). 


16-14 SUBMERGED ANTENNAS. In (16-4-1) for the reflection coeffi- 
cient p_, it is assumed that the wave originates in the less-dense medium (air) and 
is incident on the earth or ground of relative permittivity ¢,. If the wave orig- 
inates in the denser medium and travels from it into air (16-4-1) becomes 


i sin « — ./(1/.) = cos? « (1) 
* gin a + ./(1/e,) — cos? « 


where ¢, = relative permittivity of denser medium 
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If 1/e, < cos” a, p, is complex and |p, | = 1. Under this condition, the incident 
wave is totally reflected back into the more-dense medium.! When the radical in 
(1) is zero, p, = 1/0°, which defines the critical angle (see Fig. 16-34) 

age 


a, = COS = (2) 
E 


r 


For all angles less than «,, |p,|=1, and the wave originating in the denser 
medium is reflected back from the interface. It may be shown that for « < a. the 
electric field in the less-dense medium decays exponentially away from the inter- 


face (evanescent wave) and propagates without loss along the interface (surface 
wave).” 
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Figure 16-34 Rays from submerged antenna at angles « below 83.6° are totally internally reflected. 
Rays between 83.6 and 90° are transmitted through the surface into air above and spread out over 
almost 180°. 


* This is the case for either perpendicular or parallel polarization. 


27). Des Kraus, Electromagnetics, 3rd _ed., McGraw-Hill, 1984, p. 515. For a detailed exposition of 
antennas in material media, see R. W. P. King and G. S. Smith (with M. Owens and T. T. Wu), 


Antennas in Matter, MIT Press, 1980. See also P. Delogne, Leaky Feeders and Subsurface Radio 
Communication, IEE, London, 1982. 
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Example. A 60-MHz (A, = 5 m) radio transmitter feeding a monofilar axial-mode 
helical antenna is situated 20 m below the surface of a freshwater lake with con- 
stants p, = 1, &, = 80 and o = 1.33 x 10° Um *. The helix axis is vertical. See 
Fig. 16-34. (a) For a given transmitter power how many turns should the helix have 
to maximize the signal at an elevation angle of 10° above the surface? (b) What is 
the relative power density radiated above the surface as a function of the elevation 
angle above the surface? (c) If the transmitter power is 100 W, what is the signal 
level at an elevation angle of 10° at a distance of 1 km from the submerged antenna 
site? The receiving antenna is a George Brown turnstile with reflector elements. 


Solution 
(a) At 60 MHz the loss term of the relative permittivity 
o Laser 


tpt Ry SES SS ee ee 3 
“55 8.85 x 10-2 x 2n x 60 x 10° ©) 


and the complex relative permittivity 
Cee ee 4 (4) 


The water is not lossless but ¢) > ¢”, so neglecting ¢, we have from (2) that the 
critical angle is given by 


19 
%. = COS” la = 83.58° (5) 


Thus, all rays from the helix at elevation angles less than 83.58° are reflected 
back into the water, and only rays at elevation angles greater than 83.58° emerge 
into the air, as suggested in Fig. 16-34. The hole through which the rays emerge 
is 12.84° wide [ =2 (90° — 83.58°)] centered on the zenith (« = 90°). 

From Snell’s law we have approximately that 


COS a, ~ ./&, cos « = 8.94 cos « (6) 
where «, = elevation angle of ray transmitted above the surface 


For «, = 10°, we have from (6) that « = 83.68° or just 0.1° (=83.68° — 83.58°) 
above the critical angle. 

For a monofilar axial-mode helical antenna with number of turns n > 3, 
pitch angle 12° < « < 14° and circumference 0.8 < C, < 1.15, the beam width 
and directivity from (7-4-4) and (7-4-7) are 


32° 
BREW (7) 
Cy. ns; 
and D =~ 12C7 nS, (8) 


Taking C,= 1, «= 125° and n= 12, the HPBW = 32.0° and D = 31.7> The 
half-power angle off axis is given by HPBW/2 = 16.0°, as compared to 6.32° 


1 Do not confuse « here for helix pitch angle with « in (6) for elevation angle. 
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(= 90° — 83.68°) for the ray which emerges at «, = 10°. Thus, with 12 turns the 
beam is broad enough that at or close to the critical angle the signal level is 
down from the maximum (on axis) only about 0.3 dB. Doubling the length of 
the helix (n = 24) increases the directivity from (8) by about 3 dB, but narrows 
the beam width sufficiently (by 1 //2) that at the critical angle the signal level is 
down about another 0.5 dB. Thus, doubling n results in a net increase in the 
level of the radiation emerging at an elevation angle a, = 10° above the surface. 
However, the narrower beam requires that the helix axis be set within 1° of 
vertical. Thus, a helix with about 20 turns is a reasonable compromise. 


(b) The relative power density S of a ray reflected back into the water is given by 


(c) 


node + (E, |p, |)? 


S 
5 Et + Ej 


(9) 
where E, = electric field perpendicular to the plane of incidence 
E|, = electric field parallel to the plane of incidence 
p, = teflection coefficient for perpendicular component 
LEq. (16-4-1) with ¢, inverted] 
P|, = teflection coefficient for parallel component 
[Eq. (16-4-6) with ¢, inverted] 
Assuming circular polarization (E, = E |) from the helix within the critical-angle 
hole, (9) reduces to 


S, = 2(1p.l? + |p) 17) (10) 
The relative power density S, transmitted through the surface and emerging 
above it is then given by 
S,=1-S, (11) 
Evaluating (10) and (11) for ¢, = 80 as a function of the elevation angle a, yields 
the curve of Fig. 16-35a and the pattern of Fig. 16-35b. Both graphs give the 
power radiated relative to its value at the zenith (a, = 90°). 
Note that the dimensions of the helix are reduced to i a = 0.11 or 11 percent 
of the dimensions in air. Thus, the submerged helix diameter D = Aol(/é, 73) i= 
5 m/(,/80 x) = 0.178 m. 


The loss component of the permittivity ¢” = 4 and since &” < ¢’, the attenu- 
ation constant for the water is given by! 


and the attenuation in the water path d by 
Attenuation (water) = 20 log e~ “4 = 20 log e~ 9-78! *2 = 49 dB 


The loss at the interface is given from (11) for elevation angle « (water) = 83.68° 
as 10 log 0.51 = 3 dB. 


* Do not confuse « here as the attenuation constant (=real part of propagation constant y) with « for 
helix pitch angle or « for elevation angle. Unfortunately, the English and Greek alphabets do not have 
enough letters to go around. 
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Figure 16-35 (a) Ratio of power density at elevation angle «, to power density at zenith (90°) 
for waves transmitted above surface of lake from submerged transmitter. (b) Field pattern of 
radiation transmitted above surface in polar coordinates. 


The directivity of the 20-turn helix is given by 
Des 12C- ms, = 12) 20'x/ 0,22 52.8 
and its effective aperture by 


DAG Ae 32,85" 


= 105 m? 
a Ar 4n o 


A George Brown turnstile (Sec. 16-7) with reflector elements has a directivity 
D ~ 3 and effective aperture at 4p = 5 m of 6 m7’. Taking the distance between 
transmitter and receiver as 1 km we have from the Friis transmission formula 
that the received power less water attenuation and surface (interface) loss is 


_ P,Ag Ae _ 100 x 105 x 3 


eae eee ree) OS 
rae 10002 x 5? ie 


P 
The water attenuation and surface (interface) loss total 52 dB (=49 + 3) so the 
net (actual) received power is given by 
P. = 1.25 x 10~3/antilog 5.2~ 8 x 10°? W=8nW 
or a bit less than 1 mV on a 100-Q transmission line. 


The transmitted energy-carrying field emerging above the surface goes to zero 
at the surface (elevation angle a, = 0°), as indicated in Fig. 16-35a and b. There is 
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also a reactive wave traveling out along (above) the surface that accompanies the 
totally internally reflected wave. However, it is a reactive wave and carries no 
energy (E and H are in time-phase quadrature). Its fields decay exponentially with 
height above the surface (being simply the matching fields at the surface of the 
reflected-wave fields below) and are called evanescent fields. Due to the difference in 
transmission of the parallel and perpendicular field components through the surface, 
the received wave is not necessarily circularly polarized (AR ¥ 1). However, the 
receiving antenna should be circularly polarized and of the same hand as the trans- 
mitting antenna, an implicit assumption made in solving the example problem. 

It is also assumed in the example that the water surface is smooth. If it is not 
smooth, as under windy conditions, the situation is different and fluctuations (noise) 
will occur in the received signal. 


The problem of electromagnetic wave transmission from water into air is 
analogous to that of transmission through the earth’s ionosphere to an extrater- 
restrial point above it. In each case, refraction is from a medium with lower 
velocity to one with higher velocity of wave propagation with ray-bending and 
total internal reflection at small enough elevation angles. (See Probs. 17-18 and 
17-19.) 

However, there are some fundamental differences in that the ionosphere is 
inhomogeneous and anisotropic (a magnetized plasma) with polarization changes 
by Faraday rotation. These effects make circularly polarized antennas essential. 

We note that the radio situation differs from the optical one in that ¢, ~ 80 
for water at radio wavelengths but ¢, ~ 1.75 for water at optical wavelengths. Thus, 
for light waves the critical angle «, = 41° as compared to 84° for radio waves. 


16-15 SURFACE-WAVE AND LEAKY-WAVE ANTENNAS. 
Traveling-wave antennas discussed in previous chapters include the monofilar 
axial-mode helix, long-wire and polyrod antennas. Surface-wave and leaky-wave 
antennas are also traveling-wave antennas but are ones which are adapted to 
flush or low-profile installations as on the skin of high-speed aircraft. Typically, 
their bandwidth is narrow (10 percent) and their gain is moderate (~ 15 dBi). 

Consider the plane boundary between air and a perfect conductor as shown 
in Fig. 16-36a with a vertically polarized plane TEM wave traveling to the right 
along the boundary. From the boundary condition that the tangential com- 
ponent of the electric field vanishes at the surface of a perfect conductor, the 
electric field of a TEM wave traveling parallel to the boundary must be exactly 
normal to the boundary, or vertical, as in Fig. 16-36a. However, if the conductiv- 
ity o of the conductor is not infinite, there will be a tangential electric field Eat 
the boundary, as well as the vertical component E,, so that the total field will 
have a forward tilt as in Fig. 16-36b. 

The direction and magnitude of the power flow per unit area are given by 
the Poynting vector with average value 


S.v = 4 Re E x H* (W m ”) (1) 
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Figure 16-36 Vertically polarized wave traveling to right (a) along surface of a perfectly conducting 
medium and (b) along surface of medium with finite conductivity. 


At the conducting surface the average power into the conductor (— y direction) is 


S.= —4 Re ELH (2) 


y 


This is power dissipated as heat in the conductor. 
The space relation of E,, H, (or H*) and S, is shown in Fig. 16-37a. Since 


E 

—=Z 3 
H, c ( ) 
where Z, = intrinsic impedance of the conductor 

then from (2) the power flow into the conductor can be written as 


S, = —1H,H* Re Z, = —4H?, Re Z, (4) 


y 
where H, = H,,e *"™ 
H* = H,, e*** = complex conjugate of H, 
€ = phase lag of H, with respect to E, 
) = propagation constant = « + jp 


The power flow parallel to the surface (x direction) is 


Sa sherbet (Wm) (5) 
Medium 1 
(air) E, 
A; EY Jef Sy Sy 
oS) Ce igh ete (rea ee reeeon 
Dy AS, Say 
Medium 2 
(a) (d) (c) 


Figure 16-37 Fields and Poynting vector at the surface of a conducting medium with a vertically 
polarized wave traveling parallel to the surface. 
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The space relation of E,, H, and S, is shown in Fig. 16-37b. Since 


E 
fe a La (6) 


Zz 


where Z, = intrinsic impedance of the dielectric medium (air) above the conduc- 
tor 


then from (5) the power flow along the conductor (x-direction) can be written 
S,. = Hz, Re Z, (W m ’) (7) 


The total average Poynting vector is then 


5 iH? in 
S,y = XS, + yS, = a (x Re Z, — y Re Z,) (8) 


Figure 16-37c shows the relation of S,, to its x and y components. It is apparent 
that the average power flow is not parallel to the surface but downward at an 
angle t. This angle is the same as the forward tilt angle of the electric field (see 
Fig. 16-36b). If the conductivity of the conductor is infinite (o = 00), the tilt is 
zero (t = 0). 

From (8) the tilt angle 


rueeZe 
Re Z, 


(9) 


Tost aAtien 


Example 1. Find the tilt angle t for a vertically polarized 3-GHz wave traveling in 
air along a flat copper sheet. 


Solution. At 3 GHz, we have for copper that Re Z, = 14.4 mQ. The intrinsic imped- 
ance of air is real and independent of frequency (=377 Q). From (9) we have 


4a 10m 


= 0.0022° 10 
ota He ue 


(a= tan 


Although t is very small it is not zero, indicating some power flow into the 
copper sheet. If o is small or if the conductor is replaced by a dielectric, t may 
amount to a few degrees. In the Beverage antenna (Sec. 11-16c) the horizontal 
field component (E,) is parallel to the antenna wire and induces emf’s in it. 


Example 2. Find the forward tilt angle t for a vertically polarized 3-GHz wave 
traveling in air along the smooth surface of a freshwater lake. 


Solution. At 3 GHz the conduction current of fresh water is negligible compared 
with the displacement current (¢” < ¢/) so the water may be regarded as a dielectric 
medium with ¢, ~ ¢ = 80. Thus, from (9), 


t= tan. | —— = 64° (11) 
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Figure 16-38 (a) Magnitude variation with time of E, and E, components of E in air at the surface 
of a copper region for a 3-GHz TEM wave traveling parallel to the surface. (b) Resultant values of E 
(space vector) at 22.5° intervals over one cycle, illustrating elliptical cross-field at the surface of the 
copper region. The wave is traveling to the right. Note that although E has x and y components 
(cross-field) it is linearly polarized as seen from the x direction. (From J. D. Kraus, Electromagnetics, 
3rd ed., McGraw-Hill, 1984.) 


The tilt angle t calculated above is an average value. In general, its instan- 
taneous direction varies with time. For the wave traveling along the copper sheet, 
E, and E, are in phase octature (45° phase difference), so that at one instant the 
total field E may be in the x direction and 4-period later in the y direction. For 
the 3-GHz wave of Example 1, E, and E, vary with time as in Fig. 16-38a. The 
locus of the tip of E describes a cross-field ellipse as in Fig. 16-38b, with positions 
shown as a function of time (wt). The ellipse is not to scale, the E,, values being 
magnified by 5000. The variation of the instantaneous Poynting vector is shown 
in Fig. 16-39 with ordinate values magnified by 5000. It is of note that the tip of 
the Poynting vector travels around the ellipse twice per cycle. 

Whereas copper has a complex intrinsic impedance, fresh water at 3 GHz 
(as in Example 2) has a real intrinsic impedance so that E,, and E, are essentially 
in phase and the cross-field ellipse collapses to a straight line with a forward tilt 
of 6.4°. 

The forward tilt of E or downward tilt of S in the above examples tend to 
make the wave energy hug the surface, resulting in a bound wave or surface wave. 
The phase velocity v of this wave is less than the velocity c of light, 1.¢., it is a slow 
wave (v < c). To initiate a wave along the surface, a launching device, such as a 
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45° 


O20" 


Figure 16-39 Poynting vector in air at a point on the surface of a copper region for a 3-GHz TEM 
wave traveling along the surface (to right). The Poynting vector is shown at 22.5° intervals over a 
4-cycle. The ordinate values are magnified 5000 times compared with the abscissa values. The tip of 
the Poynting vector travels around the ellipse twice per cycle. (From J. D. Kraus, Electromagnetics, 
3rd ed., McGraw-Hill, 1984.) 


horn, with a height of several wavelengths can be used as in Figs. 16-40 and 
16-41. 

In 1899 Arnold Sommerfeld’ showed that a wave could be guided by a 
round wire of finite conductivity. Jonathan Zenneck? pointed out that for similar 
reasons a wave traveling along the earth’s surface would tend to be guided by it. 

The guiding action of a flat conducting surface can be enhanced by adding 
metal corrugations. These and the horn launcher in Fig. 16-40 form a surface- 
wave antenna. The corrugations have many teeth per wavelength (s < 4/5). The 
slots between the teeth support a TEM wave involving E,, which travels up and 
down the depth of the slot (a standing wave). Each slot acts like a short-circuited 
section of a parallel-plane 2-conductor transmission line of depth d. Assuming 
lossless materials, the impedance Z presented to a wave traveling down the slots 
is a pure reactance given by 


Die end 
Z=yZ tan Zaid (Q) (12) 
0 
Wave 
Horn direction, = Ay /_ 
Guide Tilt angle 
Slot Teeth Ex ate 

{ | ' Figure 16-40 Corrugated surface- 

d ; 
_.. Wave antenna with horn wave- 

Conductor launcher. 


" A. Sommerfeld, “Fortpflanzung elektrodynamischer Wellen an einem zylindrischen Leiter,” Ann. 
Phys. u. Chem., 67, 233, December 1899. 


* J. Zenneck, “ Uber die Fortpflanzung ebener elektromagnetischer Wellen langs einer ebenen Leiter- 
flache und ihre Beziehung zur drahtlosen Telegraphie,” Ann. Phys., 23, 846-866, 1907. 
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Figure 16-41 Dielectric-slab surface-wave antenna with horn wave-launcher. 


where Z, = intrinsic impedance of medium filling the slots, Q 
€, = relative permittivity of the medium, dimensionless 
Ao = free-space wavelength, m 
d = depth of slots, m 


For air-filled slots (Z, = 377 Q and ¢, = 1), (12) reduces to 


2nd 
Z ~ j120n tan ae (Q) (13) 


0 


The slots store energy from the passing wave. When d < 1,/4, the plane along the 
top of the teeth is inductively reactive. When d = 4,/4, Z = o and the plane 
along the top is like an open circuit (nothing below), while when d = A,/2, Z = 0 
and the plane appears like the conducting sheet below it (a short circuit). 

The guiding action of a flat conducting surface can also be enhanced by 
adding a dielectric coating or slab of thickness d. With a launcher, as in Fig. 
16-41, the combination forms another type of surface-wave antenna. The electric 
field is vertically polarized but has a small forward tilt at the dielectric surface. 
For a sufficient thickness d, the fields attenuate perpendicular to the surface (y 
direction) as e *, where 


a=—/e—1 (Np m“*) (14) 


For ¢, = 2, the attenuation is over 50 dB 4 *. Thus, the fields are confined close 
to the surface. 

Corrugated and dielectric slab surface-wave antennas, as in Figs. 16-40 and 
16-41, with a length of several 4 and a width of 14 or more (into page), produce 
end-fire beams with gain proportional to their length and width. It is assumed 
that the conducting surface (ground plane) extends beyond the end of the corru- 
gations or slab. If not, the beam direction tends to be off end-fire (elevated). For 
optimum patterns, the depth of the slots or thickness of the slab may be tapered 
at both ends. 

Although surface-wave antennas take many forms, the ones described above 
are typical. They are traveling-wave antennas carrying a bound wave with the 
energy flowing above the guiding surface and with velocity v < c (slow wave). E 
would be perpendicular to the surface except for its forward tilt. 
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Beam 


Figure 16-42 Open-top waveguide 


: antenna with continuous’ energy 
End\ Guide~ Side leakage. 


Leaky-wave antennas are also traveling-wave types but ones in which radi- 
ating energy leaks continuously or periodically from along the length of the 
guiding structure, with most of the energy flow within the structure. Typically, 
but not necessarily, the structure carries a fast wave (v > c). A hollow metal wave- 
guide is an example. With one wall removed, energy can leak out continuously all 
along the guide. 

A leaky-waveguide antenna of this type is shown in Fig. 16-42. Since the 
wave velocity v in the guide is faster than the velocity c of light, the radiation 
forms a beam inclined at an angle ¢@ with the guide as given by 


i= COSma z (15) 
v 


For v = 1.5c, ¢ = 48°. Since v is a function of the frequency, the beam angle @ 
may be scanned by a change in frequency. 

A leaky-wave antenna may also be constructed by cutting holes or slots at 
a regular spacing along the waveguide wall as in Fig. 16-43 (see also the slotted 
waveguide of Fig. 13-5). Leakage may be controlled by the slot or hole size. For a 
slot or hole perimeter of ~1/, leakage is large but decreases rapidly with a 
decrease in perimeter. This periodic structure radiates at a beam angle ¢ given 
from (7-11-8) by 


A 
@i= COS i. E + a (16) 
Ae 15) AG 
where s = hole or slot spacing, m 
Ao = free-space wavelength, m 


A, = wavelength in guide, m 
m = mode number, 0, +4, +1,... 


Example. Find the beam angle ¢ for 4, = 1.54),5 = A, andm = —1. 


Solution. From (16), 


1 1 
Oi COS an E a | = 109.5° (in back-fire direction) 
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Figure 16-43 Slotted-waveguide 
antenna with leakage at periodic 
(discrete) intervals. 


If the slots are spaced 4/2 instead of 14, proper phasing requires that alter- 
nate ones be placed on opposite sides of the centerline. For this case m = —4 in 
(16). The beam angle @ may be scanned by a change in frequency. Although 
described here as a leaky-wave antenna, the antenna of Fig. 16-43 may also be 
considered as simply an array of waveguide slots. 

Consider now a dielectric slab waveguide of thickness d with wave injected 
at small enough « (below the critical angle) so that the wave is totally internally 
reflected and propagates by multiple reflections inside the slab. The situation is 
similar to that for the submerged radio transmitter in Sec. 16-14, except that here 
the denser medium has upper and lower boundaries and a thickness of the order 
of 1A,. Although the energy is transmitted inside the slab, fields exist above and 
below. These, however, are evanescent and decay exponentially away from the 
slab. They convey no energy. (Recall the evanescent wave above the water surface 
in Sec. 16-14.) 

It might be supposed that any wave injected into the slab at an angle below 
the critical value will propagate, but, because of multiple-reflection interference, 
waves will only propagate at certain angles (eigenvalues).' Figure 16-44 is an end 
view of a dielectric slab waveguide carrying a wave with electric field parallel to 


Evanescent 
field 
Ss Air Slab 


Figure 16-44 End view of dielectric slab waveguide 
with E parallel to the slab surfaces. Propagation is into 
the page. Arrows and graph (at left) indicate variation 
in magnitude of E across the thickness d of the slab. The 
field outside the slab is evanescent and transmits no 
energy. 


1 J. D. Kraus, Electromagnetics, 3rd ed., McGraw-Hill, 1984, p. 590. 
D. Marcuse, Theory of Dielectric Optical Waveguides, Academic Press, 1974. 
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the surfaces (perpendicular to the plane of incidence). In the notation of Sec. 
16-14 this is an E, field. Propagation is into the page. The evanescent field above 
and below the slab matches the field inside but carries no energy. However, dis- 
continuities on the slab surface can cause energy leakage from inside and radi- 
ation. Thus, a dielectric slab with surface discontinuities can act as a leaky-wave 
antenna. 

A dielectric cylinder can also serve as a guide in the same manner as a slab. 
At or near optical wavelengths the cylinder diameter can be physically small or 
threacilike. Such guides, or optical fibers, consist typically of a transparent glass 
core surrounded by a glass sheath or cladding of slightly lower index of refraction, 
with the sheath enclosed in an opaque protective jacket. A typical core fiber 
25 um in diameter is as fine as a human hair and can carry one thousand 2-way 
voice communication channels with an attenuation as small as 1 dB km“ at 
light or infrared wavelengths (5 to 1 um). 

The literature on surface- and leaky-wave antennas is extensive. Summary 
treatments are given by Zucker and by Mittra.’ 


16-16 ANTENNA DESIGN CONSIDERATIONS FOR SATELLITE 
COMMUNICATION. In 1945, while a radar officer in the Royal Air Force, 
Arthur C. Clarke* published an article in Wireless World in which he proposed 
the use of artificial satellites and, in particular, those in a geostationary orbit, as a 
solution to the world’s communication problem. The idea then seemed far 
fetched to many but 12 years later Sputnik went up and only 6 years after that, in 
1963, the first successful geostationary satellite, Syncom 2, was put into orbit and 
Clarke’s proposal became a reality. Now there are hundreds of satellites* in the 
geostationary or Clarke orbit with more being added at frequent intervals. The 
satellites move with the earth as though attached to it so that from the earth each 
appears to remain stationary above a fixed point on the equator. These satellites 
form a ring around the earth at a height of 36000 km above the equator, putting 
the earth in the company of other ringed planets, Saturn and Uranus, with the 
difference that the earth’s ring is man-made and not natural. Arthur Clarke has 
observed that the ancient superstition that our destinies are controlled by celes- 
tial bodies has at last come true, except that the bodies are ones we have put up 
there ourselves. 

Having a transmitting (transponder) antenna on a Clarke-orbit satellite is 
like having it on an invisible tower 36000 km high. Since earth-station dishes 
look upward at the sky, ground reflections are eliminated but the ground is still 


* F. J. Zucker (chap. 12) and R. Mittra (chap. 10), in Antenna Engineering Handbook, McGraw-Hill, 
1984. 


2 A. C. Clarke, “Extra-terrestrial Relays,” Wireless World, 51, 305-308, October 1945. 
3 Nearly 500 at the end of 1986. 
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involved through its effect on the antenna noise temperature via side and back 
lobes. 

The spacing of satellites in the Clarke orbit is closely connected with the 
design of both satellite and earth-station antennas. Thus, if beam widths and 
sidelobe levels are reduced, the spacing can be reduced and more satellites 
accommodated in orbit. 

The full orbit utilization problem involves not only satellite placement and 
spacing but also the available spectrum. Thus, satellites may be parked closer 
together than beam widths would allow if they operate in different frequency 
bands. However, both orbit space and spectrum space are limited resources which 
must be allocated in an optimum manner to meet the tremendous international 
demand for satellite communications. The problem of maximizing access to the 
Clarke orbit is under study and planning by the satellite orbit-use (ORB) sessions 
of the World Administrative Radio Conference (WARC), with its first session 
(ORB-1) in 1985 and a second session (ORB-2) scheduled for 1988.1 

To permit closer spacings than otherwise, North American satellites sharing 
the same frequencies use an alternate linear-polarization technique. For example, 
the even-numbered channels of a satellite may be polarized parallel to the orbit 
with odd-numbered channels perpendicular to it, while the adjacent satellites on 
either side have the polarizations reversed (odd-numbered parallel and even- 
numbered perpendicular to the orbit). Some satellites serving other parts of the 
world use circular polarizations of opposite hand to do the same thing. Thus, the 
response level of the earth-station antenna to the opposite state of polarization is 
a factor. 

It is necessary that the earth-station antenna have gain and pattern proper- 
ties capable of providing a satisfactory S/N ratio with respect to noise and inter- 
ference sources (as from adjacent satellites). The satellite transponder power, 
antenna gain and pattern are also factors. At the Clarke-orbit height of 
36000 km, a satellite spacing of 1° amounts to a physical separation of 630 km. 
Although each satellite wanders about its assigned orbital location (usually in a 
systematic manner), this “station-keeping” motion is required by regulation to 
be less than 60 km (0.1°) so that spacing even closer than 1° is possible without 
danger of satellites colliding.” 

Some of the antenna design aspects may be illustrated by an example. 


Example. Determine the required parabolic dish diameter of a 4-GHz (C-band) 
earth-station antenna if its system temperature = 100 K for an S/N ratio of 20 dB 


1H. J. Weiss, “ Maximizing Access to the Geostationary-Satellite Orbit,” ITU J., 53, 469-477, August 
1986. 


? The satellite antenna pointing accuracy in roll, pitch and yaw are also usually of the order of 0.1° or 
less. Roll, pitch and yaw are of primary concern in the satellite antenna design but of secondary 
importance in the earth-station antenna design. The Astra satellites have specifications of 0.06° roll, 
0.07° pitch, 0.22° yaw and +0.05° station keeping. 
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and bandwidth = 30 MHz with satellite transponder power = 5 W, satellite para- 
bolic dish diameter = 2 m and spacing between satellites = 2°. 


Solution. From the Friis transmission formula and the Nyquist noise-power equa- 
tion, we have from (17-3-9) that the S/N (actually C/N or carrier-to-noise) ratio for 
isotropic antennas and a transmitter power of 1 W is given by 


aoe bi (1) 
N. 16n77k TB 
where A= wavelength 
r = downlink distance, 36000 km 
k = Boltzmann’s constant = 1.38 x 10°77 JK7™} 
T,,, = system temperature, K 
B = bandwidth, Hz 
Introducing the indicated values in (1) we obtain 
S 
= —61.8 dB (2) 


N 
for the downlink at 1 W isotropic. 
For the D = 2 m diameter satellite dish at 50 percent aperture efficiency, the 
antenna gain G, is given by 
“ 4nA 


G, rp 


£ = 35.5 dB (3) 


D? 
where A, = in( >) == Onin 


A = 0.075 m 


The transponder power of 5 W gives an additional 7 dB (=log 5) gain. The 
required earth-station antenna gain G, must then be sufficient to make the system 
S/N ratio >20 dB, or 


Gy = 20 + 61.8 — 35.5 — 7 = 39.3 dB (4) 


Thus, the required earth-station effective aperture 


Gauge 
A,= 7 = 3.8 m? (5) 


At an assumed aperture efficiency of 50 percent the required physical aperture A, is 
twice this, or 7.6 m*, making the required diameter of the earth-station antenna 


A, 
Den? [43m (6) 
7 


This diameter meets the S/N ratio requirement. To determine if it also meets the 2° 
spacing requirement we should know the illumination taper across the dish aper- 
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Main beam 
maximum 


First nulls or 
minima 


20 


First side lobes 


Satellite positions 
(nominal) 


Variation Variation (+0.2°) 


Figure 16-45 Pattern of C-band earth-station dish for worked example. Pattern is shown 
with respect to satellite positions at 2° spacing in the Clarke orbit. 


ture. This is not given. However, we assumed 50 percent aperture efficiency which 
implies substantial taper. Accordingly, the beam widths may be estimated as 


HPBW ~ 2 = oS = 1.6° (7) 
=D ieadem/007S m+ Ac 
145° 


A 


and BWEN ~ woe : } (8) 


Thus, first nulls or minima are approximately 1.75° either side of the satellite or 
0.25° less than the 2° spacing of the adjacent satellites, as indicated in Fig. 16-45. 
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The first sidelobe level of a tapered circular aperture should be at least 20 dB 
down and since the adjacent satellites are closer to the first nulls or minima than the 
first sidelobe maxima, the adjacent satellite levels should be at least 25 dB down, 
which could make the total noise level about 18 dB down. Although this may not be 
satisfactory, the use of an opposite state of polarization on the adjacent satellites 
should reduce their interfering signal level to an acceptable level provided the earth- 
station response to cross-polarization is small. 

The station-keeping accuracy of the satellites and the pointing error of the 
earth-station antenna are also factors. Since these may vary independently, the 
effects will be random and must be assessed by statistical methods giving upper and 
lower limits to the overall S/N ratio. 7 

Assuming an earth-station antenna pointing error of +0.1°, the same as the 
required satellite station-keeping tolerance, means that the satellite position may 
vary a maximum of +0.2° with respect to the first null. This is indicated in Fig. 
16-45. We note that at one extreme the satellite is almost at the null but at the other 
extreme is only about 4 dB below the first sidelobe maximum. These and other 
factors are discussed by Jansky and Jeruchim.' 

Although we have made a number of assumptions, the example illustrates 
many of the important factors involved in determining suitable dimensions and 
pattern characteristics of an earth-station antenna. (See Fig. 12-58.) 


16-17 RECEIVING VERSUS TRANSMITTING CONSIDER- 
ATIONS. According to the principle of reciprocity, the field pattern of an 
antenna is the same for reception as for transmission. However, it does not 
always follow that because a particular antenna is desirable for a given transmit- 
ting application it is also desirable for reception. In transmission the main objec- 
tive is usually to obtain the largest field intensity possible at the point or points 
of reception. To this end, high efficiency and gain are desirable. In reception, on 
the other hand, the primary requirement is usually a large signal-to-noise ratio. 
Thus, although high efficiency and also gain may be desirable, they are important 
only insofar as they improve the signal-to-noise ratio. As an example, a receiving 
antenna with the pattern of Fig. 16-46a may be preferable to a higher-gain 
antenna with the more directional pattern of Fig. 16-465, if there is an interfering 
signal or noise arriving from the back direction as indicated. Although the gain of 
the antenna with the pattern at (a) is less, it may provide a higher signal-to-noise 
ratio since its pattern has a null directed toward the source of the noise or inter- 
ference (see Sec. 11-13 on adaptive arrays). 

However, by way of contrast, suppose that circuit noise in the receiver is the 


‘D. M. Jansky and M. C. Jeruchim, Communication Satellites in the Geostationary Orbit, Artech 
House, 1983. 
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Interfering Desired 

signal signal 
(a) 


Figure 16-46 Low-gain antenna with high front-to- 


back ratio at (a) is better than higher-gain antenna 

he ee MRS) ~<— __ with lower front-to-back ratio at (b) for reception in 

: Uh the presence of a_ back-side interfering signal. 
Interfering Desired 


signal gional However, for transmission the higher-gain antenna 
(b) at (b) is superior. 


limiting factor. Then high antenna gain and efficiency would be important in 
order to raise the signal-to-noise ratio. 

In direction-finding antennas, the directional characteristic of the antenna is 
employed to determine the direction of arrival of the radio wave. If the signal-to- 
noise ratio is high, a null in the field pattern may be used to find the direction of 
arrival. With a low signal-to-noise ratio, however, the maximum of the main lobe 
may provide a more satisfactory indication." 


16-18 BANDWIDTH CONSIDERATIONS. The useful bandwidth of an 
antenna depends, in general, on both its pattern and impedance characteristics.” In 
thin dipole antennas the bandwidth is usually determined by the impedance 
variation since the pattern changes less rapidly.* However, with very thick cylin- 
drical antennas or biconical antennas of considerable cone angle, the impedance 
characteristics may be satisfactory over so wide a bandwidth that the pattern 
variation determines one or both of the frequency limits. The pattern may also 
determine the useful bandwidth of horn antennas, metal-plate lens antennas or 
zoned lens antennas. 

If the acceptable bandwidth for pattern exceeds that for impedance, the 
bandwidth can be arbitrarily specified by the frequency limits F, and F, at which 
the VSWR on the transmission line exceeds an acceptable value. What is accept- 
able varies widely depending on the application. In some cases the VSWR must 
be close to unity. In others it may be as high as 10 to 1 or higher. The bandwidth 


A. Alford, J. D. Kraus and E. C. Barkofsky, in Very High Frequency Techniques, Radio Research 
Laboratory Staff, McGraw-Hill, New York, 1947, chap. 9. 

The pattern is understood to include polarization characteristics. 

3 A dipole A/2 long has a half-power beam width of 78°. If the frequency is reduced so that the dipole 
length approaches an infinitesimal fraction of a wavelength, the beam width only increases from 78 to 
90°, while if the frequency is doubled so that the dipole is 1A long the beam width decreases from 78 
to about 47°. 
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can be specified as the ratio of F, — F, to F, (the center or design frequency) or 
in percent as 
F,—F 
= x 100 


0) 


Another definition is the simple ratio F,/F, (or F,/F, to 1) where F, > F,. 


The bandwidth due to the impedance can also be specified (if the bandwidth 
is small) in terms of its reciprocal or Q at Fy, where 


total energy stored by antenna 


2 mh energy dissipated or radiated per cycle 


16-19 GRAVITY-WAVE ANTENNAS. ROTATING BOOM FOR 
TRANSMITTING AND WEBER BAR FOR RECEIVING. Gravity, 
which we frequently think of as a force which holds us to our seat in a chair, is a 
manifestation of Albert Einstein’s theory of general relativity in which space, time 
and matter are related in a geometric concept.’ Although accelerating masses 
may, in theory, radiate gravity waves (analogous to the electromagnetic waves 
radiated by accelerated charges), gravitational radiation is a smaller-order effect 
and tends to be weak.” 

Consider, for example, the gravitational radiation from a uniform solid steel 
bar rotating end-over-end as a gravity-wave transmitting antenna. According to 
Misner, Thorne and Wheeler? in their classic book Gravitation, the bar will 
radiate a power 


P=1.5 x 107-54M2I4@® ~~ (W) (1) 


where M = mass of bar, kg 
L = length of bar, m 
@ = angular velocity, rad s~ 


If the bar’s mass is 500 tonnes (M = 5 x 10° kg), is 20 m long (L = 20 m) 
and rotates end-over-end 270 times per minute, which is about as fast as the 
tensile strength of the bar will permit (a = 2x x 270/60 rad s"*), we have, intro- 
ducing these values in (1), that the very small power 


REO 0mecnw (2) 


1 


is radiated in gravity waves. 


1 A. Einstein, “Zur allgemeinen Relativitatstheorie,” Preuss. Akad. Wiss., 47, 778-786, 799-801, 1915. 


? Electric charges, being of two signs (positive and negative), can form dipoles but masses, being of 
only one sign, cannot. Thus, gravitational dipole radiation is not possible but gravitational quadru- 
polar radiation is. 


3-C. W. Misner, K. S. Thorne and J. A. Wheeler, Gravitation, Freeman, 1973. 
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Figure 16-47 Proposed gravity-wave communication link with rotating-boom transmitting antenna 
and Weber-bar receiving antenna. The Weber bar should be suspended in a cushioned, evacuated, 
refrigerated tank (not shown). 


Although the above example shows that gravity-wave radiation is very inef- 
ficient and weak, let us design a hypothetical gravity-wave communication link. 
Instead of a uniform solid bar as the transmitting antenna let us use a pair of 
moveable weights on a rotating boom as in Fig. 16-47. The rotating boom idles 
with the weights at the ends. With weights drawn in, the boom speeds up and 
sends out waves of a higher frequency to which a Weber-bar receiving antenna is 
tuned. With the position of the weights under the control of a telegraph key, we 
have a frequency-shift CW system with the transmitted gravity-wave frequency 
equal to twice the boom rotation rate. The velocity of propagation of the gravity 
waves is presumed to be equal to the velocity of light. 

Turning next to the receiving system, let us use an antenna similar to the 
one developed by the pioneer gravity-wave scientist Professor Joseph Weber of 
the University of Maryland. It consists of a several-tonne aluminum bar, or 
Weber-bar antenna, suspended at its midpoint and isolated from sound and 
vibration by enclosing it in a refrigerated, cushioned, evacuated tank (Fig. 16-47). 
A passing gravity wave should make the bar vibrate as though tapped by a tiny 
hammer. The vibration of the bar generates electrical signals in strain sensors 
attached to the bar. These signals are then amplified and recorded. 

For optimum performance the bar’s natural frequency should be the same 
as the frequency of the gravity waves from the rotating transmitting antenna. The 
Weber-bar antenna should also be broadside to the wave direction. The sensi- 
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tivity of the Weber-bar antenna is proportional to its mass and its stiffness (or Q) 
and inversely proportional to its temperature. 

As of the present date (1987) no gravity waves have been detected for 
certain although a number of very sensitive systems are in operation. Indirect 
evidence of their existence comes from measurements of rotating double (binary) 
star systems where the measured rate of decay or slow-down of the orbital period 
is found to agree closely with the energy loss and decay expected from gravity- 
wave radiation. 

Gravity waves are now (1987) in a status between their theoretical postu- 
lation by Einstein and their detection and demonstration, similar to the status of 
radio waves in the years after Maxwell published his theory but before Hertz 
produced and measured them. 

Additional discussions of gravity-wave detection are given by Kraus.’ 


PROBLEMS’ 

16-1 VSWR for dipole antenna. Calculate the VSWR on a 65-Q line connected to the 
L/D = 60 dipole antenna of Fig. 16-22f over a 30 percent bandwidth if an open- 
ended line of 40 Q characteristic impedance is connected in parallel with the 
antenna terminals. The line is 180° long at the center frequency F,. 

*16-2 Stub impedance. 

(a) What is the terminal impedance of a ground-plane mounted stub antenna fed 
with a 50-Q air-filled coaxial line if the VSWR on the line is 2.5 and the first 
voltage minimum is 0.17/ from the terminals? 

(b) Design a transformer so that the VSWR = 1. 


16-3 Square loop. Calculate and plot the far-field pattern in the plane of a loop antenna 
consisting of four 4/2 center-fed dipoles with sinusoidal current distribution 
arranged to form a square 4/2 on a side. The dipoles are all in phase around the 
square. 

16-4 Triangular loop. Calculate and plot the far-field pattern in the plane of a loop 
antenna consisting of three 1/2 center-fed dipoles with sinusoidal current distribu- 
tion arranged to form an equilateral triangle 1/2 on a side. The dipoles are all in 
phase around the triangle. 

16-5 Microstrip line. For a polystyrene substrate (e, = 2.7) what width—substrate thick- 
ness ratio results in a 5O-Q microstrip transmission line? 

*16-6 Surface-wave powers. A 100-MHz wave is traveling parallel to a copper sheet 
(|Z, | = 3.7 x 107? Q) with E (=100 V m~! rms) perpendicular to the sheet. Find 
(a) the Poynting vector (watts per square meter) parallel to sheet and (b) the 
Poynting vector into the sheet. 


"J. D. Kraus, Radio Astronomy, 2nd ed., Cygnus-Quasar, 1986, pp. 9-29, 9-33; J. D. Kraus, Our 
Cosmic Universe, Cygnus-Quasar, 1980, pp. 211-214, 225. 


* Answers to starred (*) problems are given in App. D. 
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16-7 Surface-wave powers. A 100-MHz wave is traveling parallel to a conducting sheet 
for which | Z. | = 0.02 Q. If E is perpendicular to the sheet and equal to 150 V m7! 
(rms), find (a) watts per square meter traveling parallel to the sheet and (b) watts 
per square meter into the sheet. 


*16-8 Surface-wave power. A plane 3-GHz wave in air is traveling parallel to the bound- 
ary of a conducting medium with H parallel to the boundary. The constants for 
the conducting medium are o = 10’ Um“! and yp, = «, = 1. If the traveling-wave 
rms electric field E = 75 mV m“’, find the average power per unit area lost in the 
conducting medium. 


16-9 Surface-wave current sheet. A TEM wave is traveling in air parallel to the plane 
boundary of a conducting medium. Show that if K = p,v, where K is the sheet- 
current density in amperes per meter, p, is the surface charge density in coulombs 
per square meter and v the velocity of the wave in meters per second, it follows 
that K = H, where H is the magnitude of the H field of the wave. 


16-10 Coated-surface wave power. Show that for a dielectric-coated conductor, as in 
Fig. 16-41, the ratio of the power transmitted in the dielectric P; to the power 
transmitted in the air P, is given by 


P, __ cos Bd 


P,  sin® Bd 


(sin 2hd — 2fd) 


where d is the thickness of the dielectric coating. 


*16-11 Coated-surface wave cutoff. A perfectly conducting flat sheet of large extent has a 
dielectric coating (¢, = 3) of thickness d = 5 mm. Find the cutoff frequency for the 
TM, (dominant) mode and its attenuation per unit distance. 


16-12 Lunar communication by surface wave. Discuss the possibilities of using dielectric- 
slab surface-wave modes for radio communication around the moon over long 
distances (1000 km or more). Note that the moon has no ionosphere. See, for 
example, W. W. Salisbury and D. L. Fernald, “ Postocculation Reception of Lunar 
Ship Endeavour Radio Transmission,” Nature, 234, 95, Nov. 12, 1971; also A. F. 
Wickersham, Jr., “Generation, Detection and Propagation on the Earth of HF 
and VHF Radio Surface Waves,” Nature, 230, 125-130, Apr. 5, 1971. 


16-13 Horizontal dipole above ground. A thin 4/2 dipole is parallel to a flat, perfectly 
conducting ground at a height h above it. (a) Calculate and plot the gain of the 
dipole in the zenith direction as a function of height h for heights from zero to 4. 
Express the gain with respect to a 4/2 dipole in free space. Assume zero losses. 
(b) Repeat (a) for dipole loss resistance R, = 1 Q. 


*16-14 Overland TV for HP, VP and CP. 

(a) A typical overland microwave communication circuit for AM, FM or TV 
between a transmitter on a tall building and a distant receiver involves 2 paths 
of transmission, one a direct path (length r,) and one an indirect path with 
ground reflection (length r, + r,), as suggested in Fig. P16-14. Let h, = 300 m 
and d = 5 km. For a frequency of 100 MHz calculate the ratio of the power 
received per unit area to the transmitted power as a function of the height h, of 
the receiving antenna. Plot these results in decibels as abscissa versus h, as 
ordinate for 3 cases with transmitting and receiving antennas both (1) vertically 
polarized, (2) horizontally polarized and (3) right-circularly polarized for h, 
values from 0 to 100 m. Assume that the transmitting antenna is isotropic and 
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16-15 


16-16 


*16-17 


Transmitting antenna 


Figure P16-14 Overland microwave communication circuit. 


that the receiving antennas are also isotropic (all have the same effective 
aperture). Consider that the ground is flat and perfectly conducting. 

(b) Compare the results for the 3 types of polarization and show that circular 
polarization is best from the standpoint of both the noncriticalness of the 
height h, and of the absence of echo or ghost signals. Thus, for horizontal or 
vertical polarization the direct and ground-reflected waves may cancel at 
certain heights while at other heights, where they reinforce, the images on the 
TV screen may be objectionable because the time difference via the 2 paths 
produces a double image (a direct image and its ghost). 

(c) Extend the comparison of (b) to consider the effect of other buildings or struc- 
tures which may produce additional paths of transmission. 

Note that direct satellite-to-earth TV downlinks are substantially free of 
these reflection and ghost image effects. 


Horizontal dipole above imperfect ground. Calculate the vertical plane field pattern 
broadside to a horizontal 4/2 dipole antenna 14/4 above actual homogeneous 
ground with constants e/ = 12 and o=2 x 10°23 U m ‘/ at (a) 100 kHz and (b) 
100 MHz. 

Short vertical dipole above imperfect ground. The center of a short vertical dipole 
(I < 4/10) is located 4/4 above actual homogeneous ground with the same con- 
stants as in Prob. 16-15. Calculate the vertical plane field pattern at (a) 1 MHz and 
(b) 100 MHz. | 


DF and monopulse. Many direction-finder (DF) antennas consist of small (in 
terms of A) loops giving a figure-of-eight pattern as in Fig. P16-17a. Although the 
null is sharp the bearing (direction of transmitter signal) may have considerable 
uncertainty unless the S/N ratio is large. To resolve the 180° ambiguity of the loop 
pattern, an auxiliary antenna may be used with the loop to give a cardiod pattern 
with broad maximum in the signal direction and null in the opposite direction. 
The maximum of a beam antenna pattern, as in Fig. P16-17b, can be 
employed to obtain a bearing with the advantage of a higher S/N ratio but with 
reduced pattern change per unit angle. However, if 2 receivers and 2 displaced 
beams are used, as in Fig. P16-17c, a large power-pattern change can be combined 
with a high S/N ratio. An arrangement of this kind for receiving radar echo signals 
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16-20 


*16-21 


PROBLEMS 773 


IP 
Loop plus Sean Sade 
auxiliary Loop null 1 4 
; 
Sincic \W/ Double-beam 
Loop alone DF pears DE \ DF (monopulse) 


(a) (b) (c) 


Figure P16-17 Direction finding: (a) with loop null, (b) with beam maximum and (c) with 
double beam (monopulse). 


can give bearing information on a single pulse (monopulse radar). If the power 

received on beam 1 is P, and on beam 2 is P,, then if P, > P, the bearing is to 

the right. If P,; > P, the bearing is to the left and if P, = P, the bearing is on axis 

(boresight). (With 4 antennas, bearing information left-right and up-down can be 

obtained.) 

(a) If the power pattern is proportional to cos* 0, as in Fig. P16-17c, determine 
P,/P, if the interbeam (squint) angle « = 40° for A@ = 5 and 10°. 

(b) Repeat for « = 50°. 

(c) Determine the P,/P, of the single power pattern of Fig. P16-17b for A@ = 5 
and 10° if the power pattern is also proportional to cos* 0. 

(d) Tabulate the results for comparison and indicate any improvement of the 
double over the single beam. 


Path difference on overland radio link. If h, =h, and d>h, in Prob. 16-14 
(Fig. P16-14), show that the path difference of direct and reflected rays is 2h7/d. 


Antennas over imperfect ground. Write and run computer programs for Probs. 
16-15 and 16-16 with a menu for height, frequency and ground constants ¢) and o. 
Square-corner monopulse radar antenna. Design a square-corner reflector antenna 
with 2 off-axis feeds to operate as a monopulse radar. See footnote preceding 
equation (12-3-7). 

Signalling to submerged submarines. Calculate the depths at which a 1 wV m™ 
field will be obtained with E at the surface equal to 1 V m“‘ at frequencies of 1, 
10, 100 and 1000 kHz. What combination of frequency and antennas is most suit- 
able? 


1 


CHAPTER 


ANTENNA 
TEMPERATURE, 
REMOTE 
SENSING, 
RADAR AND 
SCATTERING 


17-1 INTRODUCTION. The concepts of antenna temperature and system 
temperature,’ mentioned in earlier chapters, are developed here in more detail 
and their relation shown to the signal-to-noise ratio. The application of the tem- 
perature concept to remote sensing is then discussed. The next sections cover 
radar and the radar equation, leading to considerations of scattering and the 
radar or scattering cross section. 


17-2 ANTENNA TEMPERATURE, INCREMENTAL AND 
TOTAL. Referring to Fig. 17-1a, the noise power per unit bandwidth available at 
the terminals of a resistor of resistance R and temperature T is given by the 
Nyquist relation as 


ea afb (W Hz" *) (1) 


For more detailed treatment see J. D. Kraus, Radio Astronomy, 2nd ed., Cygnus-Quasar, 1986. 
* H. Nyquist, “ Thermal Agitation of Electric Charge in Conductors,” Phys. Rev., 32, 110-113, 1928. 
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(a) (d) (c) 
Figure 17-1 (a) Resistor at temperature T. (b) Antenna in an anechoic chamber at temperature T. 
(c) Antenna observing sky at temperature T. The same noise power per unit bandwidth is available at 
the terminals in all 3 cases. 


where p = power per unit bandwidth, W Hz ' 
k = Boltzmann’s constant =1.38 x 10°*° JK™! 
T = absolute or Kelvin temperature, K 


If the resistor R is replaced by a lossless antenna of radiation resistance R in 
an anechoic chamber, as in Fig. 17-1b, at temperature T the noise power per unit 
bandwidth available at the terminals is unchanged. 

Now if the antenna is removed from the chamber and pointed at a sky of 
temperature T, the noise power at the terminals is the same as for the two pre- 
vious cases.’ 

If p is independent of frequency, the total power P is given by p multiplied 
by the bandwidth Af, or 


P=kTAf (W) (2) 


where P = power, W 
Af = bandwidth, Hz 


Suppose that the antenna of Fig. 17-1c has an effective aperture A, and that 
its beam is directed at a source of radiation which produces a power density per 
unit bandwidth or flux density S at the antenna. The power received from the 
source is then given by 

Teer SAT Mat NY) (3) 
where S = power density per unit bandwidth, W m~? Hz * 
A, = effective aperture, m7 
Af = bandwidth, Hz 


1 It is assumed that the entire antenna pattern “sees” the sky of temperature T. 
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Equating (3) and (2), the power density per unit bandwidth or flux density 
from the source at the antenna is 
* k AT, 
oA 


S (Wom Hz.) (4) 


e 
where AT, = incremental antenna temperature due to the source, K 
To separate the power received from the source from other sources of radi- 


ation, AT, is measured as the difference in antenna temperature with the antenna 
beam on and off the source, or 


AT ay iS) (5) 


This incremental antenna temperature AT, is equal to the change in tem- 
perature of the resistor R (substituted for the antenna) required to produce an 
equal power P as given by (2). 

In practice it is not necessary to make the resistor temperature change 
equal to AT, in order to measure AT,. Thus, the receiver may be switched alter- 
nately to antenna and resistor. Assuming that the receiver output indicator has a 
linear power scale, let the deflection with the antenna be d, and with the resistor 
dp. If the resistor temperature change is AT,, then the incremental antenna tem- 
perature AT, is given by 

di. 
MIL Sa (K) (6) 
dp 
where AT, = incremental antenna temperature, K 
d, = deflection with antenna, arbitrary units 
dz = deflection with resistor, same units as for d, 
AT = resistor temperature change, K 


It is assumed that the antenna and resistor are both matched to the trans- 
mission line and receiver. 

If the antenna has no side or back lobes and its beam is narrower than the 
source, the incremental antenna temperature AT, is equal to the source tem- 
perature 7,. Thus, the antenna and receiver act as a passive remote sensing device 
which can determine the temperature of near or distant regions within the 
antenna beam. It is as though the antenna’s radiation resistance R is coupled by 
the beam to the remote regions and acquires a temperature AT, equal to the 
remote region (or source) temperature T,. 

Let us consider now a different situation, i.e., one in which the antenna 
beam is much wider than the source extent, as in Fig. 17-2. Then, obviously, AT, 
will be less than T;. However, if the source solid angle Q, and the antenna beam 
solid angle Q, are known, the source temperature is given very simply by 

Q4 


dh tay AT, (7) 


S 
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, 


Figure 17-2 Situation where source extent Q, is smaller than the beam area Q,. 


Beam angle 


where 7, = source temperature, K 
AT, = incremental antenna (noise) temperature, K 
Q, = source solid angle (see Fig. 17-2), sr 
Q., = antenna beam solid angle (see Fig. 17-2), sr 


It is important to note that the antenna temperature has nothing to do with 
the physical temperature of the antenna provided the antenna is lossless. 


Example 1 Mars temperature. The incremental antenna temperature for the 
planet Mars measured with the U.S. Naval Research Laboratory’ 15-m radio tele- 
scope antenna at 31.5 mm wavelength was 0.24 K. Mars subtended an angle of 
0.005° at the time of the measurement. The antenna HPBW = 0.116°. Find the 
average temperature of Mars at 31.5 mm wavelength. 


Solution. Assuming that Q, is given by the solid angle within the HPBW, we have 
from (7) that the Mars temperature 


Q4 0.1167 


TS eee 
4 ~~ 7(0.0052/4) 


0.24 = 164 K 
rere: 


Ss 
This temperature is less than the infrared temperature measured for the sunlit side 
(250 K), implying that the 31.5-mm radiation may originate further below the 
Martian surface than the infrared radiation. This is an example of remote-sensing the 
surface of another planet from the earth. 


The source temperature in the above discussion and example is an equiva- 
lent temperature. It may represent the physical temperature of a planetary surface, 
as in the example, but, on the other hand, a celestial plasma cloud with oscil- 
lating electrons which is at a physical temperature close to absolute zero may 
generate radiation with an equivalent temperature of thousands of kelvins. The 
temperatures we are discussing are thermal (noise) temperatures like those of a 
perfect emitting-absorbing object called a blackbody. A hot object filling the beam 
of a receiving antenna will ideally produce an antenna temperature equal to its 
thermometer-measured temperature.? However, the oscillating currents of a 
transmitting antenna can produce an equivalent temperature of millions of 
degrees (K) even though the antenna structure is at normal outdoor temperature. 


1C. H. Mayer, T. P. McCullough and R. M. Sloanaker, “Observations of Mars and Jupiter at a 
Wavelength of 3.15 cm,” Astrophys, J., 127, 11-16, January 1958. 


2 Assuming the object’s intrinsic impedance = 377 Q. 
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Figure 17-3 Horn antenna directed at various objects senses different temperatures as suggested. 


It may be said that the antenna (and its currents) have an equivalent blackbody 
(or noise) temperature of millions of degrees. 

All objects not at absolute zero produce radiation which, in principle, may 
be detected with a radio antenna-receiver. A few objects are shown in Fig. 17-3 
with the equivalent temperatures measured when the horn antenna is pointed at 
them. Thus, the temperature of a distant quasar is over 10° K, of Mars 164 K, of 
a transmitter on the earth 10° K, of a man 310 K, of the ground 290 K,! while 
the empty sky at the zenith is 3 K. This temperature, called the 3 K sky back- 
ground, is the residual temperature of the primordial fireball which created the 
universe and is the minimum possible temperature of any antenna looking at the 
sky. 

An assumption was made in the above discussion which requires comment. 
It was assumed that the antenna and source polarizations were matched (same 
polarization states on the Poincaré sphere; see Sec. 2-36). Although this is pos- 
sible for the transmitting antenna in Fig. 17-3, it is not possible for the other 
sources because their radiation is unpolarized* and any antenna, whether linearly 
or circularly polarized, receives only half of the available power. Hence, for such 
sources the flux density of the source at the antenna is given by twice (4) or 


ey 
reed 


S GW mins Hz 7A) (8) 


e 


* Due to reflection, more realistic values for a man and the ground might be less. 
2 See J. D. Kraus, Radio Astronomy, 2nd ed., Cygnus-Quasar, 1986, Secs. 4-4, 4-5 and 4-6. 
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We have considered two extreme cases, one where the source extent is much 
broader than the antenna beam width and one where the source extent is much 
less than the beam width. Let us consider now the general situation for any 
source beam width-size relation. For this general situation the total antenna tem- 
perature is 


1 T 21 
Vs ae | | TO, ) P,(8, 6) dQ — (K) (9) 
AwJO JO 


where T, = total antenna temperature (not AT,), K 
T,(8, ¢) = brightness temperature of source or sources as a 
function of angle, K 
P.(0@, 6) = normalized antenna power pattern, dimensionless 
Q., = antenna beam solid angle, sr 
dQ = sin 0 dé dd = infinitesimal element of solid angle, sr 


Note that 7, in (9) is the total antenna temperature including not only con- 
tributions from a particular source in the main beam but from sources of radi- 
ation in all directions in proportion to the pattern response. Note also that the 
temperatures are in kelvins, K (= Celsius degrees above absolute zero). 


Example 2 Antenna temperature. A circular reflector antenna of 500 m7? effective 
aperture operating at A = 20 cm is directed at the zenith. What is the total antenna 
temperature assuming the sky temperature is uniform and equal to 10 K? Take the 
ground temperature equal to 300 K and assume that half the minor-lobe beam area 
is in the back direction (toward the ground).' The beam efficiency is 0.7 (=Q,,/Q,,). 


Solution. Assuming that the antenna aperture efficiency is 50 percent, its physical 
aperture is 1000 m? and its diameter 35.7 m (=2,/1000/z m). At 4 = 0.2 m the 
diameter is 179A, implying that the HPBW ~ 0.4° (=70°/179). Thus, the antenna is 
highly directional with the main beam directed entirely at the sky (close to the 
zenith). 

Since the (main) beam efficiency is 0.7, 70 percent of the beam area Q, is 
directed at the 10 K sky, half of the remainder or 15 percent at the sky and the 
other half of the remainder or 15 percent at the 300 K ground. Thus, integrating (9) 
in 3 steps, we have 


Sky contribution = (10.07 Qyyk= 7K 


Sidelobe contribution =— (10x 4x03Q0,)=15K 


Back-lobe contribution = — (300 x 5 x 0.3.Q,)=45K 


1 Since much sky radiation reaches the antenna via reflection from the ground, a more realistic 
ground temperature might be less than 300 K. 
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and T,=74+154+45=53.5K 


Note that 45 of the 53.5 K, or 84 percent, of the total antenna temperature 
results from the back-lobe pickup from the ground. With no back lobes the antenna 
temperature could ideally be only 10 K, so that in this example the back lobes are 
very detrimental to the system sensitivity (see Sec. 17-3). It is for this reason that 
radio telescope and space communication antennas are usually designed to reduce 
back- and sidelobe response to a minimum. 

The information given regarding aperture and wavelength is relevant to the 
problem only to the extent that it indicates that the main beam is directed entirely 
at the sky. 


In contrast to the above example, let us recall the temperature measure- 
ments made by Arno Penzias and Robert Wilson’ in 1965 at 4 GHz on their 
6.2-m horn-reflector antenna which resulted in their discovery of the 3-K sky 
background. When directed at regions of “empty” sky near the zenith, Penzias 
and Wilson measured a total antenna temperature T, = 6.7 K. 

Contributions to this temperature were measured as? 


2.3 + 0.3 K due to the atmosphere 
0.8 + 0.4 K due to ohmic losses 
<0.1 K due to back lobes into the ground 


32+ 05 


The difference, 6.7 — 3.2 = 3.5 K, they attributed to the sky background. Theirs 
was the first measurement of the residual temperature of the primordial (Big 
Bang) fireball which created the universe, and sets a lower limit to the tem- 
perature of any antenna looking at the sky. 

The 0.1-K ground pickup by the antenna of Penzias and Wilson is one of 
the smallest values ever measured for an antenna. Note also that, in their 
analysis, they attributed 0.8 K to ohmic losses in the antenna and rotary joint. 

The antenna noise temperature from the sky as a function of frequency (and 
wavelength) is presented in Fig. 17-4. A beam angle (HPBW) of less than a few 
degrees and 100 percent (main) beam efficiency are assumed. Curves are given for 
beam angles from the zenith (complementary to elevation angles). At lower fre- 
quencies the temperature is dominated by radiation from the galaxy. At higher 
frequencies the atmosphere introduces noise due to absorption. Above the earth’s 
atmosphere (in space) this noise is avoided, but there is a universal photon or 
quantum noise temperature limit at still higher frequencies given by the photon 
energy hf divided by Boltzmann’s constant, or 


' A. A. Penzias and R. W. Wilson, “A Measurement of Excess Antenna Temperature at 4080 MHz,” 
Astrophys. J., 142, 419-421, 1965. 


? A discussion of the errors is given in Sec. 18-12. 
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Figure 17-4 Antenna (noise) temperature from the sky as a function of frequency. See text for expla- 
nation. (From J. D. Kraus, Radio Astronomy, 2nd ed., Cygnus-Quasar, 1986.) 


hf 
k 
where h = Planck’s constant = 6.63 x 10 34 Js 


f = frequency, Hz 
k = Boltzmann’s constant = 1.38 x 10°77 JK? 


The -(K) (10) 


Across the spectrum between these sources of noise there is the noise background 
or floor of 3 K (or more precisely 2.7 K) due to radiation from the primordial 
fireball. The low-noise region between galactic radiation and atmospheric 
absorption defines an earth-based radio window, while the region between galactic 
radiation and quantum limit establishes a cosmic radio window. 
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17-3 SYSTEM TEMPERATURE AND — SIGNAL-TO-NOISE 
RATIO. An antenna is part of a receiving system consisting, in general, of an 
antenna, a receiver and a transmission line which connects them. The tem- 
perature of the system, or system temperature, is a critical factor in determining 
the sensitivity and signal-to-noise ratio of a receiving system. 

Let us consider a receiving system as shown schematically in Fig. 17-5, with 
an antenna, a receiver and a transmission line (or waveguide) connecting them. 

The system temperature depends on the noise temperature of the sky, the 
ground and antenna environs, the antenna pattern, the antenna thermal effi- 
ciency, the receiver noise temperature and the efficiency of the transmission line 
(or waveguide) between the antenna and receiver. The system temperature at the 
antenna terminals is given by 


Te = Th + Ta > —1) + Tr 2-1) +21 (1) 
ey >) 2) 
where T, = antenna noise temperature [as given by (17-2-9)], K 
T,p = antenna physical temperature, K 
€, = antenna (thermal) efficiency (0 < ¢, < 1), dimensionless 
T,p = line physical temperature, K 
€, = line efficiency (0 < ¢, < 1),! dimensionless 
Tp = receiver noise temperature (see next paragraph), K 


The receiver noise temperature is given by 


T; T; 
Toe ee 
Sein Green G (Gs 


where T, = noise temperature of first stage of receiver, K 
T, = noise temperature of second stage, K 

= noise temperature of third stage, K 

G, = power gain of first stage 

G, = power gain of second stage 


ot 
| 


'€, =e “, where « = attenuation constant (Np m~') and / = length of line (m). 
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Terms for additional stages may be required if the temperatures are sufficiently 
high and the gains sufficiently low. 


Example 1 System temperature. A receiving system has an antenna with a total 
noise temperature of 50 K, a physical temperature of 300 K and an efficiency of 99 
percent, a transmission line at a physical temperature 300 K and an efficiency of 
90 percent, and a receiver with the first 3 stages all of 80 K noise temperature and 
13 dB gain. Find the system temperature. 


Solution. From (2) the receiver noise temperature is 


Pe eh ae 84 Ke 
ae 2099902... bea eee 


From (1) the system temperature is 


1 1 1 
T.,, = 50 + 300| —— — 1] + 300, ——1)+— 842 
Ls es (5 i (= * 09 


= 50 + 3 + 33.3 + 93.6 ~ 180 K 


Note that due to losses in the antenna, its physical temperature contributes 3 K. 
The line contributes about 33 K and the receiver about 94 K. 


The sensitivity, or minimum detectable temperature, AT,,;,, of a receiving 
system is equal to the rms noise temperature AT,,,,,, of the system, as given by 


(3) 


where k’ = system constant (order of unity), dimensionless 
T,,; = System temperature [sum of antenna, line and receiver 
temperatures as given by (1)], K 
T,ms = !Ms noise temperature = AT), K 


Af = predetection bandwidth of receiver, Hz 
t = postdetection time constant, s 


The criterion of detectability is that the incremental antenna temperature 
AT, due to a radio source be equal to or exceed AT,,,;,,, that is, 


AT, = ATnin (4) 
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and the signal-to-noise (S/N) ratio is then! 


S AT. 
~ = —4 (5)? 
News. 


Many space communication systems, radio telescopes and remote sensing 
systems operate at such high sensitivity (low signal levels) that a low system 
temperature is essential. 


Example 2 Minimum detectable flux density. The Ohio State University 110 by 
21 m radio telescope antenna (see Fig. 12-51) has a physical aperture of 2208 m2, 
and at 1415 MHz an aperture efficiency of 54 percent and a system temperature of 
50 K. The rf bandwidth is 100 MHz, the output time constant is 10s and the 
system constant is 2.2. Find the minimum detectable flux density. 


Solution. From (3) the minimum detectable temperature is 
Kel 225x350 
me TaN ~ /100 x 10° x 10 


= 2208 x 0.545 = 1203 m?. From (17-2-8) the 


= 0.0035 K 


The effective aperture A, = = Ay bap = 


minimum detectable flux ceactin? iS 


ne 2k ATnin _ 2 X 1.38 x 10779 x 0.0035 
eee 1203 


= 8.1 x 10°77? Wm? Hz"! ~8 mJy? 


By repeating observations and averaging, the minimum can be further reduced 
(oc /1/n, where n = number of observations). 

In a large sky survey at 1415 MHz, about 20000 radio sources were detected 
and cataloged at flux densities above 180 mJy. Thus, the signal-to-noise ratio for 
these cataloged sources is 

Ss / 180 mJy, AT, _ 0.0785 K 


N 80mJy AT... 0.0035K 


eS 


Let us consider next the signal-to-noise ratio for a receiving system which is 
part of a communication link. If a transmitter radiates a power P, isotropically 
and uniformly over a bandwidth Af,, it produces a flux density at a distance r of 

P,/(4nr? Af). A receiving antenna of effective aperture A,, at a distance r can 


* Distinguish between S here for signal and S elsewhere for flux density or Poynting vector. 


* The minimum detectable signal is given by S=N or S/N = 1. The ratio is sometimes expressed 
(S + N)/N and for the minimum detectable signal case this ratio equals 2. 


* 8 millijansky, where 1 Jy = 10-26 W m~2 Hz-!. 
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collect a power 


_ Pi Ag Mf 


Ree A4nr2 Af, (W) (6) 


where P, = radiated transmitter power, W 
A., = effective aperture of receiving antenna, m7 
Af, = receiver bandwidth, Hz 
Af, = transmitter bandwidth, Hz 
r = distance between transmitter and receiver, m 


It is assumed that Af, < Af,. 
With a transmitting antenna of directivity D = 47A,,/27, the received power 
becomes 


_ P, Ae Ae: Af, 


Lie 72)? Af, (W) (7) 


where /= wavelength, m 
A,, = transmitter effective aperture, m7 


For Af, = Af, (bandwidths matched), (7) is the Friis transmission formula (2-25-5). 

Whether this amount of received power is useful for communication 
depends on the signal-to-noise ratio S/N, where the signal power is given by (7) 
and the noise power by the Nyquist relation (17-2-1) as 


P, =kT,, Af, = N (8) 
where k = Boltzmann’s constant = 1.38 x 10 *? JK™! 
T;,, = System temperature, K 


For matched bandwidths (Af, = Af,), the ratio of (7) to (8) gives the signal-to-noise 
ratio as 


SAP PA eA 
Foe P. = KT, 222 Af (dimensionless) (9) 


Example 3. Down-link signal-to-noise ratio. A Clarke-orbit-satellite-to-earth 
FM-TV downlink, as in Fig. 17-6, has a transmitter (transponder) power P, = 5 W, 
transmitter antenna physical aperture A,, = 6 m7, earth-station receiving antenna 
physical aperture A,, = 12 m’, path length r = 40000 km and frequency 4 GHz. 
The earth-station receiving antenna has an antenna temperature contribution from 
the main beam directed at the sky region of the Clarke orbit when the galactic plane 
is crossing (worst condition) (see Fig. 17-4) of 7 K. Beam efficiency is 80 percent 
with half of the minor lobes above the horizon “seeing” an average of 10 K while 
the remaining minor lobes “see” the earth at 290 K. The receiver has a 3-stage 
front-end amplifier with the same characteristics as the receiver in Example 1. The 
receiving antenna has a 99 percent thermal efficiency and short transmission line 
(amplifier close to antenna terminals) with 98 percent efficiency. The transmitting 
antenna on the Clarke-orbit satellite and the earth-station receiving antenna both 
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Figure 17-6 Clarke-orbit downlink. 


have an aperture efficiency ¢,, of 60 percent. Find the signal-to-noise ratio for a 
30-MHz bandwidth. Both receiver and transmission line are at a physical (ambient) 
temperature of 300 K. It is assumed that beams are aligned and that polarizations 
and bandwidths are matched. 


Solution. At 60 percent aperture efficiency, the effective apertures of the two 
antennas are 

Ay, = 8) Ay, = 9.6 x 6 = 3.6 m? 

Ap = fap Ap 0.08 127 2am" 
The receiving antenna temperature from (17-2-9) is 

T,=08 x 74+0.1 x 10+0.1 x 290 ~ 36K 
The receiving system temperature from (1) is 
T,y; ~ 36 + 300 x 0.01 + 300 x 0.02 + 1.02 x 84 
= 36+3+6+86=i131K 

At 4 GHz, 4 = 0.075 m. The signal-to-noise ratio from (9) is 


‘Sa 5x 7.2 x 3.6 
N 1.38 x 10723 x 131 x 42 x 10!4 x 0.0752 x 3 x 10’ 


= 265 or 24 dB 


which would be satisfactory for most applications. 
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Examples 2 and 3 dealt with receiving systems operating at 1.4 and 4 GHz. 
Referring to Fig. 17-4, we note that at these frequencies and at large elevation 
angles (small zenith angles) the sky temperature is less than 10 K. However, at 
angles near the horizon (zenith angle >80°) the temperature may approach 
100 K due to atmospheric absorption. At frequencies below 1 GHz the noise 
from our galaxy becomes important. At 50 MHz the galactic noise ranges from 
about 2000 K when the antenna is looking at the galactic poles to 20000 K when 
it is looking at the galactic center. Under these conditions reducing the noise 
temperature of a receiver from, say, 200 to 100 K would make but a small 
difference on the system temperature and the signal-to-noise ratio. Thus, if T, 
= 5000 K, Tp, = 200 K and neglecting other contributions, the system temper- 
ature 7;,, = 5200 K as compared to 5100 K for Tz = 100 K. The improvement in 
T,,, and minimum noise level is only 0.08 dB [ = 10 log (52/51)]. 

Sometimes the parameter noise figure is used instead of the noise tem- 
perature. They are related as follows: 


4 | OO GW Be (10) 
where T = noise temperature, K 


T= 290'K: 
F = noise figure, dimensionless 


Thus, 
Fe T + To (11) 
To 
or F(dB) = 10 log F (12) 


where F (dB) = noise figure in decibels. The relation of the noise figure F and its 
value in decibels to the noise temperature T are shown in Fig. 17-7. 


17-4 PASSIVE REMOTE SENSING. A radio telescope is a remote 
sensing device whether it is earth-based and pointed at the sky for observing 
celestial objects! or on an aircraft or satellite and pointed at the earth. In this 
section we consider the case where the radiation detected or sensed by the tele- 
scope originates in the objects being observed, making for a passive remote sen- 
sing system in distinction to radar or active remote sensing where signals are 
transmitted and their reflections observed and analyzed. The active case is dis- 
cussed in the next section. 


1 See the Mars temperature example, Example 1 in Sec. 17-2, and the minimum detectable flux 
density example, Example 2 in Sec. 17-3. 
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Figure 17-7 Noise-temperature—noise-figure chart. 


Consider the situation of Fig. 17-8a, in which the earth-based radio tele- 
scope antenna beam is completely subtended by a celestial source of temperature 
T, with an intervening absorbing-emitting cloud of temperature T.. With no cloud 
present, the incremental antenna temperature AT, = T,, but with the cloud it may 
be shown that the observed antenna temperature 


ATi = Tes) Reent) (8) (1) 
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where t, = absorption coefficient of the cloud’ (=0 for no absorption and =o 
for infinite absorption). Thus, knowing T, and t,, the cloud’s equivalent black- 
body temperature T, can be determined. 

Now, referring to Fig. 17-8b, let us reverse the situation and put the radio 
telescope on an orbiting satellite for observing the surface of the earth at tem- 
perature 7, with the antenna beam completely subtended by a large forest at a 
temperature T;. The incremental satellite antenna temperature is then 


Nie seer iTue i. (K) (2) 


where t, = absorption coefficient of the forest. Knowing T, and t,, the tem- 
perature of the forest can be determined, or knowing T, and T,, the absorption 
coefficient can be deduced. It is by such a technique that the whole earth can be 
surveyed and much information obtained about the temperatures of land and 
water areas, and from absorption coefficients about the nature of the surface 
cover. 


Example Forest temperature by remote sensing. The remote-sensing antenna of a 
3-GHz orbiting satellite measures a temperature AT, = 300 K when directed at a 
tropical forest region having an absorption coefficient t, = 0.693 at vertical inci- 
dence. If the earth temperature T, = 305 K, find the temperature of the forest. 


* Astronomers call t, the “optical depth.” The quantity e~* is equivalent to the efficiency factor ¢ in 
(17-3-1). 
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Solution. Since t,; = 0.693, ef = 0.5, so from (2), 


AT, —T.e~% 300 — 305 x 0.5 
jpn be Ey yet Slee sis 1 
l—e 1 — 0.5 


If the antenna-transmission line-receiver system is viewed from the receiver 
terminals as in Fig. 17-8c (instead of from the antenna terminals as in Fig. 17-5), 
we note that the analogy between the remote-sensing situations discussed above 
extends here to the transmission line. Thus, the emitting-absorbing transmission 
line of Fig. 17-8c is like the emitting-absorbing cloud of Fig. 17-8a and like the 
emitting-absorbing forest of Fig. 17-8b. The analogy may be emphasized by com- 
paring (1) and (2) with the temperature as seen from the receiver terminals, so 
that the equations for the 3 situations have identical form as follows: 


Antenna looking at 
celestial source Mi (le eo eine (K) (3) 
(see Fig. 17-8a): 


Antenna looking at 
earth from satellite — Al@= 1 (le) Then’ (K) (4) 
(see Fig. 17-85): 


Receiver looking at 
antenna Tay T= ea id, ee (K) (5) 
(see Fig. 17-8c): 


where AT, = incremental antenna temperature, K 
cloud temperature, K 
t. = cloud absorption coefficient (optical depth), dimensionless 
T, = celestial source temperature, K 
T, = forest temperature, K 
t, = forest absorption coefficient, dimensionless 
T, = temperature of earth, K 
T,p = transmission line physical temperature, K 
a = transmission line attenuation constant, Np m~ 
! = length of transmission line, m 


ga 
| 


1 


Note that the system temperature should be referred to the antenna termin- 
als as in (17-3-1) and not to the receiver terminals as in (5). Thus, if the line is 
completely lossy (e-“ =e, = 0), (17-3-1) gives an infinite system temperature 
which is correct, meaning that the system has no sensitivity whatever. However, 
with this condition, a “system temperature” viewed from the receiver terminals, 
as in (5), would equal the temperature 7,» of the line plus the receiver tem- 
perature, a completely misleading result since it indicates that the system still has 
sensitivity. 
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17-5 RADAR,' SCATTERING AND ACTIVE REMOTE SENSING 
By Robert G. Kouyoumjian? 
Consider an object in the far zone of a radar antenna as shown in Fig. 17-9. 
Typically, in pulse radar the antenna is connected to the transmitter for the pulse 
transmission and then switched to the receiver in time to receive the pulse echo. 
In practice, the antenna may be connected continuously to both the transmitter 
and receiver but with the receiver blanked during transmission of the pulse. 
During transmission the power density incident at the object (radar target) 
is 
S fie (W m~’) (1) 


eraser 


where P, = transmitted power, W 
G = antenna gain, dimensionless 
r = distance between antenna and radar target, m 


The radar target scatters the incident power in all directions. The total amount of 
this scattered power is P,, as given by 


Pis = SinceO,  (W) (2) 


ts 
where o, = total scattering cross section, m? 
The total scattering cross section o, may be regarded as an effective aperture 


which “collects” a power P,, from the incident wave and reradiates it in all 
directions (4z sr). 


reflector 


Parabolic 


Shadow boundary 


SE 


Switch ee 
Ey A Radar 
Radar target 
system 


eS EEE 


Figure 17-9 Radar system and scattering object (radar target). 


’ RADAR is an acronym for RAdio Direction And Range. 
? Department of Electrical Engineering, The Ohio State University. 
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The scattered power incident back on the antenna (backscattered power) S, 


is given by 


IPE SS 


Mee arrre Aur 


Dea, 


tee 


pod Cna Sieh 


(W m *) 


(3) 


where D, = radar target (backscattering) directivity and the antenna is in the far 


zone of the radar target. 
The power P, reaching the radar receiver is then 


ses 
Pies i ay 


where o = D,o, = radar cross section, m* 
A, = A’,pq = effective aperture of the radar antenna,’ m? 
2 
AL,= ie G = maximum effective aperture of radar antenna, m* 
Tt 
p = polarization mismatch factor = cos* (MM,,/2), dimensionless 


MM,, = angular distance between polarization states M and M, 


M = polarization state of wave (see Sec. 2-36 on Poincaré sphere). 


M, = polarization state of antenna 

imped h fact BEE, 
q = impedance mismatch tactor = (R, a Ry ct (Xx, i x, : 

dimensionless 

R, = antenna resistance, 2 

R. = receiver resistance, Q 

X= antenna reactance, 2 

X= receiver reactance, Q 


The value of the product pq in A, in (4) can range between 0 and 1. 
Finally, introducing (1) in (4) we obtain the radar equation 
Gio 


pe (4n)>r Teron ia il (dimensionless) 


(4) 


(5) 


We note that the received power P, varies as the inverse fourth power of the 
distance r since r 7” factors are involved in both transmission from the radar to 


target and again from the target to radar. 
A simpler, frequently used form of (5) is 


P, Gio 


P, (4n)3r4 


(dimensionless) 


(6) 


! C-T Tai, “On the Definition of the Effective Aperture of Antennas,” JRE Trans. Ants. Prop., AP-9, 


224-225, March 1961. 
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where it is assumed that there is no cross-polarized component of the back- 
scattered wave (p= 1)' and also that the antenna and receiver are matched 
(q = 1). 

The power received by a radar is proportional to the radar cross section 


Tews 1 Ud (7) 


The radar cross section o is the effective area intercepting the incident power 
density which, if scattered isotropically, would result in the backscattered power 
density S,. The total scattering cross section o, (=a/D,) is also of interest, being 
important in calculating the transmission of radio and light waves through clouds 
of particles (interstellar dust, rain, smoke or clouds of insects). 

The radar cross section depends on: 


. Target shape 
. Target material 


wo nN —_ 


. Frequency of the incident wave 
. Polarization of the incident wave 


nN & 


. Aspect (or orientation) of the target 


The geometrical (or physical) cross section of a sphere is 
Ay (m7) (8) 


where A, = A, = geometric (or physical) cross section. For complex shapes A, is 
the cross-sectional area of the shadow which is cast by the target when illumi- 
nated by a plane wave as from a searchlight (see Fig. 17-9). 

It is convenient to divide our discussion of a into three regions: 


1. The high-frequency (optical) region where the target is large compared to the 
wavelength 

2. The low-frequency (Rayleigh) region where the target is small compared to the 
wavelength 

3. The resonance region between the high- and low-frequency regions 


These regions are evident in Fig. 17-10 for a sphere and a flat disc showing 
the radar backscattering efficiency as a function of the sphere or disc circum- 
ference C, (=2na/A), where the radar backscattering efficiency is given by 


= (dimensionless) (9) 


oO 
e sits 
A, 


* We note that if the target is a large, flat, perfectly conducting sheet with wave incident normally, 
p = 1 for linear polarization but p = 0 for circular polarization. 


794 17 ANTENNA TEMPERATURE, REMOTE SENSING, RADAR AND SCATTERING 


100 


ie) 


fo) 


0.1 
Figure 17-10 Broadside radar back- 


scattering efficiency of flat disc and 
backscatter efficiency of sphere as a 
function of disc or sphere circum- 
Ost Oe2 0.5 1.0 2 5 10 ference (in wavelengths). (Disc after 
Kouyoumjian, sphere after G. Mie.) 


Rayleigh relation 


Radar backscattering efficiency, €,=0/A, 


0.01 


Circumference, C) 


A resonance peak for the sphere occurs for C, = 1 followed by oscillating values 
which converge to unity at large values of C,. At small C, (<4) the backscatter 
efficiency follows the Rayleigh relation' 


€,=9C%Z (dimensionless) (10) 


The sphere efficiency at larger C, is from Mie.” 

The broadside radar (backscattering) cross sections of thin wires and of wire 
loops are shown in Figs. 17-11 and 17-12.° 

Figure 17-11 illustrates the variation of the radar cross section in square 
wavelengths for straight wires as a function of the wire length in wavelengths for 
2 wire thicknesses. Both wires resonate at lengths somewhat less than 4/2 with 
the thinner wire resonating closer to 4/2. These lengths do not represent optimum 
lengths when the wire is used as a reflector element in an array because the 
mutual impedances cannot be neglected. The wires for Fig. 17-11 are remote from 
other objects. 

The radar cross section in square wavelengths for loops is presented in 
Fig. 17-12 as a function of the loop circumference in wavelengths for 2 wire thick- 
nesses. Both loops resonate at circumferences of approximately 1/, with the 


' Lord Rayleigh, “On the Incidence of Aerial and Electric Waves upon Small Obstacles in the Form 
of Ellipsoids or Elliptic Cylinders,” Phil. Mag., 44, 28-52, 1897. 
H. C. Van de Hulst, Light Scattering by Small Particles, Wiley, 1957. 


*G. Mie, “Beitrage zur Optik triiber Medien, Speziell Kolloidal Metalasungen,” Ann. Phys., 25, 
377-446, 1908. 


> R. G. Kouyoumjian, “The Backscattering from a Circular Loop,” Appl. Sci. Res., 6B, 165-179, 1957. 
R. G. Kouyoumjian, “The Calculation of the Echo Areas of Perfectly Conducting Objects by the 
Variational Method,” Ph.D. dissertation, Ohio State University, 1953. 
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Figure 17-11 Broadside radar (backscattering) 
cross section (in A*) of straight wires with E 
0 parallel to the wires as a function of wire length 
0.4 0.5 0.6 0.7 1, for wire diameters d, = 0.0016 and 0.01. 
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Figure 17-12 Broadside radar (backscattering) cross section (in 4) of loops as a function of loop 
circumference C, fot loop conductor diameters d, = 0.0016 and 0.01. (After R. G. Kouyoumjian.) 
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Table 17-1 Radar quantities for the high-frequency (optical) regiont 


Radar Target 
backscattering Total (backscattering) 
Radar efficiency scattering directivity 
cross section & =06/A,, cross section D, =c/s;. 
Target o = D,o,,m? dimensionless o,=6/D,,m? dimensionless 
Object bounded by a smooth za,a, T1A,A7/Ag 2A, TA ,A,/2A, 
curved surface with principal 
radii a, and a, at the 
specular point 
Sphere, radius a iAP 1 dias — 2 Ay 3 
Cylinder of radius a and 2na, LV? ToLA 4aL (n/2)L, 
length L, normal incidence Cis 
Flat disc of radius a, (2na,)*na? (2na,)? 2na” 4(2na,)* 
normal incidence =4nA?/)? = C7 = 4 Ay Aan 2A) = Ae 
Flat plate of area A(=A,), 42A?/A? 4nA/A? 2A 2nA/A? 


normal incidence 


ta>&L>d,a,=a/A, L, = L/d, C = circumference = 2na, C, = C/A = 2na/A = 2na,, A, = geometric or physical 
cross section = A,. : 
Targets are assumed to be perfectly conducting. 


thinner loop resonating closer to this value. Also it is worth noting that o of the 
loops at first resonance is larger than o at the first resonance for the sphere, disc 
and straight wires shown in Figs. 17-10 and 17-11. 

All targets are assumed to be perfectly conducting. It is also assumed that 
the angle subtended by the target is small compared to the radar antenna beam 
width and that both target and antenna are in the far zone of the other. 

Tables 17-1 and 17-2 give the radar cross section o, the radar backscatter- 
ing efficiency ¢,, the total scattering cross section o, and the target backscattering 
directivity D, for the high-frequency (optical) and low-frequency (Rayleigh) 
regions. In the high-frequency region (Table 17-1) it is assumed that the minimum 
dimension of the target is >A although it may be as small as 3A without much 
error. The relations of Table 17-1 are insensitive to the polarization of the inci- 
dent wave provided it is linearly polarized (p = 1). 

We note from Table 17-1 that when the scattering object (target) dimen- 
sions are large compared to 4, the total scattering cross section a, is twice the 
geometric or physical cross section A, (=A,). The effective aperture producing 
scattering equals A, while the forward (small angle) scattering also has an effec- 
tive aperture equal to A,, making o, = 2A, us 

In Table 17-1 it is seen that the frequency behavior of o is very shape depen- 
dent whereas in Table 17-2 it is evident that the low-frequency behavior of o 


‘H.C. Van de Hulst, Light Scattering by Small Particles, Wiley, 1957, p. 107. 


ADDITIONAL REFERENCES 


797 


Table 17-2 Radar quantities for the low-frequency (Rayleigh) regiont 


Radar Target 
backscattering Total (backscattering) 
Radar efficiency scattering directivity 
cross section &, =0/A,, cross section , D, = 6/6,, 
Target o = D,o,, m? dimensionless 6, = 6/D,, m? dimensionless 
Sphere, radius a 14026a} na? 14026az 6 195a4 ma? O54 
=9C) A; =9G, = oC (A, 
Flat disc, radius a, 1123af na? 112347 7494 na? 1.5 
normal incidence =1144}/A* = 114A?/,* =75.9A3/2° 
Square plate, NO) bid £: ead ie 88Lil? 1.5 
side length L, =la2Acjan =132A2/A¢ = 88A3/A* 
normal incidence with 
E parallel to edge 
Thin wire loop, 15 382 10255 1.5 
. ts aj na 
radius a, wireradiusb, [jn (a/b) —2]? ” [In (8a/b) —2]2 * 
normal incidence =9.87C} A,/ = 6.58C4 A,/ 
[In (8a/b) — 2]? [In (8a/b) — 2]? 
Thin straight wire, 34 22.7 
radius b, length L, iL L7L 1.5 


normal incidence with 
E parallel to wire 


[In (L/2b) — 1]? eee 


[In (L/2b) — 1]? 


ta<A/10, L < 4/10, a, = a/d, L, = L/A, C = circumference = 2na, C, = C/A = 2na/i = 2na,, A, = geometric or 


physical cross section = A 


p* 


Targets are assumed to be perfectly conducting. 


varies as 1/A* for all targets, which is characteristic of scattering in the Rayleigh 
region. Additional information on radar cross-section calculations and measure- 
ments is given in the references at the end of the chapter. See especially W. E. 
Blore and the [EEE Proceedings special issues for August 1965 and February 
1985. 

Whereas passive remote sensing can provide information on temperature, 
polarization and absorption and also on velocity (for line emitting objects), active 
(radar) remote sensing has the capability of providing much additional informa- 
tion such as distance, shape and composition. A returning pulse carries a charac- 
teristic signature by which different objects may be recognized, the pulse response 
being the inverse Fourier transform of the object’s frequency response. Both 
passive and active remote-sensing techniques can be used for mapping or imaging 
of extended objects. 
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*17-2 


17-3 


Satellite TV downlink. A transmitter (transponder) on a Clarke orbit satellite pro- 
duces an effective radiated power (ERP) at an earth station of 35 dB over 1 W 
isotropic. 
(a) Determine the S/N ratio (dB) if the earth station antenna diameter is 3 m, the 
antenna temperature 25 K, the receiver temperature 75 K and the bandwidth 
30 MHz. Take the satellite distance as 36000 km. Assume the antenna is a 
parabolic reflector (dish-type) of 50 percent efficiency. 
(b) If a 10-dB S/N ratio is acceptable, what is the required diameter of the earth 
station antenna? 
Note: For FM-modulated video signals, as employed by the Clarke-orbit satel- 
lites, the S/N ratio as used above is actually a carrier-to-noise (C/N) ratio, the 
ultimate video signal-to-noise ratio for typical North American domestic system 
satellites being almost 40 dB higher. This is an advantage of FM modulation. If 
the C/N exceeds a few decibels, then, in principle, a perfect picture results. 
However, a C/N > 10 dB is desirable to allow for misalignment of the earth- 
station antenna, attenuation due to water or snow in the dish, a decrease in trans- 
ponder power, etc. 


Antenna temperature. An end-fire array is directed at the zenith. The array is 
located over flat nonreflecting ground. If 0.9Q, is within 45° of the zenith and 0.08 
Q, between 45° and the horizon calculate the antenna temperature. The sky 
brightness temperature is 5 K between the zenith and 45° from the zenith, 50 K 
between 45° from the zenith and the horizon and 300 K for the ground (below the 
horizon). The antenna is 99 percent efficient and is at a physical temperature of 
300 K. 

Earth-station antenna temperature. An earth-station dish of 100 m? effective aper- 
ture is directed at the zenith. Calculate the antenna temperature assuming that the 
sky temperature is uniform and equal to 6 K. Take the ground temperature equal 
to 300 K and assume that 4 of the minor-lobe beam area is in the back direction. 
The wavelength is 75 mm and the beam efficiency is 0.8. 


" Answers to starred (*) problems are given in App. D. 


800 


*17-4 


17-5 


*17-6 


17-7 


*17-8 


17-9 
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System temperature. The digital output of a 1.4-GHz radio telescope gives the 
following values (arbitrary units) as a function of the sidereal time while scanning a 
uniform brightness region. The integration time is 14 s, with 1 s idle time for print- 
out. The output units are proportional to power. 


If the temperature calibration gives 170 units for 2.9 K applied, find (a) the rms 
noise at the receiver, (b) the minimum detectable temperature, (c) the system tem- 
perature and (d) the minimum detectable flux density. The calibration signal is 
introduced at the receiver. The transmission line from the antenna to the receiver 
has 0.5 dB attenuation. The antenna effective aperture is 500 m”. The receiver 
bandwidth is 7 MHz. The receiver constant k’ = 2. 


System temperature. Find the system temperature of a receiving system with 15 K 
antenna temperature, 0.95 transmission-line efficiency, 300 K transmission-line 
temperature, 75 K receiver first-stage temperature, 100 K receiver second-stage 
temperature and 200 K receiver third-stage temperature. Each receiver stage has 
16 dB gain. 


Minimum detectable temperature. A radio telescope has the following character- 
istics: antenna noise temperature SOK, receiver noise temperature SO K, 
transmission-line between antenna and receiver 1 dB loss and 270 K physical tem- 
perature, receiver bandwidth 5 MHz, receiver integration time 5s, receiver 
(system) constant k’ = n/./2 and antenna effective aperture 500 m7. If two records 
are averaged, find (a) the minimum detectable temperature and (b) the minimum 
detectable flux density. 


Minimum detectable temperature. A radio telescope operates at 2650 MHz with 
the following parameters: system temperature 150 K, predetection bandwidth 
100 MHz, postdetection time constant 5 s, system constant k’ = 2.2 and effective 
aperture of antenna 800 m7’. Find (a) the minimum detectable temperature and (b) 
the minimum detectable flux density. (c) If four records are averaged, what change 
results in (a) and (b)? 

Antenna temperature with absorbing cloud. A radio source is occulted by an inter- 
vening emitting and absorbing cloud of unity optical depth and brightness tem- 
perature 100 K. The source has a uniform brightness distribution of 200 K and a 
solid angle of 1 square degree. The radio telescope has an effective aperture of 
50 m*. If the wavelength is 50 cm, find the antenna temperature when the radio 
telescope is directed at the source. The cloud is of uniform thickness and has an 
angular extent of 5 square degrees. Assume that the antenna has uniform response 
over the source and cloud. 


Passive remote-sensing antenna. Design a 30-GHz antenna for an earth-resource 


passive remote-sensing satellite to measure earth-surface temperatures with 1 km? 
resolution from a 300-km orbital height. 
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17-10 Forest absorption. An earth-resource satellite passive remote-sensing antenna 


*17-11 


17-12 


17-13 


17-14 


17-15 


directed at the Amazon River Basin measures a night-time temperature T, = 21°C. 
If the earth temperature T, = 27°C and the Amazon forest temperature T, = 15°C, 
find the forest absorption coefficient t,. 


Solar interference to earth station. 

(a) Twice a year the sun passes through the apparent declination of the geosta- 
tionary Clarke-orbit satellites, causing solar-noise interference to earth sta- 
tions. If the equivalent temperature of the sun at 4 GHz is 50000 K, find the 
sun’s signal-to-noise ratio (in decibels) for an earth station with a 3-m parabol- 
ic dish antenna at 4 GHz. Take the sun’s diameter as 0.5° and the earth-station 
system temperature as 100 K. 

(b) Compare this result with that for the carrier-to-noise ratio calculated in 
Prob. 17-1 for a typical Clarke-orbit TV transponder. 

(c) How long does the interference last? 

Note that the relation Q, = 17/A, gives the solid beam angle in steradians 
and not in square degrees. 


Radar detection. A radar receiver has a sensitivity of 10°!2 W. If the radar 
antenna effective aperture is 1 m* and the wavelength is 10 cm, find the transmit- 
ter power required to detect an object with a 5-m? radar cross section at a distance 
of 1 km. 


Venus and moon radar. 

(a) Design an earth-based radar system capable of delivering 10°'° W of peak 
echo power from Venus to a receiver. The radar is to operate at 2 GHz and the 
same antenna is to be used for both transmitting and receiving. Specify the 
effective aperture of the antenna and the peak transmitter power. Take the 
earth-Venus distance as 3 light-minutes, the diameter of Venus as 12.6 Mm 
and the radar cross section of Venus as 10 percent of the physical cross section. 
If the system of (a) is used to observe the moon, what will the received power 
be? Take the moon diameter as 3.5 Mm and the moon radar cross section as 
10 percent of the physical cross section. 


(b 


— 


Thompson scatter. The alternating electric field of a passing electromagnetic wave 
causes an electron (initially at rest) to oscillate. This oscillation of the electron 
makes it equivalent to a dipole radiator. Show that the ratio of the power scat- 
tered per steradian to the incident Poynting vector is given by (u, e? sin 6/4nm)’, 
where e and m are the charge and mass of the electron and @ is the angle of the 
scattered radiation with respect to the direction of the electric field E of the inci- 
dent wave. This ratio times 47 is the radar cross section of the electron. Such 
reradiation is called Thompson scatter. 


Thompson-scatter radar. A ground-based vertical-looking radar can be used to 
determine electron densities in the earth’s ionosphere by means of Thompson 
scatter (see Prob. 17-14). The scattered-power radar return is proportional to the 
electron density. If a short pulse is transmitted by the radar, the backscattered 
power as a function of time is a measure of the electron density as a function of 
height. Design a Thompson-scatter radar operating at 430 MHz capable of mea- 
suring ionospheric electron densities with 1 km resolution in height and horizontal 
position to heights of 1 Mm. The radar should also be capable of detecting a 
minimum of 100 electrons at a height of 1 Mm. The design should specify radar 
peak power, pulse length, antenna size and receiver sensitivity. See W. E. Gordon, 
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“Radar Backscatter from the Earth’s Ionosphere,” [EEE Trans. Ants. Prop., 
AP-12, 873-876, December 1964. 


*17-16 Jupiter signals. Flux densities of 10°?° W m~* Hz‘ are commonly received from 
Jupiter at 20 MHz. What is the power per unit bandwidth radiated at the source? 
Take the earth-Jupiter distance as 40 light-minutes and assume that the source 
radiates isotropically. 


17-17 Red shifts. Powers. Some radio sources have been identified with optical objects 
and the Doppler or red shift z (=AA/A) measured from an optical spectrum. 
Assume that the objects with larger red shift are more distant, according to the 
Hubble relation 


where R = distance in megaparsecs (1 megaparsec = 1 Mpc = 3.26 x 10° light- 
years), v = velocity of recession of object in ms‘, m= (z+ 1)’, c = velocity of 
light and H, = Hubble’s constant = 75 km s~' Mpc™'. Determine the distance R 
in light-years to the following radio sources: (a) Cygnus A (prototype radio 
galaxy), z = 0.06; (b) 3C273 (quasistellar radio source, or quasar), z = 0.16; and (c) 
OQ172 (distant quasar), z = 3.53. The above sources have flux densities as follows 
at 3 GHz: Cygnus A, 600 Jy; 3C273, 30 Jy; OQ172, 2 Jy (1 Jy = 10° 7° W m ? 
Hz~ *). (d) Determine the radio power per unit bandwidth radiated by each source. 
Assume that the source radiates isotropically. 


*17-18 Critical frequency. MUF. Layers may be said to exist in the earth’s ionosphere 
where the ionization gradient is sufficient to refract radio waves back to the earth. 
[Although the wave actually may be bent gradually along a curved path in an 
ionized region of considerable thickness, a useful simplification for some situations 
is to assume that the wave is reflected as though from a horizontal perfectly con- 
ducting surface situated at a (virtual) height h.] The highest frequency at which this 
layer reflects a vertically incident wave back to the earth is called the critical 
frequency f,. Higher frequencies at vertical incidence pass through. For waves at 
oblique incidence (¢ > 0 in Fig. P17-18) the maximum usable frequency (MUF) for . 
point-to-point communication on the earth is given by MUF = f/cos ¢, where 
go = angle of incidence. The critical frequency fo = 9./N, where N = electron 
density (number m °). N is a function of solar irradiation and other factors. Both 
fo and h vary with time of day, season, latitude and phase of the 11-year sunspot 
cycle. Find the MUF for (a) a distance d= 1.3 Mm by F,-layer (h = 325 km) 


lonospheric 
y layer 


ual Reflecting ' ‘surface’ 


Ns =A Assumed path. 


Transmitter hs 
Receiver 


Actual path Figure P17-18 Communication 


path via reflection from ionospheric 


Earth’s surface layer. 
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reflection with F,-layer electron density N = 6 x 10’! m3; (b) a distance d = 1.5 
Mm by F,-layer (h = 275 km) reflection with N = 10!? m~3; and (c) a distance 
d= 1 Mm by sporadic E-layer (h = 100 km) reflection with N = 8 x 101! m~3. 
Neglect earth curvature. 

17-19 mUF for Clarke-orbit satellites. Stationary communication (relay) satellites are 
placed in the Clarke orbit at heights of about 36 Mm. This is far above the iono- 
sphere, so that the transmission path passes completely through the ionosphere 
twice, as in Fig. P17-19. Since frequencies of 2 GHz and above are usually used, 
the ionosphere has little effect. The high frequency also permits wide bandwidths. 
If the ionosphere consists of a layer 200 km thick between heights of 200 and 
400 km with a uniform electron density N = 10'* m~3, find the lowest frequency 
(cr minimum usable frequency, mUF) which can be used with a communication 
satellite (a) for vertical incidence and (b) for paths 30° from the zenith. (c) For an 
earth station on the equator, what is the mUF for a satellite 15° above the eastern 
or western horizon? 


To communication satellite 
ee 


Up-link Down-link 


lonosphere 


Transmitter Receiver 

ae Figure P17-19 Communication path 
via geostationary Clarke-orbit relay 
Earth’s surface satellite. 


17-20 S/N ratio. Show that the S/N ratio for a radio link with 1 W transmitter and 
isotropic antennas is 


S A? 


N 16n?r?kT,, Af 


where symbols are as given in (17-3-6) and (17-3-8). 
17-21 Disc backscatter. Show that the backscattering efficiency of a large broadside flat 
disc is twice its backscattering directivity or CZ] = 2D,,,;. 
17-22 Large sphere. Show that the total scattering cross section of a large sphere (radius 
r > A) is twice its geometric or physical cross section. 
17-23 Effect of resonance on radar cross section of short dipoles. 
(a) Calculate the radar cross section of a lossless resonant dipole (Z, = —jX ,) 
with length = 4/10 and diameter = 4/100. (See Secs. 2-14, 2-20 and 9-17). 
(b) Calculate the radar cross section of the same dipole from Table 17-2. 
(c) Compare both values with the maximum radar cross section of Kouyoumjian 
shown in Fig. 17-11. Comment on the results. 
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17-24 Loop, wire, sphere and disc radar cross sections. Confirm Kouyoumjian’s statement 
that the loop’s radar cross section at first resonance is more than the radar cross 
sections of a wire, sphere or disc at their first resonances. Why is the loop’s o the 
highest? 


CHAPTER 


ANTENNA 
MEASUREMENTS 


18-1 INTRODUCTION. The understanding of physical phenomena 
involves a balance of theory and experiment. Since theoretical analyses usually 
treat idealizations or simplifications of actual situations, theory may only approx- 
imate the real world. So while theory is essential to our understanding, experi- 
mental measurements determine the actual performance, but only if the 
measurements are done properly. 

In this cliapter methods and techniques are discussed for experimental mea- 
surements on antennas. There are sections on the measurement of pattern, gain, 
current distribution, impedance and polarization. According to the reciprocity 
relation, the same pattern will be measured whether the antenna is transmitting 
or receiving. Reciprocity also applies to certain other characteristics,’ so that it is 
convenient in some cases to regard the antenna as a radiator and in other situ- 
ations as a receiver. 


18-2 PATTERNS. The far-field pattern of an antenna is one of its most 
important characteristics. The complete field pattern is a 3-dimensional or space 
pattern and its complete description requires field intensity measurements in all 
directions (over 47 sr). 

Consider that the antenna under test is situated at the origin of the coordi- 
nates of Fig. 18-1 with the z axis vertical. Then patterns of the 0 and @ com- 


1 But not to current distributions. 
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Figure 18-1 Antenna and coordinates for pattern measurements. 


ponents of the electric field (E, and E,) are measured as a function of @ along 
constant 6 circles, where @ is the longitude or azimuth angle and @ the zenith 
angle (complement of the latitude or elevation angle). These patterns may be 
determined by moving the measuring antenna with the antenna under test fixed 
or by rotating the antenna under test on its vertical (z) axis with the measuring 
antenna fixed. For complete information, the phase angle 6 between E, and E, is 
also required to establish the polarization, although the polarization ellipse may 
also be determined by rotation of a linearly polarized measuring antenna (see 
Sec. 18-9). With sufficient data, 3-dimensional intensity diagrams of E,, E, and 6 
can be produced. An alternative is to make a 3-dimensional contour map of the 
power (proportional to Ej + Ej) and superimpose polarization ellipse axes as 
suggested in Fig. 18-2. 

Although detailed pattern measurements as above are sometimes required, 
fewer patterns are frequently sufficient. Thus, suppose that the antenna is a direc- 
tional type with a main beam in the x direction, as suggested in Fig. 18-3. Then 
two patterns, called principal plane patterns, bisecting the main beam may suffice. 
If the antenna is horizontally polarized, then xz and xy plane patterns of E,, as 
indicated in Fig. 18-3a, are measured. If the antenna is vertically polarized then 
xz and xy plane patterns of E,, as indicated in Fig. 18-3b, are measured. If the 
antenna is elliptically or circularly polarized, both sets of measurements (4 
patterns) plus axial ratio data are required. Even if the antenna is believed to be 
linearly polarized, measurement of the 4 patterns plus axial ratios may be desir- 
able to establish polarization purity. 


eS ee 
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180° 


Azimuth 
angle 


Xx 


Figure 18-2 Three-dimensional power pattern in 5-dB increments for circularly polarized antenna 
with main beam vertical (in direction of z axis or out of the page). Near sidelobes are 10 dB down, 
others 15 and 20 dB down. The polarization ellipses (for circular and elliptical polarization) are 
shown dotted with the solid orthogonal lines indicating major and minor axes. For essentially pure 
linear polarization (vertical, horizontal or slant) the ellipse collapses to the major axis line. The solid 
contours represent signal strength. The main beam is circularly polarized (CP), while the near side- 
lobes are elliptically polarized with the major axis vertical (VEP). Other minor lobes are linearly 
polarized vertically (VLP), horizontally (HLP) or at a slant angle (SLP). 


To summarize, the 4 patterns are: 


E,(@ = 90°, @) = pattern of ¢ component of electric field as a function of @ in xy 
plane (0 = 90°) 
E,(@, @ = 0°) = pattern of @ component as a function of 6 in xz plane (¢ = 0°) 
E,(8 = 90°, @) = pattern of @ component as a function of ¢ in xy plane (8 = 90°) 
E,(8, ¢ = 0°) = pattern of @ component as a function of 6 in xz plane (¢ = 0°) 


18-3 PATTERN MEASUREMENT ARRANGEMENTS. Consider the 


arrangement in Fig. 18-4, with the antenna under test acting as a receiving 
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Figure 18-3 Vertical and horizontal plane pat- 
terns for horizontally polarized antenna (a) and 
vertically polarized antenna (b). 
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Figure 18-4 Antenna pattern-measuring arrangement. 
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antenna situated under suitable “illumination” from a transmitting antenna as 
suggested. The transmitting antenna is fixed in position and the antenna under 
test is rotated on a vertical axis by the antenna support shaft. Assuming that both 
antennas are linearly polarized, the E, (9 = 90°, ¢) pattern is measured by rotat- 
ing the antenna support shaft with both antennas horizontal as in Fig. 18-4. To 
measure the E, (6, @ = 0) pattern, the antenna support shaft is rotated with both 
antennas vertical. 

Indication may be on a direct-reading meter calibrated in field intensity or 
the meter may always be adjusted to a constant value by means of a calibrated 
attenuator. Where many pattern measurements are involved, work is facilitated 
with an automatic pattern recorder. 


18-3a Distance Requirement for Uniform Phase. For an accurate far-field 
or Fraunhofer pattern of an antenna a first requirement is that the measurements 
be made at a sufficiently large distance that the field at the antenna under test 
approximates a uniform plane wave. Suppose that the antenna to be measured is 
a broadside array consisting of a number of in-phase linear elements as suggested 
in Fig. 18-5. The width or physical size of the array is a. At an infinite distance 
normal to the center of the array, the fields from all parts of the array will arrive 
in the same phase. However, at any finite distance r, as in Fig. 18-5, the field from 
the edge of the array must travel a distance r + 6 and, hence, is retarded in phase 
by 360°6/A with respect to the field from the center of the array. If 6 is a 
large enough fraction of a wavelength, the measured pattern will depart 
appreciably from the true far-field pattern.’ Referring to Fig. 18-5, 


a’ 
Cain aA ee ay (1) 
Ifo <aando <r, 
Zz, 
a 
~— 2 


al *< Broadside Figure 18-5 Geometry for distance 
array requirement. 


1 If the distance is insufficient, the near field or Fresnel pattern is measured. In general, this pattern is 
a function of the distance at which it is measured. However, since the far-field pattern is the Fourier 
transform of the aperture field distribution (see Sec. 11-22), it is possible to deduce a far-field pattern 
from near-field measurements. See, for example, R.C. Johnson, H. A. Ecker and J.S. Hollis, 
“Determination of Far Field Patterns from Near Field Measurements,” Proc. IEEE, 61, 1668-1694, 
December 1973. 
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Table 18-1 Tolerable phase 
difference data 


Maximum tolerable 
phase difference, deg 6 k 


5 7 v 

10 is 4.5 
36 

228 se 2 
16 

30 sa 15 
12 

45 i 1 
8 


Thus, the minimum distance r depends on the maximum value of 6 which can be 
tolerated. Some workers' recommended that 6 be equal to or less than 1/16. 
Then 


2 
a 
Beg pi eee 
Tels (3) 
In general, the constant factor [equal to 2 in (3)] may be represented by k. Thus, 
2 
a 
Belen 4 
fal or (4) 


The phase difference equals 360°6/A, which for 6 = 4/16 is 22.5°. In some 
special cases phase differences of more than 22.5° can be tolerated and in other 
cases less. Hacker and Schrank? indicate that on very low sidelobe antennas 
(—30 to —40 dB), phase differences of 5° or less may be required to resolve 
near-in sidelobes but for measurements of the far-out sidelobes 22.5° is satisfac- 
tory. Table 18-1 gives the constant factor k in (4) for 5 values of tolerable phase 
difference. 

According to (4) the minimum distance of measurement is a function of both 
the antenna aperture a and the wavelength 4. In the case of antennas of large 
physical aperture and small wavelength, large distances may be required. For 


*C. C. Cutler, A. P. King and W. E. Kock, “Microwave Antenna Measurements,” Proc. IRE, 35, 
1462-1471, December 1947. 


> P. S. Hacker and H. E. Schrank, “Range Distance Requirements for Measuring Low and Ultralow 
Sidelobe Antenna Patterns,” [EEE Trans. Ants. Prop., AP-30, 956-966, September 1982. 
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Figure 18-6 Passive distance determination by measure- 
ment of phase differences 6’ and 6”. 


example, consider a 3-GHz broadside beam antenna with a physical size of 20 m. 
Taking k = 2, we obtain for the minimum distance r = 4 km. 

The constant phase front of a wave radiated by a point source is a sphere. 
At a distance r the phase front departs by distances 6’ and 6” from the ends of a 
nominally perpendicular line of length a as indicated in Fig. 18-6. By comparing 
phases at the ends of the line with the phase at the center, 6’ and 6” can be 
determined and knowing the length a, the distance r of the source is given by 


az 


"H+ 8) 


Thus, changing the distance requirement of (3) around, we use a phase mea- 
surement to determine the distance. This is a passive distance measuring method. 
It has been proposed that with radio telescopes in space on a very long baseline, 
the distance to all radio-emitting objects in the universe can be measured by this 
method.’ 


(5) 


18-3b Uniform Field Amplitude Requirement. Further requirements are 
that the field in the test or target zone (volume containing antenna or scattering 
object under test) have small amplitude taper, small amplitude ripple and small 
cross-polarization (or high polarization purity). The polarization requirement 
means that for linear vertical or horizontal polarization the polarization state be 
on or close to the equator of the Poincaré sphere and for circular polarization on 
or close to one of the poles. 

On outdoor measuring ranges, field variations can be produced by inter- 
ference of the direct wave with waves reflected from the ground, as in Fig. 18-7, 
or from other objects. The effect of the ground reflection may be reduced by 
using a directional transmitting antenna and placing both antennas on towers as 
in Fig. 18-8a or near the edges of adjacent buildings as in Fig. 18-8b. With such 
arrangements the amplitude of the reflected wave is reduced since the ground- 
ward radiation from the transmitting antenna is less and also since the path 


1 N. Kardashev et al., Acad. Sci. USSR, Space Res. Inst., Rept. PR-373, 1977. 
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Figure 18-7 Interference of 
direct and reflected waves may 
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Figure 18-8 Antenna test arrangements. 


length of the reflected wave is considerably greater than the path length of the 
direct wave. In a typical case, the variation in field intensity as a function of 
height at the test location may be as indicated by the solid curve in Fig. 18-9. The 
transmitting antenna is directional and is at a fixed height h. There is a consider- 
able target zone region near the height h with but small ripple. If the transmitting 
antenna is nondirectional the ripple is much greater, as suggested by the dashed 
curve in Fig. 18-9. 


Ground 


—— = 
Relative field 
intensity 
at test location 


Figure 18-9 Variation or ripple in field intensity with height at the test location with a directional 
transmitting antenna relatively close (solid curve). If the transmitting antenna is nondirectional in the 
vertical plane, the ripple is greater (dashed curve). 
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Figure 18-10 Variation of field intensity with height at the test location with a directional transmit- 
ting antenna at a large distance. 


Sometimes the distance requirement of (4) is so large that the tower height 
needed may be impractical. In this case, the test antenna can be situated in a 
region of maximum field intensity such as at the heights h, or h, in Fig. 18-10. 
(See also Prob. 16-14.) This arrangement has the limitation that the height of the 
test antenna may need to be adjusted for each change in frequency. 


To reduce ground reflection, the ground can be covered with absorbing 
material around the specular reflection point or one or more conducting fences 
can be installed. However, the edge of a fence can diffract waves into the test area 
and generate ripple. . 

Ranges constructed indoors require appropriately placed wave-absorbing 
material. In the simple, inexpensive range shown in Fig. 18-11, absorbing panels 
are placed at the specular reflection points on the walls, ceiling and floor as 
suggested. With small aperture antennas the distance requirement may be satis- 
fied while with a directional transmitting antenna and the absorbing panels the 
field uniformity may be adequate. 


PLAN VIEW 


Side wall absorber 


KKLkLhh lili lhe 


Y 
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Z Back 
Ye wall Figure 18-11 Simple low-cost indoor 
ria 4 YA absorber ae ah Oa obi 
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sca ase Z panels only at specular reflection points. 
Test Z For minimum field taper across the test 
JS volume volume, the transmitting antenna beam 
LLL Lh width should be considerably greater than 
Floor and Specular reflection point the test volume angle (HPBW > a) but 
ceiling considerably smaller than the angle of 


absorber specular-reflection (HPBW << f). 
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18-3c Absorbing Materials. The wave-absorbing materials mentioned above, 
and more extensively in the following sections on anechoic chambers and 
compact ranges, are now an integral part of antenna technology. They are used 
both in measurement ranges and also as antenna components for reducing side- 
and back-lobe radiation. 

The use of a sheet of space cloth (Z = 377 Q per square) placed 4,/4 from a 
reflecting plate to completely absorb a normally incident wave was discussed in 
Sec. 2-18. This technique was invented by Winfield Salisbury’ at the Harvard 
Radio Research Laboratory during World War II and the resistive (carbon- 
impregnated) cloth sheets he used are called Salisbury screens. At normal 
incidence the arrangement gives a 1.3 to 1 bandwidth for a reflected wave at least 
20 dB down.” 


The transmission line equivalent is shown in Fig. 18-12a with the charac- 
teristic impedance of the transmission line equal to 377 Q. For simplicity let us 
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''W. W. Salisbury, “Absorbent Body for Electromagnetic Waves,” U.S. Patent 2,599,944, June 10 
1952. 


* The wave absorption resonates also for sheet-to-plate distances of 34/4, 54/4, etc., but the band- 
width is narrower. 


rs 
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Figure 18-13 Path of normalized admit- 
tance Y from short via incremental steps to 
match point at center of Smith chart for the 
line with 6 distributed loads of Fig. 18-12c (5 
to 1 bandwidth for reflected wave 20 dB 
down). 


divide by 377Q, obtaining normalized (dimensionless) impedances as in 
Fig. 18-12b. 

Consider now the situation shown in Fig. 18-12c with a number of resist- 
ances shunting the line over a distance of about 14. The (normalized) resistances 
range from small to large values with distance from the short. The spacings also 
increase with distance from the short.’ As shown in Fig. 18-13, the path of the 
normalized line admittance Y moves from the Y = © position at the short via 
incremental steps of distance and conductance to the center of the chart (match 
point). The advantage of this incrementally tapered termination is that it provides 
a low reflection coefficient over wider bandwidths than the single-resistor termi- 
nation of Fig. 18-12a and b. The space equivalent of Fig. 18-12c is shown in 
Fig. 18-12d consisting of a A) stack of Salisbury sheets with impedances per 
square as indicated and backed by a reflecting plate. Stacks of this kind with 
sheets sandwiched between layers of plastic (dielectric) were developed in 
Germany during World War II by J. Jaumann. An historical summary of the 
development of wave-absorbing material and _ its application is given by 
Emerson.” 


1 Both resistance and spacing increase in an approximately exponential manner. 


2 W. H. Emerson, “Electromagnetic Wave Absorbers and Anechoic Chambers through the Years,” 
IEEE Trans. Ants. Prop., AP-21, 484-489, July 1973 (49 references). 
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Increasing both the resistance and number of sheets (and decreasing their 
spacing) results in the limit in a continuously tapered medium. 

If both the permeability 4 and permittivity « of a medium include a loss 
term but with 


LM, = HW, — ju, = & = &. — je, (6) 


the medium, although lossy, will have a real impedance equal to that of free space 


as given by 
z= | fue feast |= 3770 (7) 
E boa Nee E, 


In principle, a wave incident on a uniform medium of such material can 
enter it without reflection and, if the medium is thick enough, be completely 
absorbed. Such a medium, being uniform, is in contrast to the tapered media 
discussed above. 


Example 1. Find the reflection coefficient |p,| for a 3-mm thick absorbing sheet 
backed by a flat perfectly conducting metal plate at 3 GHz if the constants of the 
sheet are o = 0, p, = ¢, = 10 — 10. 


Solution. The propagation constant 


227 é 
Um ees pag LO a0) (8) 
0 
c 3x 108 
and Ase pe eVactis pee 


Therefore, 
a = 22 x 100 = 628 Npm7! 


and the relative field intensity of the wave emerging from the sheet after reflection 
from the metal plate is given by 


E 
ae poli "2 ie era! 70.023 
0 


or down 33 dB from the incident wave. 


Although lossy media with pu, = ¢, appear attractive in principle, the param- 
eters of the more popular types of absorber are typically: HW, = 1 ande,~2—J1. 
Popular shapes are in the form of pyramids and wedges as illustrated in Fig. 
18-14a and b. The pyramids behave like a tapered transition (as discussed above) 
for normal (nose-on) incidence. However, DeWitt and Burnside! find that 
pyramid absorbers tend to scatter as a random rough surface with large reflec- 


*B. T. DeWitt and W. D. Burnside, “ Electromagnetic Scattering by Pyramidal and Wedge 
Absorber,” [EEE Trans. Ants. Prop., 1988. 
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Figure 18-14 (a) Pyramid and (b) wedge forms of wave absorbers. 


tion coefficient at large angles of incidence, wedges being far superior at these 
angles provided the wave direction is nearly parallel to the ridge of the wedge. At 
large incidence angles the wave direction is almost broadside to the side faces of 
the pyramids, resulting in reflection due to media mismatch. 


Example 2. (a) Find the normal (nose-on) reflection coefficient at 3 GHz (A = 100 
mm) for an array of pyramids 30 cm from tip to base with o = 0, yp, = 1 and ¢, = 
2 — jl. (b) Find the reflection coefficient at 10 GHz (A = 30 mm) assuming that o, p, 
and ¢, are the same as at 3 GHz. 


Solution. Referring to Fig. 18-14a, the effective impedance presented by the pyramid 
array to a normally incident wave is essentially 377 /0° at the tip, increasing grad- 
ually (over 34 at 3 GHz and 10/ at 10 GHz) to an impedance of 
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at the base. Due to the long taper, let us assume negligible reflection at the interface 
of the media (air and pyramid). Without the taper, the media mismatch would give a 
reflection coefficient of 


UA Say 4 25). (13° 2307 
|ey| = |——2| = | —— | = 0.24 or — 12 cB 
ZNO 1 OS ia Ra Ty 


This is a much larger reflection coefficient than for normal (nose-on) incidence (as 
calculated next) and accounts for the large reflection coefficient at large angles of 
incidence (almost broadside to the sides of the pyramids as in Fig. 18-14a). 

As a first approximation for the nose-on reflection coefficient, let us assume 
that the pyramids are equivalent to a solid medium of 3 of their height. Thus, the 
propagation constant 


2n 2n 2n 
= fi ee 6! a DE lat (ILA OS 
y=J % Bruny Je ae ate j Jo4 | Jj0.35) 


and the attenuation constant 
2 
=~ X308 5122 Np mae 


The reflection coefficient is then 
lp, | ee e. 24x 25 e222 x01. 0.0123 


(a) At 3 GHz this is —38 dB. 
(b) At 10 GHz it is about — 125 dB. 


In practice, the reflection coefficient is unlikely to be as small as this at 
10 GHz although it may be substantially smaller than at 3 GHz. The inhomoge- 
neity of some commercial absorbers can also increase the reflection coefficient 
and backscatter.! 


18-3d_ The Anechoic Chamber Compact Range. The transition from the 
simple indoor range of Fig. 18-11 to what might be called an anechoic (no echo) 
chamber is accomplished by completely covering all room surfaces with absorb- 
ing material. Thus, the side walls, ceiling and floor are covered by wedge 
absorbers with a ridge direction parallel to the path from the transmitter to the 
test site, while the back wall and wall behind the transmitter are covered with 
pyramids. The philosophy is to provide a nonreflecting environment like in outer 
space except that the walls are at ambient (~ 300 K) temperature instead of 3 K 
(or somewhat more), but with the distinct advantage that the room provides 
shielding from all of the external electromagnetic noise and interference (natural 


* B. T. DeWitt and W. D. Burnside, “Electromagnetic Scattering by Pyramidal and Wedge 
Absorber,” [EEE Trans. Ants. Prop., 1988. 
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and man-made). However, simple indoor ranges are usually limited by the dis- 
tance requirement. 

A parabolic reflector is a spherical-to-plane-wave transformer and may be 
used to produce a plane wave in the test zone of an indoor range as suggested in 
Fig. 18-15. In effect, the parabolic reflector moves the far-field region in very 
close, making this foreshortened or compact range equivalent to a much larger 
conventional range.’ 

A conventional parabolic dish reflector will diffract significant radiation 
from its edges into the test zone of a compact range, limiting the usable test 
volume as suggested in Fig. 18-15. Serrated edges and absorber material are 
sometimes used to reduce this scattering. Burnside et al.* have shown that a 
rolled edge is effective in reducing the edge scattering effect. A minimum radius of 
curvature r > 1/4 at the lowest frequency is required. Furthermore, it is shown by 
Pistorius and Burnside® that diffraction effects can be made still smaller with a 
very smooth or blended transition of the reflector surface from the parabola to 
the rolled edge, as suggested in Fig. 18-16. The compact range with 5.8 m high 
elliptic rolled-edge parabolic reflector at the Electro-Science Laboratory at the 
Ohio State University is shown in Fig. 18-17.* 


1, R. C. Johnson, H. A. Ecker and R. A. Moore, “Compact Range Techniques and Measurements,” 
IEEE Trans. Ants. Prop., AP-17, 568-576, September 1969. 


2, W. D. Burnside, M. C. Gilreath, B. M. Kent and G. C. Clerici, “Curved Edge Modification of 
Compact Range Reflector,” JEEE Trans. Ants. Prop., AP-35, 176-182, February 1987. 

W. D. Burnside, M. C. Gilreath and B. M. Kent, “Rolled-Edge Modification of Compact Range 
Reflector,” AMT A Symp., San Diego, 1984. 

3.C. W. I. Pistorius and W. D. Burnside, “An Improved Main Reflector Design for Compact Range 
Applications,” [EEE Trans. Ants. Prop., AP-35, 342-346, March 1987. 


4 FE. K. Walton and J. D. Young, “The Ohio State University Compact Radar Cross-Section Mea- 
surement Range,” JEEE Trans. Ants. Prop., AP-32, 1218-1223, November 1984. 
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\_~*) Rolled-edge 


fre extension 
Smooth 
blended Parabola 
transitions 
Rolled-edge Figure 18-16 Rolled edge with smooth blended transition to 
extension parabola. 


Pistorius and Burnside also indicate that combining a 4-point parabola as 
in Fig. 18-18 with a blended rolled edge leads to even greater improvement, the 
4-point design being superior to circular or rectangular shapes. 

The ultimate in compact range design, as proposed by Pistorius, Clerici and 


Figure 18-17 Compact range at the Electro-Science Laboratory of the Ohio State University with 
5.8-m high blended-rolled-edge parabolic dish reflector. The test object pedestal is in the foreground 
and the transmitter feed close to the floor between it and the dish. Wedge absorbers line the floor, 
ceiling and side walls with pyramid absorbers on the wall behind the dish and the back wall (behind 
our point-of-view in the photo). (Courtesy W. D. Burnside, Electro-Science Laboratory.) 
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Figure 18-18 Four-point parabola compared with 
circular and rectangular designs. (After C. W. I. Pis- 
torius and W. D. Burnside, ‘‘An Improved Main Reflec- 
tor Design for Compact Range Applications,’ TEEE 
B cpoint Trans. Ants. Prop., AP-35, 342-346, March 1987.) 


Burnside,’ is a dual-chamber Gregorian-fed system as shown in Fig. 18-19. This 
arrangement can provide very small taper, ripple and cross-polarization in the 


test zone. 


Gating (or turning the receiver on and off) in the interval of pulse return 
from the target can further improve performance and the ability to measure the 


echo from objects with very small radar cross section. 


Blended 


rolled ~\ 
edge 
ot Model under 
Re) : test 
Ry Main reflector 
x (parabolic) | 
ry 
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a | wave front 
+ | 
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Figure 18-19 Dual-chamber Gregorian-fed Compact Range. (After C. W. I. Pistorius, G. Clerici and 
W. D. Burnside, ‘‘A Dual-Chamber Gregorian Subreflector System for Compact Range Applications,” 


IEEE Trans. Ant. Prop., AP-36, 1988.) 


’ C. W. Pistorius, G. Clerici and W. D. Burnside, “A Dual-Chamber Gregorian Subreflector System 


for Compact Range Applications,” IEEE Trans. Ants. Prop., AP-36, 1988. 
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To 
Andromeda 


Parabola In-flight helicopter 


Wave paths Back 
scatter 


Flat reflector 


Figure 18-20 Big Ear radio telescope of the Ohio State University as a compact range for scattering 
measurements of large objects. (See Fig. 12-51 for photograph.) Actual full-size vehicles, aircraft and 
in-flight helicopters can be accommodated. The flat reflector deflects waves into the empty sky, 
replacing absorbing materials used in standard compact ranges. 


For lower-frequency operation, even large indoor compact ranges may be 
too small. Although not initially designed as one, the Ohio State University radio 
telescope (photo in Fig. 12-51) is almost ideally suited as a compact range for 
frequencies from 3 GHz to 100 MHz or even lower, and is used for this purpose. 
Figure 18-20 shows the arrangement for measuring the echo area of full size vehi- 
cles, aircraft and in-flight helicopters.’ 

Although a prime objective of a compact range is usually to provide a 
far-field environment in the test zone, there are situations where near-field pat- 
terns are desired, such as where the test object may actually be located in the 
near field. It is shown by Rudduck et al.* that by defocusing a compact range 
reflector it is possible to produce a spherical-wave environment in the test zone 
with an adjustable radius of curvature to suit a wide range of near-field condi- 
tions. The spherical wave is produced by moving the feed to points along a line 
from the focal point to the center of the parabola, such as the point indicated in 
Fig. 18-15. 


18-3e Pattern and Squint Measurements Using Celestial and Satellite 
Radio Sources. Celestial and satellite radio sources can be used to measure the 


J. D. Kraus, “Ohio State’s Big Ear Detects Edge of the Universe and Doubles as a Compact 
Range,” [EEE Ants. Prop. Soc. Newsletter, 27, 5-10, January 1985. 


> R. C. Rudduck, M. C. Liang, W. D. Burnside and J. S. Yu, “Feasibility of Compact Ranges for 
Near-Zone Measurements,” IEEE Trans. Ants. Prop., AP-35, 280-286, March 1987. 


in i i 
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far-field patterns and squint of antennas, especially ones with large apertures in 
terms of wavelengths where the distance to the far field is large (10s or 100s of 
kilometers). For pattern measurements, the radio source should have a small 
angular extent (much less than the antenna HPBW), be strong and isolated from 
nearby sources. For squint measurements, the position of the source should be 
accurately known. The table in Sec. A-8 (App. A) lists a few celestial radio 
sources which meet most or all of the above requirements. Most of these sources 
are at distances of more than 1 billion light-years (1 light-year = 101? kilometers). 
For more details see Kraus.’ Celestial radio sources can also be used for antenna 
gain, beam efficiency and aperture efficiency measurements (see Sec. 18-6¢e). 


18-4 PHASE MEASUREMENTS. The preceding sections on pattern mea- 
surements deal only with the magnitude of the field intensity. To measure the 
phase variation of the field, an arrangement such as shown in F ig. 18-21 can be 
used. The antenna under test is operated as a transmitting antenna. The output 
of a receiving antenna is combined with the signal conveyed by cable from the 
oscillator. The receiving antenna is then moved so as to maintain either a 
minimum or a maximum indication. The path traced out in this way is a line of 
constant phase. 

In another type of measurement the receiving antenna is moved along a 
reference line. A calibrated line stretcher or phase shifter is then adjusted to 


Transmitting \«-Probe 
antenna \ path 


\ 

| 

/, Probe 
pentane 


Calibrated Receiver 
line-stretcher 


or phase-shifter 
Transmitter Indicator 


Attenuator 


Figure 18-21 Arrangement for 
phase measurements. 


* J. D. Kraus, Radio Astronomy, 2nd ed., Cygnus-Quasar, 1986, chap. 6. 
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maintain a maximum or minimum indication. The measured phase shift can then 
be plotted as a function of position along the reference line.’ 


18-5 DIRECTIVITY. The directivity of an antenna can be determined from 
the measured field pattern. Thus, as defined in Chap. 2, the directivity of an 
antenna 1s 


bal pnt. cabs et i A 
~ ff £@, &) sin 6 dO dd 


where f{(0@, ¢) = relative radiation intensity (power per square radian) as a func- 
tion of the space angles @ and ¢ (see Fig. 18-1) 


D (1) 


Since the radiation intensity is proportional to the square of the field intensity, 
the directivity expression (1) can be written as 
4 
De Ee eee 
|| P,(0, &) sin 6 dO dd 
where P,(0, 6) = normalized power pattern 
(Eg + Eg)(ES + ES) max 


The directivity is determined from the shape of the field pattern by integra- 
tion and is independent of antenna loss or mismatch. 


(2) 


18-6 GAIN. The gain of an antenna over an isotropic source is defined in 
Chap. 2 as 


Go es k)D (1) 


where Gy = gain with respect to an isotropic source (G without a subscript indi- 
cates the gain with reference to some antenna other than an iso- 
tropic source) 
D = directivity 
ky = ohmic loss factor (0 < ky < 1) 


The factor ky = 1 if the antenna is lossless. It is assumed that the antenna is 
matched. 


18-6a Gain by Comparison. Gain may be measured with respect to a com- 
parison or reference antenna whose gain has been determined by other means. A 


'C. C. Cutler, A. P. King and W. E. Kock, “Microwave Antenna Measurements,” Proc. IRE, 35, 
1462-1471, December 1947. 

H. Krutter, in S. Silver (ed.), Microwave Antenna Theory and Design, McGraw-Hill, New York, 1949, 
chap. 15, p. 543. 

Harley Iams, “Phase Plotter for Centimeter Waves,” RCA Rev., 8, 270-275, June 1947. Describes 
automatic device for plotting phase fronts near antennas. 
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Figure 18-22 Gain measurement by comparison. 


4/2 dipole antenna or a horn antenna are commonly used as references. The gain 


G is then given by 
=o =(4) (2) 
Ne) 


where P, = power received with antenna under test, W 
P, = power received with reference antenna, W 
V, = voltage received with antenna under test, V 
V, = voltage received with reference antenna, V 


It is assumed that both antennas are properly matched. If both are also lossless 
and the reference is a 1/2 dipole, the gain Gy over a lossless isotropic source is 


Gaede 
= 10 log (1.64 G) (dBi) (3) 


The comparison should be made with both antennas in a suitable location 
where the wave from a distant source is substantially plane and of constant 
amplitude. The requirements of Secs. 18-3a and 18-3b should be fulfilled. 

Both antennas may be mounted side by side as in Fig. 18-22 and the com- 
parison made by switching the receiver from one antenna to the other. The ratio 
V,/V2 is observed on an output indicator calibrated in relative voltage. An alter- 
native method is to adjust the power radiated by the transmitting antenna with a 
calibrated attenuator so that the received indication is the same for both 
antennas. The ratio P,/P, is then obtained from the attenuator settings. 

Mounting both antennas side by side as in Fig. 18-22 but in too close 
proximity may affect the measurements because of coupling between the 
antennas. To avoid such coupling, a direct substitution may be made with the 
idle antenna removed to some distance. If the antennas are of unequal gain, it is 
more important that the high-gain antenna be thus removed. 

If the gain of the antenna under test is large, it is often more convenient to 
use a reference antenna of higher gain than that of a A/2 dipole. At microwave 
frequencies electromagnetic horns are frequently employed for this purpose.’ 


’ H. Krutter, in S. Silver (ed.), Microwave Antennas, McGraw-Hill, New York, 1949, chap. 15, p. 543. 
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Short-wave directional antenna arrays, such as used in transoceanic com- 
munication, are situated at a fixed height above the ground. The gain of such 
antennas is customarily referred to either a vertical or a horizontal 4/2 antenna 
placed at a height equal to the average height of the array. This gain comparison 
is at the elevation angle a of the downcoming wave. If the directional antenna is a 
high-gain type and any mutual coupling exists between it and the 4/2 antenna, 


the directional antenna can be rendered completely inoperative by lowering it to 
the ground or sectionalizing its elements when receiving with the 4/2 antenna. 

In the above discussion it has been assumed that the antennas are perfectly 
matched. It is not always practical to provide such matching. This is particularly 
true with wideband receiving antennas that are only approximately matched to 
the transmission line. In general, another mismatch may occur between the trans- 
mission line and the receiver. In such cases the measured gain is a function of the 
receiver input impedance and the length of the transmission line." To determine 
the range of fluctuation of gain of such wideband antennas with a given receiver 
as a function of the frequency and line length, the length of the line can be 
adjusted at each frequency to a length giving maximum gain and then to a length 
giving minimum gain. The average of this maximum and minimum may be called 
the average gain. 


18-6b Absolute Gain of Identical Antennas. The gain can also be measured 
by a so-called absolute method” in which two identical antennas are arranged in 
free space as in Fig. 18-23a. One antenna acts as a transmitter and the other as a 
receiver. By the Friis transmission formula 

lm ue Jae fale 


Mg yoo (dimensionless) (4) 
: r 


where P, = received power, W 
P, = transmitted power, W 
A., = effective aperture of receiving antenna, m7? 
A,, = effective aperture of transmitting antenna, m7 
A = wavelength, m 
r = distance between antennas, m 


The distance requirement of Sec. 18-3a should be fulfilled. If r is large compared 


' J. D. Kraus, H. K. Clark, E. C. Barkofsky and G. Stavis, in Very High Frequency Techniques, Radio 
Research Laboratory Staff, McGraw-Hill, New York, 1947, chap. 10, pp. 232 and 271. 


C. C. Cutler, A. P. King and W. E. Kock, “Microwave Antenna Measurements,” Proc. IRE, 35, 
1462-1471, December 1947; also H. Krutter, in S. Silver (ed.), Microwave Antennas, McGraw-Hill, 
New York, 1949, chap. 15, p. 543. The gain is absolute in the sense that it depends on distance and 
power measurements which are independent of the antenna itself or the gain of other antennas. 
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Figure 18-23 Arrangements for absolute 
gain measurements. 


to the depth d of the antenna, the precise points on the antennas between which r 
is measured will not be critical. Since 


j2 
Ae ay Go Ae (5) 


where Gy = gain of antenna over an isotropic source 
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and since it is assumed that 4,, = 4,,, (4) becomes 


P. G22? 
a (an)? (6) 
t 
and Gatien (7) 
He NED. 


Thus, by measuring the ratio of the received to transmitted power, the distance r 
and the wavelength J, the gain of either antenna can be determined. Although it 
may have been intended that the antennas be identical, they may actually differ 
in gain by an appreciable amount. The gain measured in this case is 


Go aan Go1Go2 (8) 


where Gy, = gain of antenna 1 of the “identical” pair 
Go» = gain of antenna 2 of the “identical” pair 


with both gains referred to an isotropic source. To find Gj, and Go,, the above 
measurement is supplemented by a comparison of each of the antennas with a 
third reference antenna whose gain need not be known. This gives a gain ratio 
between “identical” antennas of 


Gea (9) 


where G, = gain of antenna 1 over reference antenna 
G, = gain of antenna 2 over reference antenna 


Then since 
Gi Goi 
G =— =— (10) 
G, Go 
we have 
Go; = Go./@ (11) 
G 
and Goo = — (12) 


The U.S. National Bureau of Standards uses a modified 3-antenna tech- 
nique for accurate antenna gain measurements.’ 


18-6c Absolute Gain of Single Antenna. Using radar techniques the method 
of the preceding section involving 2 or 3 antennas can be extended in several 
ways to measuring the absolute gain of a single antenna. 


1 A. C. Newell, C. F. Stubenrauch and R. C. Baird, “ Calibration of Microwave Antenna Gain Stan- 
dards,” Proc. IEEE, 74, 129-132, January 1986. 
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. By flat sheet reflector. By replacing the second antenna of Fig. 18-23a with a 
sufficiently large, flat, perfectly reflecting sheet, as in Fig. 18-23b, the gain of 
the single (transmitting-receiving) antenna is given by (7) where r now equals 
the distance from the antenna to its image behind the reflector. This distance 
must meet the far-field requirement and this may require a very large flat sheet 
reflector. 


. By reflecting sphere. As discussed in Sec. 17-5, the radar cross section o of a 
perfectly reflecting sphere is equal to its physical cross section (za*) when its 
radius a > A. With a sphere as the radar target, as in Fig. 18-23c, we have 
from the radar equation (17-5-6) that the antenna gain 

Snr? | P 


Ge sl 13 
ha P. ae 


where r = distance from antenna to sphere, m 
a = radius of sphere, m 


The distance r must meet the far-field requirement while the sphere radius 
requirement is that a > /. 


. By parabolic reflector. A more compact configuration involves the use of a 
parabolic reflector as in Fig. 18-23d with the antenna at the focus of the 
parabola. For this configuration the gain 


P 
G =Anr, i | (14) 
t 


where r, = focal distance of parabola in wavelengths, dimensionless 


Equation (14) is identical to (7). 


18-6d Gain by Near-Field Measurements. Referring to Fig. 18-23e, mea- 


surements of the near field of a large antenna with a probe can be used to obtain 
the gain from Bracewell’s relation (12-9-26) as 


4nA ; 1 


PA [Ee] Be 
alee be) 


Ge (15) 


where E(x, y) = electric field at any point x, y in the aperture, Vm! 


1 
jp ir 7 | | E(x, y) dx dy = average electric field over 
P 
A 


P 
the aperture, V m=! 


A, = area of (aperture) plane over which measurements 
are made, m7” 


* = complex conjugate 
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Figure 18-24 Far-field pattern in dB of high-gain paraboloidal reflector antenna over a 64 square- 
degree area centered on the beam axis as obtained from near-field measurements by Newell, Stuben- 
rauch and Baird of the U.S. National Bureau of Standards. (From A. C. Newell, C. F. Stubenrauch and 
R. C. Baird, “Calibration of Microwave Antenna Gain Standards,” Proc. IEEE, 74, 129-132, January 
1986.) 


It is assumed that all of the radiated power flows through 4A,. 

This general method’ is employed by the U.S. National Bureau of Stan- 
dards (Boulder, Colorado) for gain measurements to an overall accuracy of the 
order of +0.2 dB. In addition, far-field patterns are obtained using the Fourier 
transform. An example of the pattern of a high-gain antenna obtained in this way 
is shown in Fig. 18-24.? 


18-6e Gain and Aperture Efficiency from Celestial Source Measure- 
ments.” For gain measurements using a celestial radio source, an accurate flux 
density of the source is required and, generally, the source should be essentially 
unpolarized (less than 1 or 2 percent). Most of the sources in the table of Sec. A-8 
meet these requirements, but since flux densities are given at only discrete fre- 
quencies it may be necessary to interpolate the fluxes at other frequencies. 


* W. H. Kummer and E. S. Gillespie, “Antenna Measurements,” Proc. IEEE, 66, 483-507, April 1978. 


2 A. C. Newell, C. F. Stubenrauch and R. C. Baird, “Calibration of Microwave Antenna Gain Stan- 
dards,” Proc. IEEE, 74, 129-132, January 1986. 


3 See also Secs. 18-3e and 12-9. 
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From (17-2-8) the effective aperture A, of an antenna is related to the 
known flux density S and measured incremental antenna temperature AT, as 
given by 

SPL stad ly 
eS 


(16) 


from which the gain is 


4nA,  8nk AT, 


oe 72 Si? 


(17) 


where k = Boltzmann’s constant = 1.38 x 10°77 JK~! 
AT, = measured source temperature, K 
S = source flux density, W m 7? Hz™! 
A = wavelength, m 


Thus, knowing S (from the table of Sec. A-8) and 4, a measurement of AT, deter- 
mines the gain. This measurement includes the effect of any (ohmic) loss in the 
antenna and any mismatch. 


Example. Find the gain and aperture efficiency of the Ohio State University 110-m 
radio telescope antenna at 1.4 GHz if the measured increase in antenna temperature 
from Cygnus A = 687 K. The physical aperture is 2208 m7”. 


Solution. From the table of Sec. A-8, the flux density of Cygnus A at 1.4 GHz is 
1590 Jy. From (16) the effective aperture 


_ 2K AT, 2x 1.38 Xx HOS 2? x68] 


A ee 2 
ees 1590 x 10726 ate. 
and from (17) the gain 
4nA, 4n x 1193 
G = —- = ——_ _ = 3.27 x 10° = 55 dBi 


The U.S. National Bureau of Standards offers a service for measuring 
antenna gain using celestial radio sources.’ 

See discussion of (12-9-43) to (12-9-47) for beam efficiency measurements 
with a celestial source. 


‘R. C. Baird, “Microwave Antenna Measurement Services at the National Bureau of Standards,” 
Ant. Meas. Symp. (Ant. Meas. Tech. Assoc.), October 1981. 
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18-7 TERMINAL IMPEDANCE MEASUREMENTS. In general, any 
antenna impedance Z, terminating a transmission line will produce a reflected 
wave with reflection coefficient p, and a voltage standing wave ratio (VSWR) 
related as follows: 


|reflected voltage| |V.| VSWR-1 


SS eS SS _ SS SSS Oe 1 
ey |incident voltage| |V,;| VSWR+1 (1) 


where the VSWR is the ratio of the maximum to minimum voltage on the line. 
The reflection coefficient is a complex quantity with magnitude |p,| and 
phase angle 0,. Thus, 


0.= |p.) (8, (2) 


The VSWR can be measured by moving a voltage probe along a slotted 
measuring line (Fig. 18-25). The value of |p,| is then given from (1). Using the 
probe to locate the voltage minimum point on the line, the reflection coefficient 
phase angle 0, is found from 


x 1 
8, = 720°| — — - 


where X,,,, = distance of voltage minimum from antenna terminals, m 
A = wavelength along line, m 


Knowing both the magnitude and phase angle of the reflection coefficient, the 
antenna impedance Z, is given by 


Deals: 4 
Noa omen rari ai 1) (4 


where Z, = transmission line impedance, Q 


In a slotted (coaxial) transmission line a probe is introduced through a 
longitudinal slot in the outer conductor as indicated in Fig. 18-25. Since currents 


Ground 
| 
Coaxial line to plane 
voltage probe 
_— Sliding carriage 
Monopole 


Slot 


Probe ni2 
one, iicateee ole cee 


Vmin(short) Vnin(ant.)  Vmin(short) 


Figure 18-25 Slotted coaxial line for antenna terminal impedance measurements. The line is shown 
in longitudinal and transverse cross sections with movable probe for measuring voltage as a function 
of distance along the line. 
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flow parallel to the slot, little field escapes the line. With the probe connected to a 
voltage indicator, the voltage variation along the line can be determined, giving 
both VSWR and x,,,. Replacing the antenna with a short circuit, two successive 
minima V,,,, (short) are located on the line. Their separation is equal to 4/2. With 
the antenna connected, the distance between a voltage minimum point Vain (ant) 
and Vi, (short) is equal to x,,,, as shown in Fig. 18-25. It is usually preferable to 
measure X,,, with respect to the first V,,,, (short) rather than to the terminals, due 
to uncertainties from end effects, as from an insulator, which modify the electrical 
distance. 

Instead of a slotted line, directional couplers can be used which give outputs 
proportional to the reflected and incident voltages V, and V, from which | p,| can 
be determined as in (1) and the VSWR from 

VSWR = note (5) 
Rtn" 

With directional couplers and a sweep frequency generator, the VSWR can 
be monitored over a bandwidth and displayed continuously on a cathode ray 
tube (CRT) while adjustments are made on the antenna. If the phase difference of 
V, and V; is also monitored, the antenna impedance can be displayed over a 
bandwidth on a CRT Smith chart.! 

Although the impedance measuring arrangement shown in Fig. 18-25 is 
appropriate for monopoles (or other unbalanced antennas), it can also be used to 
measure the terminal impedance of a center-fed dipole (or other balanced 
antenna) by measuring 4 of the antenna and multiplying the measured impedance 
by 2. Thus, instead of measuring a balanced 1/2 dipole with a 2-wire transmission 
line, measurements are made on 4 of the dipole or 4/4 monopole (or stub) 
antenna with a large ground plane (Fig. 18-25). Ideally the ground plane should 
be perfectly conducting and infinite in extent to produce a perfect image of the 
stub antenna. The ground plane of finite extent used in practice should, therefore, 
be as large as possible. Even though the ground plane is several wavelengths in 
diameter, the measured impedance of a stub antenna varies appreciably as a 
function of the ground-plane diameter.” This variation is reduced as the ground- 
plane diameter is increased. Meier and Summers’ found that a large square 
ground plane results in about half the variation of impedance observed with a 
circular ground plane of approximately the same size. The antennas were 
mounted symmetrically on both ground planes. The reduced variation with the 
square ground plane is presumably due to the partial cancellation of waves reflec- 
ted to the antenna terminals from the edge of the ground plane. These waves 


" For more details and procedures for using Smith charts see, for example, J. D. Kraus, Electromag- 
netics, 3rd ed., McGraw-Hill, 1984, secs. 10-7 and 10-8. 

2 A. S. Meier and W. P. Summers, “ Measured Impedance of Vertical Antennas over Finite Ground 
Planes,” Proc. IRE, 37, 609-616, June 1949. 
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travel different distances on a square ground plane, and, hence, all cannot arrive 
in the same phase. The ratio of the longest to the shortest distance is the ratio of 
the diagonal of a square to the length of one side (1.41). With a circular ground 
plane and symmetricaliy located antenna, all the waves reflected from the edge 
return in the same phase. 

The ground (image) plane technique can also be used to advantage in mea- 
suring the terminal impedance of slot antennas. A sheet with a half-slot (equal in 
length to the full-slot but of 4 the width) is butted against an image plane placed 
perpendicular to the slot plane. The half-slot is energized by a coaxial line with 
the inner conductor connected to the terminal of the slot and the outer conductor 
terminated in the image plane. The terminal impedance of the full-slot is twice 
the impedance of the half-slot. The impedance Z,,. of the half-slot is related to 
the impedance Z,,, of the complementary stub antenna or half-dipole by Z,,. = 
8869/Z 4/2 - 

With horn or slot antennas that are fed with a waveguide, measurements of 
the field in the guide can be made with a slotted waveguide and probe arrange- 
ment. In this way measurements of the VSWR, reflection coefficient and equiva- 
lent load impedance may be obtained in a manner analogous to that used with a 
coaxial line. 


18-8 CURRENT DISTRIBUTION MEASUREMENTS. In many 
cases it is important to know the current distribution along an antenna. For 
example, if both the magnitude and phase of the current is known at all points 
along an antenna, the far field of the antenna can be calculated. 

The current can be sampled by a small pickup loop placed close to the 
antenna conductor. Loop and indicator may be combined into a single unit. 
However, at short wavelengths the indicating instrument may be too large to 
place near the antenna without disturbing the field. To remove the indicator from 
the antenna field the arrangement of Fig. 18-26 can be used. Here the loop pro- 
jects through a longitudinal slot in the hollow antenna conductor. The output 
cable from the loop is confined within the antenna conductor and is brought out 
through the end of a grounded stub as shown. The arrangement in Fig. 18-26 
permits both amplitude and phase measurements. The phase is measured by 
comparison with a reference current as suggested by the dashed connections in 
the figure. The signal picked up by the loop is mixed with a signal of approx- 
imately equal amplitude extracted by a probe on a matched slotted line. With the 
antenna sampling loop fixed, the line probe is moved to give a minimum indica- 
tion. When the antenna sampling loop is displaced to a new location, the line 
probe is moved so as to maintain a minimum indication. The phase shift between 
the line-probe positions then equals the phase shift between the two antenna 
sampling-loop locations. The phase shift is a linear function of distance on a line 
with matched termination. Assuming the phase velocity equals that of light in 
free space, the phase shift 0 along the line in degrees per unit length is given by 
360°/A5, where A, is the free-space wavelength of the applied signal. The phase 


| 
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Ground plane 


Indicator 


Figure 18-26 Slotted antenna and sampling loop arranged for measurement of both current ampli- 
tude and phase. 


change between two points on the line is then the distance between the points 
multiplied by 0. 

In Chap. 9 on cylindrical antennas Fig. 9-18 shows the current distribution 
on a 5A cylindrical monopole antenna 0.24 in diameter measured using an 
arrangement similar to that in Fig. 18-26. 


18-9 POLARIZATION MEASUREMENTS. Four methods for polariza- 


tion measurements are: 


1. Polarization-pattern method. A linearly polarized antenna is used to measure a 
polarization pattern and two circularly polarized antennas are used to deter- 
mine the hand of rotation. 


2. Linear-component method. Two perpendicular linearly polarized antennas are 
used to measure the linearly polarized components of the wave and also their 
phase difference. 


3. Circular-component method. Two circularly polarized antennas are used to 
measure the circularly polarized components of the wave of opposite hand and 
the phase angle between them. 


4. Power measurement (without phase) method. Some waves may consist of the 
superposition of a large number of statistically independent waves of a variety 
of polarizations. The resultant wave is said to be randomly polarized or unpo- 
larized. Thus, in general, waves may be partially polarized and partially unpo- 
larized. In ordinary communications the waves are usually completely 
polarized but in radio astronomy the waves from celestial sources are, in 
general, partially polarized and in many cases completely unpolarized. To deal 
with the most general situation it is convenient to use Stokes’ parameters. A 
detailed discussion of polarization parameters, Stokes’ parameters and 
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Table 18-2 Wave characteristics determined by power mea- 
surements of 6 antennas (no phase measurements required) 


VP HP + 45° — 45° RCP LCP 
Wave dipole dipole dipole dipole helix helix 
VP. 1 0 4 4 4 4 
HP 0 1 4 4 4 4 
+45° LP 4 4 1 0 3 3 
—45° LP 4 4 0 1 4 $ 
RCP 4 4 4 4 1 0 
ECP 4 4 4 4 0 1 
Unpolarized 4 4 $ $ 4 4 


polarization measurements is given by Kraus. Of interest here is that the 
polarization characteristics of a wave (including any unpolarized components) 
may be completely determined without any phase measurements by noting the 
power response of 6 antennas: 1 vertically polarized (VP), 1 horizontally po- 
larized (HP), 1 linearly polarized (LP) at a slant angle of +45°, 1 linearly 
polarized (LP) at a slant angle of —45° and 2 circularly polarized (CP) 
antennas, one right-circularly polarized (RCP) and the other left-circularly 
polarized (LCP). The linearly polarized antennas may be dipoles and the cir- 
cularly polarized antennas monofilar axial-mode helices, one wound right- 
handed and the other left-handed. For a completely polarized wave only 3 
independent measurements are necessary so there is some redundancy. 

An example of the responses of the 6 antennas to a wave of unit incident 
power density is shown in Table 18-2. The power response of all 6 antennas is 
normalized to unity for a wave of unit incident power density of the same 
polarization. We note that each type of wave polarization produces a different 
set of power responses. 


18-9a Polarization-Pattern Method. In this method a rotatable linearly po- 
larized antenna, such as the 1/2 dipole antenna in Fig. 18-27a, is connected to a 
receiver calibrated to read relative voltage.” Let the wave be approaching (out of 
page). Then as the antenna is rotated in the plane of the page, the voltage 
observed at each position is proportional to the maximum component of E in the 
direction of the antenna. Such measurements of the incident wave with a rotat- 
able linearly polarized antenna do not yield the polarization ellipse of the wave 
but rather its polarization pattern (Fig. 18-27b). Thus, if the tip of the electric 
vector E describes the polarization ellipse shown in Fig. 18-27b (dashed curve), 


* J. D. Kraus, Radio Astronomy, 2nd ed., Cygnus-Quasar, 1986, chap. 4. 


* In practice a linearly polarized antenna of considerable directivity is preferable to a simple A/2 
dipole. 
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Figure 18-27 (a) Schematic arrangement for measuring wave polarization by the polarization-pattern 
method. (b) Measured polarization pattern and polarization ellipse for elliptical polarization. (c) Mea- 
sured polarization pattern for linear polarization with polarization ellipse collapsed to a line. 


the variation measured with a linearly polarized receiving antenna is given by the 
polarization pattern in Fig. 18-27b (solid line). For a given orientation OP of the 
linearly polarized antenna, the response is proportional to the greatest ellipse 
dimension measured normally to OP. As shown in Fig. 18-27b, this is the length 
OP’. If the linearly polarized antenna orientation is OQ, the response is pro- 
portional to the length OQ’. For the case of linear polarization, the polarization 
ellipse degenerates to a straight line and the corresponding polarization pattern is 
a figure-of-eight, as indicated in Fig. 18-27c. By graphical construction as in 
Fig. 18-27b and c, the polarization ellipse can be constructed if the polarization 
pattern is known, or vice versa. To determine the direction of rotation of E an 
auxiliary measurement is necessary. For example, the output of 2 circularly po- 
larized antennas could be compared, one responsive to right- and the other to 
left-circular polarization. The rotation direction of E then corresponds to the 
polarization of the antenna with the larger response. 

Thus, by this method the polarization ellipse can be drawn and the rotation 
direction indicated. Although such a diagram completely describes the polariza- 
tion characteristics of a wave, it is simpler to measure merely the maximum 
amplitude A/2 and the minimum amplitude B/2 and take the ratio of the two 
amplitudes which is the axial ratio of the polarization ellipse or simply the axial 
ratio (AR). The axial ratio is expressed so that it is equal to or greater than unity. 
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Figure 18-28 Schematic arrangement for measuring polarization by the linear-component method 
with vertical and horizontal components given by (a) and phase by (b). 


The axial ratio of the polarization ellipse of Fig. 18-275 is 


A 
A Ro 
B 
Thus, by specifying AR, the tilt angle and the rotation direction of E the polariza- 
tion characteristics are completely described. (See Secs. 2-34, 2-35 and 2-36.) 


18-9b Linear-Component Method. In this method 2 fixed linearly polarized 
antennas can be mounted at right angles, like the two 1/2 antennas in Fig. 
18-28a. The wave is approaching normally out of the page. By connecting the 
receiver first to the terminals of one antenna and then the other, the ratio E,/E, 
can be measured. Then, by connecting both antennas to a phase comparator, the 
angle 6 can be measured. This may be done as in Fig. 18-28b, using a matched 
slotted line. From a knowledge of E,, E, and 6 the polarization ellipse can be 
calculated and the direction of rotation E determined. 


18-9c_ Circular-Component Method. In this method 2 circularly polarized 
antennas of opposite hand are connected successively to the receiver and the 
amplitudes E, and Ep of the circularly polarized component waves measured. 
The antennas can very conveniently consist of 2 long monofilar axial-mode 
helical antennas, one wound left-handed and the other wound right-handed as in 
Fig. 18-29. The left-handed helix responds to left-circular polarization and the 
right-handed helix to right-circular polarization (IEEE definition). The left- 
circular component E, of the wave is measured with the switch to the left as in 
Fig. 18-29 so that the receiver is connected to the left-handed helix. The right- 
circular component Ep of the wave is measured with the switch thrown to the 
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Figure 18-29 Arrangement for measuring polariza- 
tion by the circular-component method. Left- and right- 
handed components are measured by _ individual 
helices and phase angle by rotating one helix with 
both connected. 


Receiver 


(A) Indicator 


right so that the receiver is connected to the right-handed helix. The axial ratio 
(AR) of the received wave is then given by 

peti 
eh 


AR (1) 
According to (1) the axial ratio may have values between +1 and +00 and 
between —1 and — oo. For positive values of AR the wave is right-elliptical and 
for negative values it is left-elliptical. The tilt angle t of the polarization ellipse 
may be measured by finding the direction of maximum E with a rotatable lin- 
early polarized antenna, or t may be determined with the helical antennas of Fig. 
18-29 by rotating one helix on its axis with both helices connected in parallel to 
the receiver (switch segment up in Fig. 18-29). Assuming that the axes of the 
helices are in a horizontal plane, let the helix rotation angle be 6’ and let its 
reference point (6’ = 0) be taken when the receiver output is a minimum for a 
horizontally polarized incident wave. Then for any type of polarization with the 
polarization ellipse at a tilt angle t to the horizontal, t = 6’/2. Thus, 3 measure- 
ments, E,, Ez and 0’, with the helical antennas determine the polarization char- 
acteristics of the received wave completely. 

The circular-component method using helical antennas is suitable for mea- 
surements over a considerable frequency range. The accuracy depends on the 
circularity of polarization of the helices. This is improved (AR nearer unity) by 
making the helices long since 


2n+ 1 
2n 


AR = (2) 


where n = number of turns of the helix 
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18-10 ANTENNA ROTATION EXPERIMENTS. Consider the radio 
circuit shown in Fig. 18-30a in which both the transmitting and receiving 
antennas are linearly polarized. If either of the antennas is rotated about its axis 
at a frequency f (r/s), the received signal is amplitude modulated at this frequency. 
The direction of rotation is immaterial. 

Consider next the radio circuit shown in Fig. 18-30b in which one antenna 
is circularly polarized and the other is linearly polarized. If one of the antennas is 
rotated about its axis at a frequency f (r/s), the received signal is shifted to F + f, 
where F is the transmitter frequency. This experiment may also be conducted 
with 2 circularly polarized antennas of the same type. The frequency f is added or 
subtracted from F depending on the direction of antenna rotation relative to the 
rotation direction of E (or hand of circular polarization). 


18-11 MODEL MEASUREMENTS. Pattern and impedance measure- 
ments of actual antennas are often difficult or impractical because of the large 
size of the antenna system. In such cases a scale model of the antenna system may 
be built to a convenient size and then measurements made on the properties of 
the model.’ This technique is especially useful in measuring patterns of antennas 
mounted on aircraft. Although the antenna proper may be small, it may excite 
currents over much of the airplane surface so that the entire airplane becomes 
part of the antenna system, and, hence, the measurements must be made of the 
antenna with airplane. Another advantage is that the patterns of antennas on 
aircraft in flight (remote from the ground) can be easily simulated by the model 
technique by placing the model on a suitable tower. To measure such patterns on 
actual aircraft is both tedious and expensive. 

Let the scale factor for the model be p. Then any length dimension L,, on 
the model is related to the corresponding dimension L on the actual antenna by 


iBacepe (1) 


Then the frequency f,, used to measure the model must be related to the fre- 
quency f used with the actual antenna by 


Im = Bf (2) 


A further requirement of an accurate model for pattern and impedance measure- 
ments is that the conductivity of the antenna metal be scaled according to the 
relation 


Om = po (3) 


" George Sinclair, “Theory of Models of Electromagnetic Systems,” Proc. IRE, 36, 1364-1370, 
November 1948. 

G. H. Brown and Ronold King, “ High-Frequency Models in Antenna Investigations,” Proc. IRE, 22, 
457-480, April 1934. 
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Figure 18-30 Arrangements for antenna rotation experiments. (a) Antenna rotation produces ampli- 
tude modulation. (b) Rotating the monofilar axial-mode helix increases or decreases the signal fre- 
quency by the rotation rate. 


where o,, = conductivity of metal in model 
o = conductivity of metal in actual antenna 


However, if o is large enough, the metal can be considered to be a “perfect 
conductor” (o = o) and the conductivity need not be modeled. Thus, actual 
antennas of copper can usually be modeled in copper. It is assumed that ferro- 
magnetic materials are excluded from both actual antenna and model and that 
the model is measured in air. 


18-12 MEASUREMENT ERROR. All measured quantities involve error. 
Thus, the measured area of a sphere might be given as 2.76 + 0.03 m7’, indicating 
an error or uncertainty of +0.03 m7. If this is the root mean square (rms) or stan- 
dard deviation, it means that the chances are roughly 2 to 1 that the true value is 
between the limits, ie., greater than 2.73 and less than 2.79 m*. For a finite 
number n of readings the 


DI ROM Der me: 2 


rms deviation = 1 
n —— 


where d,, d,, etc., are the measured deviations from the mean of a set of n obser- 
vations. 
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Sometimes the error given is the probable error, which is 0.6745 times the 
rms error. A probable error indicates that the chances are even (or 1 to 1) that 
the true value is between the limits cited. 

When an error is given it usually implies that a set of measurements has 
been made. A single measurement is anomalous, and any error associated with it 
must be an estimate. 

Wherever measured values are cited in this book it is understood that they 
are subject to error whether explicitly stated or not. For example, the gain of an 
antenna may be quoted as 36.5 dBi. However, to be explicit, an appropriate error 
should be included. Thus, if the error is +0.5 dBi the gain should be given as 
36.5 + 0.5 dBi. 

However, for brevity, errors have usually not been included. An exception 
involves the antenna temperature measurements of Penzias and Wilson reported 
in Sec. 17-2. Their results are 


2.3 + 0.3 K due to the atmosphere 
0.8 + 0.4 K due to ohmic losses 
<0Q.1 K due to back lobes into the ground 


3.2 + 0.5 K total! 


Their measured sky temperature was 6.7 + 0.8 K which, less 3.2 + 0.5 K, gave a 
residual of 3.5 + 1.0K.) | 

Penzias and Wilson’s attention to the errors led to their discovery of the 
3-K sky background for which they subsequently received a Nobel prize. 
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PROBLEMS’ 


*18-1 


18-2 


*18-3 


18-4 


*18-5 


18-6 


*18-7 


*18-8 


*18-9 


18-10 


18-11 


Absorbing material. 1/e depths. A medium has constants ¢ = 10? U m~', pn, = 2 
and ¢, = 3. If the constants do not change with frequency, find the 1/e and 1 
percent depths of penetration at (a) 60 Hz, (b) 2 MHz and (c) 3 GHz. 


Lossy medium. At 200 MHz a solid ferrite-titanate medium has constants o = 0, 
uM, =15(1 — j3) and ¢, = 50(1 — jl). Find (a) Z/Zo, (b) 4/Ao, (c) v/v9, (d) 1/e depth, 
(e) the dB attenuation for a 5-mm thickness and (f) the reflection coefficient p, for 
a wave in air incident normally on the flat surface of the medium. The zero sub- 
scripts refer to parameters for air (or vacuum). 


Lossy medium. Complex constants. A medium has constants o = 3.34 U m7! and 
H, = €&, = 5 + j2. Find the 1/e depth of penetration at 30 GHz. 


Attenuation by lossy slab. A nonconducting slab 200 mm thick has constants py, = 
€, = 2 — j2. Find the dB attenuation of the slab to a 600-MHz wave. 


Attenuation of lossy sheet. A nonconducting sheet 6 mm thick has constants p, = 
€é, = 5 — j5. Find the dB attenuation of the sheet to a 300-MHz wave. 


Attenuation of conducting sheet. A nonmagnetic conducting sheet 2 mm thick has 
a conductivity o=10° © m7’. Find the dB attenuation of the sheet to an 
800-MHz wave. 


Attenuation in lossy medium. A medium has constants o = 1.112 x 10°? U m“}, 
H, =5—j4 and e, = 5 —j2. At 100 MHz find (a) the impedance of the medium 
and (b) the distance required to attenuate a wave by 20 dB after entering the 
medium. 

Absorbing sheet. A large flat sheet of nonconducting material is backed by alumin- 
um foil. At 500 MHz the constants of the ferrous dielectric medium are p, = ¢, = 6 
— j6. How thick must the sheet be for a 500-MHz wave (in air) incident on the 
sheet to be reduced upon reflection by 30 dB if the wave is incident normally? 


Reflection from dielectric medium. A plane 3-GHz wave is incident normally from 
air onto a half-space of dielectric with constants o = 0, u, = 1 and ¢, = 2 — j2. 
Find the dB value of the reflected power. 


CP wave reflection and transmission. A circularly polarized 200-MHz wave in air 
with E = 2 V m“! (rms) is incident normally on a half-space of nonconducting 
medium with yw, = ¢, = 3 — j3. Find the Poynting vector (a) for the reflected wave 
and (b) for the transmitted wave at a depth of 200 mm in the medium. 

Radar cross section. The radar return from an object on a compact range is 8 dB 
more than for a 104 diameter sphere when substituted for the object. What is the 
object’s radar cross section? 


1 Answers to starred (*) problems are given in App. D. Permittivity relations are given in Sec. A-7. 
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*18-12 Aperture efficiency from Cygnus A. At 2.7 GHz the increase in antenna tem- 
perature from Cygnus A with a 20-m dish antenna is 51 K. What is the aperture 
efficiency of the dish? 

*18-13 Jaumann sandwich absorber. Three absorber sheets of 250, 625 and 1563 Q per 
square are stacked at 4/4 intervals in an expanded PVC (e, = 1.1) sandwich. Find 
the bandwidth for which the reflected wave is at least 20 dB down. (See Nortier, 


Van der Neut and Baker reference.) 


APPENDIX 


A 


TABLES 


FOR 


REFERENCE 


A-1 TABLE OF ANTENNA AND - ANTENNA 
RELATIONS’ 


2 


av 


(E*),, 


Ae 
Aperture efficiency, ¢,, = rue (dimensionless) 
Pp 


i) 


Aperture, effective, A, = (m7) 


| > 
pa 


Array factor (n sources of equal amplitude and spacing), 


sin (ny/2) 


aera (2) (dimensionless) 
where Wy = B dcos 8+ 0 (rad or deg) 
OQ, : 
Beam efficiency, éy = an (dimensionless) 
A 


Beam solid angle, Q, = {| P(@, @) dQ (sr) 


SYSTEM 


1 See index for page references giving more details on these relations. Also see index for tables (list of) 


for other relations. 
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Beam solid angle (approx.), Q, = Oup dup (sr) = Of Oup (deg”) 


Charge-current continuity, [] = gi 


58° 
We woe es (D, = diameter in A) 
(uniform distribution) ‘ ae 
140° 


Circular aperture, BWFN = 


(uniform distribution) 


Circular aperture, directivity = 9.9D? 
(uniform distribution) 


Circular aperture, gain over 4/2 dipole = 6D? 
(uniform distribution) 


a o tae (GSO) mee ; 
Directivity, D = er = AO Phas (dimensionless) 
A 


4n(st) _ 41000 (deg?) 
up Pyp(St) Sup Pup 
41000 eq, 
kp Oup Pup 
Dipole (short), directivity, D= 1.5 (=1.76 dBi) 


| DBE Ne 
Dipole (short), radiation resistance, R = s0n°( 2) (7 (Q) 
0) 


Dipole (4/2), directivity, D = 1.64 (=2.15 dBi) 
Dipole (4/2), self-impedance Z = Roy Xe=1 13" 742,550 
Ae Ae, 


av 


Directivity (approx.), D ~ 


Directivity (better approx.), D ~ 


Friis formula, P. = 3p (dimensionless) 
2kT. 
Flux density, § = y 4 (Wm? Hz") 
2k AT... 
Flux density, minimum detectable, AS.,,,, = = asset (W m-? Hz~?) 


e 


Gain, G = kD (dimensionless) 


V 
Height, effective, h, = Te 


| 
B 


A-1 TABLE OF ANTENNA AND ANTENNA SYSTEM RELATIONS 


2 
Helical antenna, monofilar axial-mode, directivity, D = 12(5) = 
z 1 Dil eo.) 

Linear array (long, uniform, in phase), HPBW = lL (rad) = 7 

A A 
Loop (single turn) radiation resistance, R, = 197CZ (Q) 

pa by 

Near-field—far-field boundary, R = aa (m) 


Noise power, receiver, N = kT;,, Af (W) 
Nyquist power, w = kT (W Hz" '*) 


A*a 
Radar equation, — = dimensionless 
quation P. > Ander (di ) 
Dien oe 
Radiation power, P = iesak (W) 
6nZ 
we S(6, 230) 
Radiation resistance, R, = Sh Blas 8s (Q) 
oye 
Rectangular aperture, HPBW = 
; 2 ie Pe L, 
(uniform distribution) 
Lise 
Rectangular aperture, BWFN = L 
A 


Rectangular aperture, directivity = 12.6L, L’, 
Rectangular aperture, gain over 4/2 dipole = 7.7L, L;, 
BWFN 


Resolution angle ~ 


Signal-to-noise ratio, — = — = 


Ns DER EI ate 
Signal-to-noise ratio, Sau AG 
(above 1 W isotropic) N 16n7r?kT,,, Af 


1 sy 
System temperature, Tj,, = Ty + Ti( 2 — 7 ae i (K) 


Temperature, antenna (through emitting-absorbing cloud), 


Bib e-\-Ten= | A(K) 


847 


848 APPENDIX A TABLES FOR REFERENCE 


ae k'Tyys 
Temperature, minimum detectable, AT,,,, = = = AT. 


Sry rms 


Wave power (average, elliptically polarized), 


(K) 


EG st od Oe 
We alee Wm? 
Wavelength and frequency, 1 = ; (m) 


(air or vacuum) 


A-2 FORMULAS FOR INPUT IMPEDANCE OF TERMINATED 
TRANSMISSION LINES. Formulas for the input impedance Z, appearing 
at a distance x from a load or terminating impedance Z, on a transmission line 
of characteristic impedance Z, as shown in Fig. A-1 are listed in the table for 3 
load conditions: (1) any value of impedance Z,, (2) Z, = 0 or short-circuited line 
and (3) Z; = 00 or open-circuited line. For each load condition there are columns 
for 2 cases: (1) the general case in which attenuation is present on the line (a + 0) 
and (2) the lossless case where the line losses are negligible (a = 0). 


Figure A-1_ Transmission line of characteristic impedance Z,, length x and load Z,. 


Load General case Lossless case 
condition (a # 0) (a = 0) 
Zz Z,+jZp, tan Bx 
Z,+Z, tanh ae pik nen 
Any value Z, Vhs LIRIE Os OBIS ” Zo + iZ, tam Bx 


° Zo + Z, tanh yx 
“hy. = Zoi Zh 


Z, = Zy tanh yx 
Lig > 0 e 
aN tanh ax +/j ta 
Short-circuited =Zpy ca eae 2 Z, =jZ, tan Bx 
tee 1 +j tanh ox tan Bx 


Z, = Z, coth axt 


Z, = Z, coth yx 


Z,=2 . 1+) tanh ax tan Bx 
Open-circuited = LZ) ———_—_ Z, = —jZ, cot Bx 
li tanh ax + j tan Bx 

ne 

Z, = Zp tanh axt 

eS 
t When Bx = nz/2 where n = 1, 3, 5,.... 
In the table y = a + jB where a = attenuation constant and B= 22/0. 
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A-3) REFLECTION AND TRANSMISSION COEFFICIENTS AND 
VSWR. For a transmission line of characteristic impedance Z, terminated in a 
load impedance Z,, the reflection coefficient for voltage p,, the reflection coeffi- 
cient for current p,;, the transmission coefficient for voltage or relative voltage at 
the load t,,, the transmission coefficient for current or relative current at the load 
Tt; and the VSWR are given by 


Z,—Z 
Reflection coefficient for voltage 0, == 
Z,+Zo 
; Z)o—Z 
Reflection coefficient for current 0; =—-_—= -p, 
Zo+ Zr, 
ay pay he 
Transmission coefficient for voltage ee oe E 
St LN Ge 
Transmission coefficient for current a 
Zot+Z, 


Je 1 A 
Voltage standing-wave ratio (VSWR) leaped ct | 


Lipa 119, | 
VSWR — 1 
Magnitude of reflection coefficient Pol =1P:)= VSWR +1 


A-4 CHARACTERISTIC IMPEDANCE OF COAXIAL, 2-WIRE 
AND MICROSTRIP TRANSMISSION LINES 


Type of line Characteristic impedance, Q 
ee 138 b 
Coaxial (filled with medium of relative permittivity ¢,) Zo= ie log - 
é, 
b 
Coaxial (air-filled) Z, = 138 log — 
a 
weer ‘ ae 276 
Two-wire (in medium of relative permittivity ¢,) (D > a) Zo= 08 log = 
é, 
rae D 
Two-wire (in air) (D > a) Zo = 216 log — 
a 
307 


Microstrip (w > 2h) Zy~ Jel /h) + 2] 
e,L(w 


where b = inside radius of outer conductor 
a = radius of inner conductor or wire 
D = spacing between centers of wires 
w = width of strip 
h = height or thickness of substrate 
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It is assumed the lines are lossless (or R < wL and G « wC) and also that 
the currents are confined to the conductor surfaces to which the radii refer. This 
condition is approximated at high frequencies owing to the small depth of pen- 
etration. It is also assumed that the lines are operating in the TEM mode. 

The microstrip relation approaches exactness as the ratio w/h becomes very 
large. For strips of width w less than 2h, the formula for a single wire above a 
ground plane can be used. Thus, 


D 8 
Zo = 138 log rach 138 log We (Q) 


where D = spacing between wire and its image = 2h 
a = wire radius = w/4 


The flat strip is considered equivalent to a circular conductor of radius + of the 
strip width. 


A-5 CHARACTERISTIC IMPEDANCE OF TRANSMISSION 
LINES IN TERMS OF DISTRIBUTED PARAMETERS. In the 
following table the characteristic impedance Z,) of a transmission line is 
given for 3 cases: (1) general case where losses are present, (2) special case 
where losses are small and (3) lossless case. In the table 


Zo = characteristic impedance, Q 

Ro = characteristic resistance, Q 
Z = series impedance, Q m7! 
R = series resistance, Q m=! 
L = series inductance, H m~ 
Y = shunt admittance, 0 m~ 
G = shunt conductance, 0 m~ 
C = shunt capacitance, F m7} 


1 
1 
il 


Z=R+joL 

Y=G+jaC 
General case ree ih R + joL 
G+ jaC 


Small losses 1s WT Abie 
20C 20L 


Lossless caset 
R= 05G =0 


N 
} 
Il 


N 
[o) 
ll 
SS eratedcis 


II 
wa 
} 


+ Also holds approximately for the case where losses are not 
zero but aL > R and wC > G. 
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A-6 MATERIAL CONSTANTS (PERMITTIVITY, CONDUCTIVITY 
AND DIELECTRIC STRENGTH) 


Relative permittivity 


Conductivity Dielectric strength, 
Material e oe 6,0 m™! MV m"! 
Air (atmospheric 1.0006 0 0 3 
pressure) 
Aluminum 1 0 gr 10" 
Bakelite ) 0.05 10g Pees 
Carbon Jc 10* 
Copper 1 0 557x107 
Glass (plate) 6 0.03 10572 30 
Graphite 10° 
Mica 6 0.2 102 200 
Oil, mineral 22 0.0002 eke. 15 
Paper (impregnated) 3 0.1 50 
Paraffin 2.1 0.0004 malty ee 20 
Plexiglas 3.4 
Polyfoam ~ 1.05 
Polystyrene pati 0.0002 10-48 20 
Polyvinyl chloride (PVC) pag 
Porcelain 5 0.004 
PVC (expanded) ~1.1 
Rubber, neoprene 5 0.02 100? 25 
Quartz 5 0.001 10°? 35 
Rutile 100 0.02 
(titanium dioxide) 
Snow, fresh ies 0.5—0.0003 
Soil, clay 14 shee Ke 
Soil, sandy 10 2 xXi107 
Stone (limestone) 10>% 
Stone, slate 7 
Styrofoam 1.03 
Urban ground 4 2610-* 
Vacuum 1: 0 0 
Vaseline 222 0.0003 
Teflon 2.1 0.005 10me> 60 
Water, distilled 80 1074 
Water, fresh 80 10-1005 
Water, sea 80 4to 5 
Wood, fir plywood 2 0.04 


+ By definition. 


Note: Both ¢; and ¢” are, in general, a function of frequency. Values given are typical of the kilohertz to gigahertz 
range. The permittivity is also a function of the temperature. Values given are typical of temperatures near 25°C 


except for snow. 
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A-7 PERMITTIVITY RELATIONS 


/ EL 
é&, = & — Jé, 


& = & — ern + Ec) 


é = &, — jé,PF, for small PF 


Power loss = cE? + we’ E? (W m~°) 


where ¢é, = relative permittivity = ¢/e), dimensionless 
€ = permittivity, F m™! 


£0 


permittivity of vacuum = 8.85 x 10°17 Fm=! 

relative permittivity related to displacement current 

relative permittivity related to equivalent conduction current 
de conductivity, © m7“! 
equivalent conductivity, O m7 
relative permittivity related to hysteresis effects 
relative permittivity related to dc conductivity 


1 


PF = power factor = o’/we for o’ < we 
E = electric field, V m~ 1 
oE* = power loss due to de conductivity, W m~> 
we" E* = power loss due to hysteresis effects, W m=? 
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For pattern measurements, the source should have a small angular extent 
(considerably less than the antenna HPBW), be relatively strong and be well 
isolated from nearby sources. For gain measurements, accurate flux densities are 
required and generally the source should be essentially unpolarized (less than 1 
or 2 percent). For squint measurements, the position of the sources should be 
accurately known. 

The upper part of the table lists a few selected radio sources which meet 
most or all of the above requirements, i.e., they are relatively strong, $° to 1° from 
the nearest neighboring sources, of small angular extent, are essentially unpo- 
larized, have accurate positions and also accurate flux densities over a wide fre- 
quency range. Three more sources (listed in the lower part of the table) do not 
meet all of the above requirements but nevertheless may be useful. 

For more information see J. D. Kraus, Radio Astronomy, 2nd ed., Cygnus- 
Quasar, 1986. 


A-9 MAXWELL’S EQUATIONS! 


Maxwell’s equations in differential form 


From Ampere From Faraday From Gauss From Gauss 
Dimensions: Electric current Electric potential Electric flux Magnetic flux 
Case Area Area Volume Volume 


oD OB 
General VxH=J+— Vx E=-— VoD—% V-B=0 
ot ot 
oD OB 
Free space Vx H=— Vx E=—-— Ve D0 V:- B=90 
ot ot 
Harmonic variation VxH=(c¢+josyE VxE=—jonwH V-D=p ‘-B=0 
Steady VxHead V <0 V = D=p -B=0 
Static VxH=0 Vx E=0 Ve DE=o V°B=0 


‘ The first table gives Maxwell’s equations in differential form and the second table in integral form. 
The equations are stated for the general case, free-space case, harmonic-variation case, steady case 
(static fields but with conduction currents) and static case (static fields with no currents). In the table 
giving the integral form, the equivalence is also indicated between the various equations and the 
electric potential or emf V, the magnetic potential or mmf U, the electric current J, the electric flux w 
and the magnetic flux y,,. 
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o-s-al{="9 va {|[=-a|[=s pu || vor = ab=4 1=s-a| ol+ 9) =» -Hp=a eee 
o=s-al[="s o=9-al|=4 2-2 ||--w-ab=. as1P 7 — sp x |[-w-nb=a s0eds 9014 
ae 
10 ‘ini 10 
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A-10 BEAM WIDTH AND SIDELOBE LEVEL FOR 
RECTANGULAR AND CIRCULAR APERTURE 
DISTRIBUTIONS+ 


Aperture field distribution 
Half-power Level of first 
Rectangular or linear apertures E(x) beam width sidelobe, dB 


Tapered to 3 at edge (~10 dB 59° 


down) ECs) = 1 — 2x23 ee 


Tapered to zero at edge 
E(x) = 1 — x? ~ cos (xx/2) 


+L, $+ 
Tapered to zero at edge / \ 83° 29) 
E(x) = cos (1x/2) L \ 
E(r) 


—21 


Circular apertures 


55. 
Uniform 5 —18 

A 

}-— D,——+ 

Tapered to 3 at edge (~10 dB Ghee 66° 
down) E(r) = 1 — 2r2/3 D ace 

VO yal A 

Tapered to zero at edge TEES 3 
E(r) = 1 —r? D, ae 

Tapered to zero at edge 84° 
E(r) = (1 — r?)? eee D, al 


+ L, =L/A, D, = D/d. It is assumed that L, > 1 and D, > 1. For a uniform rectangular or linear 
aperture HPBW ~ 51°/L, with first sidelobe — 13 dB. See also Tables 12-3 and 13-1. 


APPENDIX 


COMPUTER 
PROGRAMS 
(CODES) 


- Horizontal dipole arrays over imperfect ground. Computer programs for pat- 
tern and gain calculations of HF horizontal dipole arrays over imperfect 
ground were developed in 1986 by the International Radio Consultive Com- 
mittee (CCIR). These programs in BASIC are available on disks from the 
International Telecommunication Union, General Secretariat (Sales Section), 
Place de Nations, CH-1211 Geneva 20, Switzerland. The programs have the 
code name HFEMULSLW-HFDUASLW. 


. Three-d pattern plots. A computer program that plots antenna patterns in a 
3-dimensional form (with hidden lines not plotted) was written in 1982 by 
W. A. Sandrin in FORTRAN IV. It is available as ASIS-NAPS Document 
NAPS-04053 in photocopy or microfiche from NAPS c/o Microfiche Pub- 
lications, PO Box 3513, Grand Central Station, New York, NY 10163. 

10163. 

- The Numerical/Electromagnetics Code (NEC).! This program or code has 
been under development for many years. It is a hybrid code which uses an 
Electric Field Integral Equation (EFIE) to model wire-like objects and a Mag- 
netic Field Integral Equation (MFIE) to model surface-like objects with time- 


' J. K. Breakall, G. J. Burke and E. K. Miller, “The Numerical/Electromagnetics Code,” Lawrence 


Livermore Natl. Lab., Document UCRL-90560, 1984. 
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harmonic excitation. A 3-term sinusoidal spline basis is used for the wire 
current and a pulse basis for the surface current. Antennas and scatterers can 
be modeled in their environments. Users of this program and also of almost all 
computer models should be aware of the uncertainty of solution accuracy and 
validity. Therefore, are the number of wire segments or surface patches ade- 
quate? Adding more can be expensive and may actually be ambiguous if con- 
vergence is not monotonic. 

An 8000-line program by G. J. Burke, A. J. Poggio and E. K. Miller of 
Lawrence Livermore National Laboratory is available for radiation or scat- 
tering from a wire structure in free space or over a ground plane (date 1980). 


4. Wire Antenna Program. A 5000-line FORTRAN IV program by R. J. Mar- 
hefka of the ElectroScience Lab (OSU) is available from W. D. Burnside of the 
laboratory for radiation, gain and scattering of wire antennas near conducting 
structures. Incorporates NEC (date 1978). 


5. Wire and Plate Program. A 4000-line FORTRAN program by E. H. Newman 
and D. M. Pozar of the ElectroScience Lab (OSU) is available from E. H. 
Newman for impedance, currents, radiation and scattering of 3-dimensional 
objects consisting of wires and/or plates. See E. H. Newman and D. M. Pozar, 
“Electromagnetic Modeling of Composite Wire and Surface Geometries,” 
IEEE Trans. Ants. Prop., AP-26, November 1978. 


Other codes (programs) are listed at the end of Chap. 9. 


B-1 ADDITIONAL COMPUTER PROGRAM REFERENCES 

Baum, C. E.: “Emerging Technology for Transient and Broadband Analysis and Synthesis of 
Antennas and Scatterers,” Proc. IEEE, 64, November 1976. 

Brittingham, J. N., E. K. Miller and J. L. Willows: “Pole Extraction from Real-Frequency Informa- 
tion,” Proc. IEEE, 68, 263-273, February 1980. 

Burke, G. J., and E. K. Miller: “Modeling Antennas Near to and Penetrating a Lossy Surface,” 
Lawrence Livermore Lab. Rept. 89838, 1983. 

Burke, G. J., E. K. Miller, J. N. Brittingham, D. L. Lager, R. J. Lytle and J. T. Okada: “Computer 
Modeling of Antennas near the Ground,” Electromag., 1, 29-49, 1981. Includes current dis- 
tributions and elevation patterns of Beverage antennas. 

Harrington, R. F., and J. R. Mantz: “Theory of Characteristic Modes for Conducting Bodies,” IEEE 
Trans. Ants. Prop., AP-19, 622-629, 1971. 

McDonald, B. H., and A. Wexler: “Finite-Element Solution of Unbounded Field Problems,” IEEE 
Trans. Microwave Theory Tech., MTT-20, 841-847, December 1972. 

Miller, E. K.: “ Numerical Modeling Techniques,” Lawrence Livermore Lab. Rept. 89613, 1983. 

Miller, E. K., G. J. Burke and E. S. Selden: “Accuracy Modeling Guidelines for Integral-Equation 
Evaluation of Thin-Wire Structures,” [EEE Trans. Ants. Prop., AP-19, 1971. 

Miller, E. K., and F. J. Deadrick: “Some Computational Aspects of Thin-Wire Modeling,” in R. 
Mittra (ed.), Numerical and Asymptotic Techniques in Electromagnetics, Springer-Verlag, 1975, 
chap. 4. 

Miller, E. K., F. J. Deadrick and G. J. Burke: “Computer Graphics Applications in Electromagnetic 
Computer Modeling,” Electromag., 1, 135-153, 1981. 

Rautio, J. C.: “Reflection Coefficient Analysis of the Effect of Ground on Antenna Patterns,” IEEE 
Ants. Prop. Soc. Newsletter, 29, 5-11, February 1987. 
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Wilton, D. R., S. S. M. Rao and A. W. Glisson, “Triangular Patch Modeling of Arbitrary Bodies,” 
IEEE Ants. Prop. Soc. Symp., University of Washington, 1979. 


See also references at the end of Chap. 9. 


B-2 BASIC PHASED-ARRAY ANTENNA PATTERN PRO- 
GRAMS.’ These BASIC programs supplement those of Chap. 4 for linear 
arrays of isotropic sources of equal amplitude and spacing. These programs, 
based on (4-6-9) and (4-6-14), provide normalized field and power patterns in 
polar and rectangular coordinates for a variety of conditions including broadside, 
end-fire, angle-fire and interferometer cases for N sources with spacing D (A), 
phasing S (rad) and multiplying (or scale) factor MF. These programs are Apple- 
soft BASIC. To change to IBM GW-BASIC see note on page 862. 


General program (field pattern, polar plot): 


10N = ?:D=?:S = ?:MF=? 

20 HOME: CD = 6.28*D 

30 HGR 

40 HCOLOR = 3 

50 FOR A = .01 TO 6.27 STEP .01 

60 CA = COS(A): PF = CD*CA + S 

70 R = SIN(N*PF/2) /SIN(PF/2) 

80 R = MF*ABS(R) 

90 HPLOT 138 + R*CA, 79 + R*SIN(A) 
100 NEXT A 


Program 1. Broadside array of 4 sources with 4/2 spacing. First or menu line 
should read: 


10ON =4:D=.5:S =0: MF = 16.8 


Program 2. Ordinary end-fire array of 8 sources with A/4 spacing. First line 
should read: 


10 N = 8: D = .25:S = — 1.57: MF = 8.4 


Program 3. End-fire array with increased-directivity of 8 sources with 2/4 
spacing. First line should read: 


10N = 8:D =.25:S = — 1.96: MF = 13.1 


Program 4. End-fire array with increased-directivity of 24 sources with 4/4 
spacing. First line should read: 


10 N = 24: D = .25:S = — 1.70: MF = 4.38 


The assistance of Marc Abel in preparing these Apple compatible programs is gratefully acknowl- 
edged. 
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Figure B-1 Polar field patterns for the 8 computer program examples of linear phased arrays of N 
isotropic sources along the horizontal axis. The 3-dimensional patterns are figures-of-revolution 
around the horizontal axis. Thus, in the broadside patterns 1 and 8 the mainlobe is a disc and in the 
end-fire patterns 2, 3 and 4 the main lobe is like a balloon or zeppelin. The main lobe in 5 is conical, 
as are the lobes between broadside and end-fire in 6 and 7. The inner circle is at half-power. 


Program 5. Angle-fire array (beam at 30° from broadside) of 16 sources with 4/2 
spacing. First line should read: 


LOUN, 716) i= 525 —1 OM 4 


Program 6. Interferometer 2-source array with 4/ spacing. First line should 
read: 


10 N = 2: D'=4:8 =0::ME = 33:5 


Program 7. Broadside array of 8 sources with 2A spacing and grating lobes. 
First line should read: 


1ON =8:D=2:S=0:;MF = 84 
Program 8. Broadside array 12 sources with 4/2 spacing. First line should read: 
LOWN 312 D5 Se ="0 aN 


Polar field patterns for the above 8 programs are shown in Fig. B-1. 
Compare the grating lobes of (7) with Fig. 11-78. 

For different numbers of sources (N), spacings (D) and phasings (S) an 
unlimited variety of patterns are possible. Combinations of broadside and end- 
fire arrays are left as an exercise. For example, a broadside array (as in Program 
1 but with D = 1.5) of 4 end-fire arrays (as in Program 3) results in a 32-source 
area array of high gain and small sidelobes in the plane of the array. 

Although the magnification factor MF is arbitrary, the product of N and 
MF should be a constant for all pattern maxima to be equal (or normalized) 
when sources add in phase. Thus, in the above examples N*MF = 67 or 
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MF = 67/N. For increased directivity, however, all sources do not add in phase 
at the pattern maximum so make MF = 67*SIN(1.57/N). 


For power pattern, polar plot change line 80 to: 
80 R = MF*ABS(R)*ABS(R)/N 


For adding polar plot coordinate lines to programs 1 through 8 continue 
from line 80 as follows: 


90 HPLOT 138 + R*.83*CA, 79 + R*SIN(A) 
100 NEXT A 

110 FOR X = —58 TO 58 STEP 1 

120; Y-= 0 

130 HPLOT 138+X, 79+Y 

140 NEXT X 

PU FOR Y = —67 TO 67 STEP 1 

160 X = 0 

170 HPLOT 138+ X, 79+Y 

180 NEXT Y 

190 FOR X = —50 TO 50 STEP 1 

200 Y = 1.2*.577*X 

210 HPLOT 138+ X, 79+ Y 

220 HPLOT 138—X, 79—Y 

230 HPLOT 138+ X, 79—Y 

240 HPLOT 138—X, 79+ Y 

ZU NEXT X 

260 FOR X = —29 TO 29 STEP 1 

ATO I= 2.08*X 

280 HPLOT 138+ X, 79+Y 

290 HPLOT 138—X, 79—Y 

300 HPLOT 138+ X, 79—Y 

310 HPLOT 138—X, 79+ Y 

320 NEXT X 

BoU FOR A =.01 TO 6.27 STEP 01 

340 HPLOT 138 + 56*COS(A), 79 + 67*SIN(A) 
350 HPLOT 138+ 40*COS(A), 79 + 47*SIN(A) 
360 NEXT A 

RUN 


By entering the above 36-line program and storing it on a disc, an infinity 
of array patterns can be calculated and drawn by simply entering a new line 10 
with the desired parameters as in the 8 example programs. 


The factor *.83 in line 90 equalizes the X and Y scales on the printer used. 
Equivalent equalizing factors are written into the X and Y instructions for the 
coordinates. These factors may be modified or omitted. 
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For field pattern, rectangular plot change lines 80 and 90 to: 
. ' 


80 R = MF*R 
90 HPLOT A*30, 75—R 


For power pattern, rectangular plot change lines 80 and 90 to: 


80 R = MF*ABS(R)*ABS(R)/N 
90 HPLOT A*30, 75—R 


To run the above programs as IBM GW-BASIC programs: 


Change HOME to CLS. 

Change HGR to SCREEN 2. 

Delete line 40. 

Change HPLOT to PSET with parentheses enclosing the rest of the line. 
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CHAPTER 2 


2-4. 71.6? 

2-6. ~11kW 

2-9. 152m? RCP 

2-11. (a) AR = 1.5, (b) t = 90°, (c) CW 

2-13. (b) AR = 1.38, (c) t = 45° 

2-15. Straight line with t = 45° 

2-18. (a) AR = —2.33 (RH), (b) t = —45°, (c) RH 
2-20. (a) AR = —S, (b) RH, (c) 34 mW m2 

2-22. (a) AR = 3.0, (b) t = —22.5°, (c) CW, (d) LH 
2-25. 14.9kW 


CHAPTER 3 


3-1. (a) 5.1, 6, 7.07; (b) 3.8, 4.6, 6.1 
3-3. (a) 1539 W m~?, (b) 4.29 x 102° W, (c) 762 V m7! 


CHAPTER 4 


4-1. (c) Max. at 0°, +90°, 180° 
Nulls at +30°, +150° 
Half-power at + 14.5°, +165.5°, +48.6°, + 131.4° 


866 


APPENDIX 


ANSWERS TO 
STARRED 
PROBLEMS 


4-4, 


ANSWERS TO STARRED PROBLEMS 867 


(d) Max. at 0°, 180°, + 41.8°, + 138.2° 
Nulls at + 19.4°, +90°, + 160.6° 
Half-power at +9.6°, +170.4°, + 30°, 1507+ 56:5°. 4+ 123;5° 
(e) Max. at 0°, 180°, +14.5°, + 165.5°, + 30°, +150°, +49°, + 131°, +90° 
Nulls at +7°, + 173°, +22°, + 158°, +39°, +141°, +61°, +119° 
Half-power at +3.6°, +176.5°, +11°, + 109°) IS. S5 -+161:5°, +26" + 154° + 34.5%: 
oe 145.5°, + 43.5°, + 136.5°, +54.5°, + 125.5°, + 70°, +110° 
(f) Max. at 0°, 180° 
Half-power at +90° 


1 sin (32 sind) /15 
Ol 4 sin (2x sin d) |. 8 ee 
(c) E(d) = cos® (x sin ¢) or 3 cos (2m sin $) + 4cos (427 sin ¢) 
(a) 0.52, 0.82, 1.00, 0.82, 0.52 
(b) Max. at +39°, + 141°, + 90° 


Nulls at +30°, +54°, + 126°, + 150° 
d) 24° 


~~ _ 


. (a) 2 


: 0.93, 0.84, 1.00, 1.00, 0.84, 0.93 
: 0.69, 0.80, 1.00, 1.00, 0.80, 0.69 
0; 0.53, 0.78, 1.00, 1.00, 0.78, 0.53 


sin $y 


R=5 
R=7 
R=1 


- (a2) E = ——— where py =d_.cos¢ +6 


sin y/2 
eo = O.(1) 7 11 1, 1, (2): 17 4,6; 4, 1, (3): 10,001 


- (a) and (b) 1 major and 5 minor lobes, (c) ordinary D ~ 7; inc. dir.: D ~ 12 
1/2900 

. (b) 6.6, (c) 6.3 

~ 0:61 

. Max. 0°, 180°, +60°, +90°, + 120° 


Min. +41.4°, +75.5°, + 104.5, + 138.6 


. (a) 44°, (b) — 13.3 dB, (c) 0.172 sr, (d) 0.89, (e) 24, (f) 1.922 


CHAPTER 5 
QI cos 0 _ Ql sin 0 vs 
oe ee 2ner> ” ie Aner? ° Fy=9 


5-3. 


5-6. 


5-7. 
5-9. 


5-11. 


(a) E = tan @ sin (5 cos ) (b) 168 Q, (c) 168, 73, 197 Q 


i 1 
(a) E= pee z sin a(- — cos ) 4-lobed patterns 
1— pcos @ p 


(b) 40-lobed pattern 
333.0 

(a) a sr, (b) 4 

354.0 


5-13. (a) 8.16, (b) 653. Q 
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CHAPTER 6 


6-2. 4-lobed pattern 
6-4. 18900 
6-7. (1) 180 Q, 1.5; (2) 1550 Q, 1.2; (3) 4100 Q, 3.6 


CHAPTER 7 


7-1. (1) 0.802, (2) 0.763 
7-6. (a) D, = ./2H,/n, (b) E = sin 0 


CHAPTER 8 
8-3. 270 + j3502 


CHAPTER 10 


10-1. 121 + j46Q 
10-5. R, = 509, R, = 209, R, = 502 


CHAPTER 11 


11-1. (b) ~0.67A 

11-7. (a) 1 and 6: 63 + j29; 2 and 5: 46 — j2; 3 and 4: 53 + jl10Q 
11-14. (a) 52 — j21Q; (b) G, (max) = 1.55 

11-17. (b) ~17° 

11-18. 11.7° 

11-22. (a) 0.354A, (b) —1x/2 

11-26. = 0.83330 = 725°, L, = 5:5 

11-28. ¢ = 72.5°, L, = 5.14 

11-30. ¢ = 60° 

11-34. (a) 6°22’, (b) — 13.15 dB, (c) 2/4 sr, (d) 0.89, (e) 16, (f) 1.27A7 
11-40. 4 } 


CHAPTER 12 


12-6. (b) 73 Q, (c) 10 dB 

12-8. (a) 16 dBi, (b) 12.6° 
12-13. 76.6 m2 

12-14. 0.81, 2036 

12-15. 0.66, 1651 

12-17. 81.1%, 1304 or 31.2 dBi 
12-19. (b) 4.2° 
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CHAPTER 13 


13-1. 710Q 
13-3. 750 
13-6. 779 —j87Q 


CHAPTER 14 
14-3, (a) 62.5 mm, (c) 28% 


CHAPTER 16 


16-2. 56 —j50Q 

16-6. (a) 26.5 W m ~?, (b) 184 nW m~? 
16-8. 1.35nWm~? 

16-11. f, = 0, 8.89/2, Np m7! 

16-14. See App. E and Fig. E-1. 


16-17. (a) 5°, 1.1 dB; 10°, 2.2 dB 
(b) 5°, 1.4 dB; 10°, 2.9 dB 
(c) 5°, 0.06 dB; 10°, 0.26 dB 

16-21. 106, 35, 11 and 3.5m 


CHAPTER 17 
17-1. (a) 12.2 dB, (b) 2.3m 
172 145 K 


17-4. (a) 0.08 K, (b) 0.09 K, (c) 445 K, (d) 500 mJy 
17-6. (a) 0.06 K, (b) 320 mJy 

17-8. 23.6K 

17-11. (a) 12.7 dB, (b) 0.5 dB, (c) ~ 13 min 

17-16. 65.1 kW Hz~! 

17-18. (a) 15.6 MHz, (b) 26.1 MHz, (c) 41.0 MHz 


CHAPTER 18 


18-1. (a) 4.60 m, 21.2 m; (b) 25.2 mm, 116 mm; (c) 650 um, 3.00 mm 
18-3. 398 um 

18-5. 1.64dB 

18-7. (a) 377 Q, (b) 275 mm 

18-8. 27.5 mm 

18-9. —9.9 dB 

18-12. 57% 

18-13. ~3:1 


APPENDIX 


PROBLEM 
SUPPLEMENT 


16-14 (5) Note that the level with the CP antennas is the same as would be obtained with either the 
VP or HP antennas if the signal was received by the direct path only (no ground 
reflection). However, with CP antennas the signal level is essentially independent of the 


\ ; 
§~Horizontally polarized (HP) 
- 


~<Vertically polarized (VP) 


Receiving antenna height, m 


\ 
<+——Circularly polarized (CP) 
/ 


=O 5 aero 0 
Signal level, dB 


O 
sua ple: 


Figure E-1 Solution to part (a) of Prob. 16-14 showing variation of vertical, horizontal and circular 
polarization signals with height above ground. 
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height, while with the HP and VP antennas the level varies from 6 dB more to no signal at 
all. 

Another important factor for TV reception is that with CP antennas the signal is 
received (ideally) over only the direct path while with the HP and VP antennas the signal is 
received via both direct and reflected paths. At maximum, the direct and reflected path 
signals are essentially equal in level but arrive at different times. If the time difference is of 
the order of a microsecond, objectionable ghost images will occur, degrading the picture 
quality. 
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Absorbing materials, 813-818 
1/e depths, 843 (Prob. 18-1) 
medium, example, 816 
sheet, 843 (Prob. 18-8) 
shroud, 619 
Jaumann sandwich, 843 (Prob. 18-13) 
Salisbury sheets, 36, 813 
wedges, 816 
Accelerated charges, 50-52 
Achievement factor, 575 
Adaptive arrays, 496-500 
Adjustable 1/2 dipole, 695 
Alford loop, 731 
Alpine horn antenna, 52, 692, 694 
Ampere, definition of, 13 
Anechoic chamber, 818-822 
Annular zone, 666 
Answers to problems, 866-869 


Antenna: 
concepts, basic, 17-82 
defined, 17 


early history, 1 

parameters, 19-20 

relations, table, 845-848 

(compared to) transmission line, 64-70 
Aperture: 

collecting, 35 

concept, 28-29 
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distributions and efficiencies, 573-587 
distributions compared, 519 
effective, 29-31, 46-47, 845 
efficiency, 574, 845 
with celestial source, 584, 830-831 
from Cygnus A, 843 (Prob. 18-12) 
loss, 35 
physical, 35-36 
scattering, 31-34 
synthesis, 533-535 
Aperture-matched horn, 659 
Apertures, circular and rectangular, data on, 572 
Archimedes spiral, 698 
Arecibo, 605 
Arrays: (see also specific type) 
adaptive, 496 
billboard, 182, 547 
broadside, 140-141, 439, 191 (Prob. 4-4), 192 
(Prob. 4-10), 195 (Prob. 4-25), 196 (Prob. 
4-32), 198 (Prob. 4-42) non-uniform 
distribution, 159-162, versus end-fire, 
150-155 
circular, 188 
collinear, 540 (Prob. 11-21) 
of dipoles and of apertures, 435-542 
elliptical, 188 
end-fire, increased directivity, 141-145 
end-fire, ordinary, 141 
factor, 140, 845 
grid type, 491-496 
of helices, 319-323 
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linear, 137-145, 314 
lobe sweeping, 326 
minor-lobe maxima, 158 
with missing sources, 189-190 
of n driven elements, 459-461 
null directions, 145-150 
with parasitic elements, 476-485 
pattern maxima, 156 
of point sources, 118-199 
phased, 485-496 
primary pattern, 131-133 
rectangular, 186-189 
secondary pattern, 132-133 
smart, 496 
three-dimensional, 150-155 
with traveling waves, 314 
of turns versus dipoles, 150 
of two driven 4/2 elements 
broadside case, 436 
end-fire case, 445 
general case, 449-453 
Attenuation: 
of conducting sheet, 843 (Prob. 18-6) 
of lossy sheet, 843 (Prob. 18-5) 
by lossy slab, 843 (Prob. 18-4) 
in lossy medium, 843 (Prob. 18-7) 
Autocorrelation, 523 
Axial bright spot, 186 
Axial mode, 274 
Axial ratio, 71 
Axons, 716 


Babinet’s principle, 632 
Backfire helix, 328 
Backward angle-fire grid array, 491-496 
Baluns, 734-745 
Bandwidth, 256-263, 767-768 
Batwing antenna, 731 
BC arrays: 
4 tower, 193 (Prob. 4-12) 
4 towers, 195 (Prob. 4-21) 
with null at « = 30°, 538 (Prob. 11-12) 
with null to west at all «, 539 (Prob. 11-13) 
3 towers, 194 (Prob. 4-20) 
2 towers, 194 (Prob. 4-19) 
Beam: 
area, 23-25 
efficiency, 25, 578, 845 
efficiency with celestial source, 583 
mode, 274 
solid angle, 23-25, 845 
solid angle (approx.), 846 
width and sidelobe level, table, 856 
Bell Aerospace antenna, 501 


Bell Telephone Laboratories, 605 
Bessel curve, 248 
Beverage antennas, 229, 508-509 
Biconical antenna, 340-358 
boundary sphere, 348 
characteristic impedance, 346 
finite length, 347-353 
impedance of, 352 
infinite, impedance of, 341-346 
input impedance, 346-347 
patterns, 353 
phantom, 356-358 
stacked, 356-358 
transmission line equivalent, 350 
with unequal cone angles, 358 (Prob. 8-1) 
with wide-cone angle, 695 
Big Ear, 271n, 585, 610-613 
Big Ear compact range, 822 
Billboard array, see Arrays 
Binomial distribution, 160, 196 (Prob. 4-29) 
Bipolar cells, 716 
Blackbody, 777 
Bonn, 589, 605 
Books and tapes, 863-865 
Bound wave, 757 
Bow-tie antenna, 354, 358 (Prob. 8-4) 
Brillouin diagram, 314n 
Broadband antennas, 692-696 
Broadcast station example, 131 
Brown’s equation, 433 (Prob. 10-4) 
Brown-Woodward antenna, 354-356 
Brown- Woodward (bow-tie) dipole, 559 
Bruce antenna, 509 
Bruce curtain, 492 
Buckminster Fuller geodesic dome, 561 
Butler matrix, 488 


Candela, definition of, 13 
Carrier-to-noise (C/N) ratio, 764 
Cassegrain: 

feed, 594-600 

reflector, 501 
Cavity resonator, 18 
Celestial: 

radio sources, table, 853 

source example, 831 

source measurements, 583-584, 822-823, 

830-831 

Chain array, 491-496 
Charge-current continuity, 846 
Charge distribution, 407 (Prob. 9-2) 
Cheese antenna, 573 
Chireix coil, 333 
Chireix-Mesny array, 509 
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Choke feed, 658 
Circular aperture: 
BWEN, 846 
directivity, 846 
gain, 846 
HPBW, 846 
Circular apertures, 569-572 
Circular array, 188 
Circular-component method, 838-839 
Circular-depolarization ratio, 85 (Prob. 2-26) 
Circular polarization, 70, see also Polarization 
Circularly polarized: 
antennas, 732-734 
wave reflection, 843 (Prob. 18-10) 
waves, 84 (Prob. 2-20), 85 (Prob. 2-22) 
Cladding, 761 
Clarke (geostationary) orbit, 27 (see also 
Satellite) 
downlink, 786 
satellite, 762 
Closely spaced elements, 453-459 
Cloverleaf antenna, 732 
Codes, computer, see Programs, computer 
Collecting aperture, 35 
Compact range, 818-822 
Complementary antennas, 624-660 
Complementary dipole antenna, 639 
Complementary screens, 633 
impedance of, 635-638 
Complex deviation (factor), 578 
Complex visibility function, 527 
Computer codes or programs, see Programs, 
computer 
Comsat satellite, 270 
Comtech antenna, 616 
Conductivity, table, 851 
Cone, 2°, 358 (Prob. 8-3) 
Cones of retina, 716 
Conical: 
antenna, 354 
horn, 645, 651-654 
pattern, 236 (Probs. 5-9, 5-10) 
spiral antenna, 701-703 
Constants and conversions, inside back cover 
Constrained lens, 676 
Continuous aperture distribution, 515-517 
Continuous arrays, 175-179 
Corner-helix, 324 
Corner reflector: 
active, 548—560 
with bow-tie dipole, design data, 558 
4/2 to the driven element, 623 (Prob. 12-12) 
4/4 to the driven element, 623 (Prob. 12-11) 
gain-pattern formulas, 553 


passive (retro), 560-561 
resistance of, 556 
square, 548-561 
Cornu spiral, 185 
Corrugated horns, 657-659 
Corrugated surface-wave antenna, 758 
Cosine integral, 226 
Cosine” power pattern, 95—96 
Cosmic radio window, 781 
Creeping wave, 548 
Critical angle, 750 
Critical frequency, MUF, 802-803 (Prob. 17-18) 
Cross-field, 79-81, 207, 757 
Cross section, radar, 792 
Cross section, scattering, 791 
Crossed dipoles, 83 (Prob. 2-10) 
Current, retarded, 202 
Current distribution: 
on cylindrical antennas, 369-371 
on helix, 267-268 
measurements, 834-835 
Curtain arrays, 509-510 
Cygnus A, 802 (Prob. 17-17) 
Cylindrical antennas, 359-408 
with conical input sections, 379 
current distribution, 369-371, 380-383 
impedance, 371-376 
pattern, 376-377 
Cylindrical lens, 691 (Prob. 14-5) 
Cylindrical parabolic reflector, 563, 572-573, 621 
(Prob. 12-5) 


De Forest audions, 7 
Delay lens, 663 
Delta-gap 
generator, 401 
model, 401 
Dendrites, 716 
Depth of penetration 257 
Design directivity, 575 
Dielectric: 
artificial, 670-673, 690 (Prob. 14-2) 
lens, 663-670, 690 (Prob. 14-1) 
slab 759, 762 
strength, 851 
Diffraction (see also scattering) 
by compact range reflector, 818-822 
by flat sheets (physical optics), 183-186 
by flat sheets (GTD), 548-549 
from sheet with slot, 628-632 
of rays or waves, 179-183 
Digital Beam Forming (DBF) antennas, 497 
Dimensional analysis, 15 
Dimensions and units, 11-12 
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DIPOLE, BASIC program, 397 
Dipoles: 200—234 

adjustable, 695 

center-fed, 223, 414 

horizontal, above typical ground, 719 

and loops compared, 244 

4/2, directivity, 846 

4/2, impedance, 846, 407 (Prob. 9-3) 

power flux from, 214 

pulsed center-fed, 54—59 

radiation resistance, 213—217 

short, directivity, 846 

short, radiation resistance, 846 

vertical, above typical ground, 720 
Dirac delta function, 401 
Direction—finder (DF) antenna, 772-773 (Prob. 

16-17) 
Directional couplers, 488-490, 833 
Directive gain, 198 (Prob. 4-45) 
Directivity: 26, 46-47, 574, 824, 846 

actual, 575 

approximation, 99 

calculation, example, 101 

design, 575 

by integration, 116 (Prob. 3-5) 

of loop, 253-254 

and minor lobes, 116 (Prob. 3-4) 

Disc backscatter, 794-796, 803 (Prob. 17-21) 

Distance requirement for uniform phase, 
809-811 

Distributions: 

binomial, 160 

compared, 173-175 

Dolph-Tchebyscheff, 161, 518 

edge, 160 

Gaussian, 162 

optimum, 160 

tapered, 162 

uniform, 160 
Dolph-Tchebyscheff (D—T) distribution, 

161-171, 518 

8 sources, example of, 171-173, 192 (Prob. 4-7) 

5 sources, 192 (Prob. 4-6) 

6 sources, 194 (Prob. 4-15) 
Double-beam DF, 772-773 (Prob. 16-17) 
Double-ridge horn, 655 
Down-links (see Satellite) 

Driving-point impedance, 409, 439, 447-448 

Dual-chamber Gregorian-fed compact range, 
821 

Duality of antennas, 50 

Dyson conical spiral, 702 


Earth-station (see Satellite) 
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Edge diffraction, 628-632 
Edge distribution, 160 
Effect of typical (imperfect ground), 716-722 
Effective aperture, 29-31, 46-47, 82 (Prob. 2-3), 
83 (Prob. 2-4) 
Effective height, 40—42 
Efficiency (see also Aperture, efficiency): 
of aperture with phase ripple, 623 (Prob. 
12-16) 
of rectangular aperture with full taper, 623 
(Prob. 12-15) 
of rectangular aperture with partial taper, 623 
(Prob. 12-14) 
Einstein (gravity) lens, 688-690 
Einstein’s theory of general relativity, 768 
Ekran class satellites, 270 
Electrically small antennas, 711-714 
ElectroScience Laboratory, Ohio State 
University, 819 
Electromagnetic spectrum, 8-11 
Electromagnetic theory, origins, 1-8 
Emitting-absorbing object, 777 
End-fire arrays, 141-159, 445 (see also Helical 
antennas) 
Equation numbering, 14 
Equivalence of pattern factors, 237 (Prob, 5-15) 
Equivalent radius of antennas, 368-369 
Exponential integral, 419 
Exponential notch antenna, 714 


F number, 665n 
F ratio, 565n 
F/D ratio, 565n 
Far field, 206 
Farfields of small electric dipoles and loops, 
table of, 244 

Fast wave, 760 
Feed systems, 749, 543-619 
Feeding considerations, 711—773 
Fermat’s principle, 561, 645, 663 
Ferrite loaded loop, 259 
Ferrite rod antenna, 260 
Field zones, 60, 206 
Field and phase patterns, 194 (Probs. 4-14, 4-17) 
Field-cell transmission line, 746 
Field components, 209 
Field patterns, 104-108, 436-438, 445-447 
Fields, quasi-stationary, 207 
Fields of short electric dipole, table of, 208 
Figure-of merit, 713 
Filters 

band-rejection, 601 

bandpass, 601 
Five College Observatory, 615-616 
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Fleetsatcom satellite, 270 
Fleming valves, 6 
Flush-disc antenna, 725 
Flux density, 846 
minimum detectable, 846 
Focal ratio, 565n 
Folded dipole: 
antennas, 511-513 
4-wire, 513 
3-wire, 513 
2-wire, 511 
Forest, 789 
absorption, 810 (Prob. 17-10) 
temperature by remote sensing, example, 789 
Fourier transform, 520, 541 (Probs. 11-35, 11-36) 
Fourier transform relations, 517-520 
Fraunhofer: 
diffraction pattern, 177, 181 
patterns, 182 
region, 60 
Frequency-independent antennas, 692-710 
Frequency-scanning arrays, 490-496 
Frequency selective surfaces (FSS), 600-605 
angle of incidence, 602 
control of bandwidth, 603 
element spacing, 600 
element types, 604 
stacking, 603 
Fresnel: 
cosine integral, 184 
diffraction, 181 
patterns, 182 
region, 60 
integrals, 181 
sine integral, 184 
Friis transmission formula, 48-49, 261, 846 
Fringe: 
amplitude, 527 
order, 524 
spacing, 524 
visibility, 527 
Full-wave antenna, 222 
Fundamental and secondary units, 12-13 


Gain, 27, 103-104, 824, 846 
from celestial sources, 830-831 
by comparison, 824 
in field intensity, 440-444, 448-449 
measurements, 826-830 
Gain-loss, 587-592 
factor, 581 
of reflector antenna, 589 
Gaussian distribution, 162 
Geometrical Theory of Diffraction (GTD), 549 
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(see also Diffraction and Scattering) 
George Brown turnstile, 727, 750 
Geostationary orbit, Clarke, 27 (see also 

Satellite) 

Global environmental satellites, (GOES), 270 
Gorki, 614-615 
Grating lobes, 535-536, 618, 199 (Prob. 4-48) 
Gravity-wave: 
antennas, 768-770 
communication link, 769 
Gregorian-fed range, 821 
Gregorian feed, 596 
Grid antenna, 491 
Ground, imperfect, effect of, 462n, 716-722, 773 
(Prob. 16-19) 
Ground-plane antennas, 723-724 
Ground plane, antennas above, 461-476, 

716-722 

Groundplane shape, 833 


Half-wave antenna, 221-222 
Hallén’s equation, solution of, 363-368, 407 
(Prob. 9-1) 
Height, effective, 846 
Helical beam antenna, 276n 
Helicoidal cylindrical coordinates, 292 
Helicone, 278 
Helical antenna, 230, 265-311 
axial mode, 290-291, 338 
axial ratio, 286-287, 301-307 
backfire, 328 | 
bandwidth, 286, 307-309 
beam mode, 290 
beam widths, 281 
broadband match, 287 © 
centerfed, 338 
chart, 273 
circular polarization, conditions for, 301-307 
conductor size, effect of, 279 
conical, 331 
with conical ground plane, 278 
with corner, 324 
with cupped ground plane, 278 
current distribution, 267-268 
design considerations, 276-287 
on dielectric tube, 287 
directivity, 284, 847 
as end-fire array, 318 
feeds, 327-329 
flush mounted, 278 
geometry, 271-273 
with horn, 323-324 
impedance, 278 
lens, 324-325, 687-688 
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for linear polarization, 326-327 
lobe-sweeping array, 326 
matching, 278, 280 
_monofilar axial-mode, 319-323 
mountings, 280 
multifilar, 332-333 
mutual impedance, 321 
normal mode, 333, 339 (Prob. 7-6) 
normal mode circular polarization, 336 
octofilar, 333 
as parasitic element, 323-325 
patterns, 283, 287, 300-301 
compared, 296 
single turn, 295, 299 
as periodic structure, 309 
as phase shifter, 325 
phase velocity, 287, 290, 319 
graph, 293 
table, 295 
pitch angle, 285 
with polyrod, 323-324 
quadrifilar, 333 
sidefire, 338 
square, 297 
as substitute for 1/4 stub, 337 
tapered, 329-332, 701 
terminations, 287 
transmission and radiation modes, 274-276 
transmission modes, 274 
VSWR, 286 
as wideband feed, 328 
with Yagi-Uda antenna, 484 
Helix-helix, 323, 325 
Hemispheric power pattern, 91-92 
Hertz’s complete radio system, 4 
Hertz vector, 217-218, 231 
Hertzian: 
dipole, 3n 
waves, 3n 
High-gain omni, 749 
Holographic technique, 615 
Homologous design, 591 
Horn: 
alpine-type, 52 
antennas, 624-660 
beam widths, 653 
Horn-helix, 323 
Hubble’s constant, 802 (Prob. 17-17) 
Huygens’ principle, 175, 179-186 
Hyperbolic reflector, 544 


Images, method of, 462 
Impedance: 
of antennas of arbitrary shape, 354 


of complementary screens, 635-638 
driving point, 409 
intrinsic, 207 
measurements, 832-834 
mutual, 409 
self, 409 
of slot antennas, 638-642 
of space, 207 
terminal, 409 
of terminated transmission lines, formulas, 848 
Indoor range, 814 
Induced emf method, 413 
Integral equations, 384-389 
Interferometer: 
bandwidth, 542 (Prob. 11-42) 
example, 531 
output, 542 (Prob. 11-41) 
pattern, 526 
pattern multiplication, 541 (Prob. 11-37) 
simple (adding type), 522-533 
2 element, 197 (Prob. 4-37), 523 
Internal reflection, total, 751 
International System of Units (SI), 12 
Interstellar cloud, 789 
Isbell log-periodic antenna, 704 
Isotropic: 
antenna, radiation resistance, 236 (Prob. 5-7) 
level, 617 
source, 88 
source, gain with respect to, 445 


Jaumann sandwich absorber, 843 (Prob. 18-13) 
Jupiter signals, 802 (Prob. 17-16) 


Kandoian discone antenna, 724 
Kelvin, definition of, 13 

Kilgus coil, 332 

Kilogram, definition of, 12 


Landsdorfer shaped-dipole array, 484—485 
Large sphere, 803 (Prob. 17-22) 
Law of Universal Gravitation, 3 
Leaky-wave antennas, 754-762 
Length-thickness parameter 10’, 368 
Lens: 
antennas, 655-656, 661-691 
E-plane, metal-plate, 673-680 
bandwidth, 677 
H-plane, metal-plate, 683-684 
tolerances, 680 
zoned, 668, 679, 691 (Prob. 14-4) 
Line-helix, 324 
Linear antennas, 200-234 (see also Dipoles) 
Linear array beamwidth, 847 
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Linear arrays, 314 (see also Arrays) 
Log-periodic: 
antenna, 703-708, (Prob. 15-2) 
design chart, 706 
dipole array, 704 
with multiple modes, 707 
stacked, 709 
V antennas, 707 
Log spiral, 697, 710 (Prob. 15-1) 
Long thick linear antenna, 230 
Long-wire antennas, 502 
Loop: 
antenna, 238-264, 510, 515, 794-797 
antenna, general case, 244-247 
antennas, circular, 239, 247-249, 264 (Prob. 
6-7), 731 
dipole comparison, 244 
directivity, 253-254 
formulas, 255 
loaded, 259 
radiation resistance, 250-253, 847 
radar cross section, 795—797 
square, 254-256, 510, 515, 731 
Loop and dipole for circular polarization, 264 
(Prob. 6-9) 
Loss aperture, 35 
Lossy media, 813-818 (see Absorbing materials) 
Low-sidelobe arrays, 501-502 
Low-sidelobe considerations, 616-619 
Lunar communication by surface wave, 771 
(Prob. 16-12) 
Luneburg lens, 688-690 


Magnetic dipole, 241-242 
equivalence to loop, 241-242 
far fields, 242-243 

Magnetic fields from dipoles and linear 

conductors, table of, 212 

Mars link, 83 (Prob. 2-8) 

Mars temperature example, 777 

Masters superturnstile, 729 

Material constants, table of, 851 

Maximum effective aperture: 
linear 4/2 antenna, 44—46 
short dipole, 42-44 


Maximum Usable Frequency (MUF), 802 (Prob. 


17-18) 

Maxwell’s equations, 854-855 
Measurements, 805-843, see specific type 

celestial, 583, 822, 830 

errors of, 841 
Metal-plate lens, (see Lens antennas) 
Meter, definition of, 12 
Method of images, 462 


Microstrip: 
antennas, 745—749 
array, 749 
arrays, 501 
line, 770 (Prob. 16-5) 
Minimum detectable flux density example, 784 
Minimum detectable temperature, 783, 848 
Minimum Usable Frequency (mUF), 803 (Prob. 
17-19) 
MININEC, 397 
Model measurements, 840 
Moment Method (MM), 359-408 
for charge distribution, 385 
for mutual impedance, 397-407 
mutual impedance example, 405—406 
piecewise sinusoidal, 397 
pulse function, 396 
for radar cross section, 397-407 
scattering from short dipole example, 404-405 
for self-impedance, 397-407 
for short dipole, 389-397 
short dipole example, 394, 402-403 
table of impedance and radar cross section for 
short dipoles, 407 
triangular distribution, 396 
Monoconical antenna, 358 (Prob. 8-6) 
Monofilar axial-mode helical antenna (see 
Helical antenna) 
Monolithic Microwave Integrated Circuits 
(MMICs), 748 
Monopulse radar, 772-773 (Prob. 16-17, 16-20) 
Monotriangular antenna, 358 (Prob. 8-5) 
Moon link, 83 (Prob. 2-9) 
Moon radar, 801 (Prob. 17-13) 
More power with circular polarization, 85 (Prob. 
2-23) 
Multi-aperture arrays, 533-535 
Multiple-helix lenses, 687-688 
Multiple Unit Steerable Antenna (MUSA), 507 
Mushiake’s observation, 696 
Mutual impedance: 
of parallel antennas, 
in echelon, 428-429 
side-by-side, 424428 
of unequal height, 430 
of parallel collinear antennas, 428 
of parallel linear antennas, 422-424 
of short dipoles, 408 (Prob. 9-5) 
in terms of directivity and radiation resistance, 
432-433 
of V or skew antennas, 430 


Near-field: 
conditions, 822 
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far-field boundary, 847 

measurements, 809n 
Nobeyama, 589, 609 
Noise figure, 787 
Noise power, 785, 847 
Noise-temperature-noise-figure chart, 788 
Nonisotropic and dissimilar point sources, 

134-137 

Normal mode, 274 
Normal-mode helix, see Helical antenna 
Normalized pattern, 89 
Notch antenna, 714 
Null directions for point source arrays, 145-150 
Number of elements, 542 (Prob. 11-43) 
Numerical Electromagnetics Code (NEC), 397 
Nyquist power, 847 
Nyquist relation, 774 


Observation circle, 86 

Observed response, 520 

Off-axis operation of parabolic reflectors, 
592-593 

Offsat antenna, 616 

Offset feed, 566, 594—600 

Ohio State University Radio Observatory, 269, 
610-613 

Omnidirectional antennas, 731-732 

Onsala, 589 

Open-top waveguide antenna, 760 

Optical depth, 789 

Optical fibers, 761 

Optical region, 793 

Optimum distribution, 160 

Optimum horn, 647, 650 

OQ172, 802 (Prob. 17-17) 

Orbit space, 763 

Ordinary end-fire array, see Arrays 

Oscillating dipole, 54 

Overland transmission, 771-772 (Prob. 16-14) 


Parabola, general properties, 561-562 
Parabolic and corner reflectors compared, 
562-564 
Parabolic reflector, 563-568, 621 (Prob. 12-4) 
aperture distribution, 622 
with missing sector, 623 
off-axis operation, 592-593 
Parasitic elements, 476—485 
Parasitic helices 323-325 
Partial polarization, 79 
Pascal’s triangle, 159 
Passive distance measuring method, 811 
Passive remote-sensing antenna, 800 (Prob. 17-9) 
Patch antennas, 745—749 
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Path difference on overland radio link, 773 
(Prob. 16-18) 
Pattern, (see also Field patterns and Power 
patterns): 
of arbitrary shape, 101-103 
from celestial sources, 822-823 
radiation resistance and directivity of loops, 
264 (Prob. 6-5) 
Pattern measurement arrangements, 807-823 
Pattern measurements, 805—807 
Pattern multiplication: 
example, 128-129 
principle of, 127-130 
synthesis, 130-134 
Pattern smoothing, 520-522, 542 (Prob. 11-40) 
Pattern synthesis by pattern multiplication, 
130-134 
Patterns, 20-23 
Patton coil, 332 
Pencil-beam patterns, 540 (Prob. 11-20) 
Permittivity, table, 665, 851 
Permittivity relations, 852 
Phase: 
center, 142 
center of 2-source array, 198 (Prob. 4-43) 
constant, 311 
controlled lens, 687 
locking, 498 
measurements, 823-824 
patterns, 108-114 
retarded, 202 
velocity, relative, 231 
Phased-array designs, 486-489 
Phased arrays, 485-490 
Photon, 19n 
Physical aperture, 35—36 
Physical optics, 179, 183-186 
Physically small antennas, 714-716 
Pillbox antenna, 573 
PIN diode, 487 
Pitch, 
of helix, see Helical antenna 
of satellite, 763n 
Plane sheet reflectors, 545—549 
Pocket ruler antenna, 695 
Pocklington’s equation, 391 
Poincare sphere, 75—79 
Point source arrays, 137-175 
Point source defined, 86-87 
Polarization, 70-81, 
circular, 70 
ellipse, 70 
measurements, 835-839 
pattern method, 836-838 
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state, 75 
Polyrod-helix, 323 
Polyrods, 685-687 
Power: 
flux near dipole, 214 
gain, 441 
generation from solar radiation, 715 
pattern: 
bidirectional cosine, 93 
cosine”, 95—96 
hemispheric, 91—92 
sine, 93-94 
sine-squared, 94 
theorem, 89-91 
unidirectional cosine, 92 
unsymmetrical, 96-97 
Power patterns: 87-89, 199 (Prob. 4-46) 
Poynting vector, 22n, 87, 215 
Principal plane patterns, 806 
Principle of pattern multiplication, 127-130 
Probable error, 842 
Programs, computer 
arrays over imperfect ground, 857 
BASIC, 196 (Prob. 4-35), 197 (Prob. 4-40), 397 
Applesoft, 859 
IBM-GW, 859 
broadside array, 859 
combination broadside-end-fire, 860 
DIPOLE, 397 
end-fire array, 859 
helical antennas, 338 (Prob. 7-1), 339 (Probs. 
7-2, 7-3) 
impedances, 858 
interferometer, 859 
MININEC, 397 
Numerical Electromagnetics Code (NEC) and 
MININEC, 397, 857-858 
patches, 858 
phased-array, 859 
plates, 858 
references for, 858-859 
scattering from wires, 858 
three-dimensional plots, 857 
warning regarding uncertainties, 858 
wire antennas, 858 
wires over ground plane, 858 
Prolate spheroidal antenna, 380 
Pulsed dipole, 54-59 
Pyramid absorber, 816, example, 817 
Pyramidal horn antenna, 645, 646, 660 (Prob. 
13-7) 


Q, 256-263, 713 
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Q of antenna, 457 
Quad antenna, 515 
Quad-helix, 322 
Quadrifilar helix, 337 


Radar, 774-797 
backscattering efficiency, 793 
cross section, 792, 843 (Prob. 18-11) 
detection, 801 (Prob. 17-12) 
equation, 792, 847 
quantities, tables, 796, 797 
Radian sphere, 214, 713 
Radiating efficiency, 454-459 
Radiation: 
efficiency, 256-263, 711 
intensity, 25, 90-91 
modes, 274 
power, 847 
resistance, 19, 215, 224-228, 847 
dipole, 213-217 
A/2 antenna, 224-227 
loops, 250-253, 264 (Prob. 6-4) 
not at current maximum, 227-228 
sources of, 50-52 
Radio-frequency band designations, table of, 10 
Radio system, Heinrich Hertz, 4 
Random arrays, 189-190 
Rationalized SI units, 13 
Rayleigh-Helmholtz reciprocity theorem, 410 
Rayleigh: 
region, 793 
relation, 794 
resolution, 27n, 522 
Receiving-transmitting considerations, 766-767 
Reciprocity theorem for antennas, 410-413 
Rectangular aperture, 570 
beamwidth, 847 
cosine taper, 623 (Prob. 12-17) 
cosine tapers, 623 (Prob. 12-18) 
directivity, 847 
gain, 847 
Rectangular array, 188 
Rectangular current sheet, 195 (Prob. 4-23) 
Rectangular horns, 648-653 
Rectangular (pyramidal) horn dimensions, 652 
Red shifts, 802 (Prob. 17-17) 
Reflection and transmission coefficients, 849 
Reflection coefficients, 849 
Reflection from dielectric medium, 843 (Prob. 
18-9) 
Reflector antennas, 543-619 
Cassegrain, 593-599 
corner type, active, 549-560 
corner type, passive, 560-561 
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distributions, 573-587 
efficiency, 573-593 
examples with photographs, 605-616 
frequency selective surfaces, 599-605 
gain-loss, 587-593 
low side lobes, 616-619 
offset feeds, 593-599 
parabolic, 561-573 
cylindrical, 572-573 
paraboloidal, 564-569 
patterns, 569-572 
plane sheet, 545-548 
Reflector-lens antenna, 684-685 
Relation of radiation resistance to beam area, 
237 (Prob. 5-16) 
Remote sensing, 774-797 
active, 791-797 
passive, 787-791 
Resolution, 27 
Resolution angle, 847 
Resonator, 17-18 
Retarded: 
current, 202 
phase, 202 
potentials, 203 
vector potential, 203 
Retina, 716 
Retro-arrays, 496 
Rhombic: 
alignment design, 504, 541 (Prob. 11-27, 11-33) 
antenna, 230 
antennas, 503—507 
compromise design, 504, 541 (Prob. 11-28, 
11-29, 11-30) 
equation, 541 (Prob. 11-32) 
maximum E design, 504 
patterns, 541 (Prob. 11-31) 
Ridge horns, 654-655 
Rods of retina, 716 
Roll, of satellite, 763n 
Rolled edge, 549, 591, 619, 820 
Rotatable helix phased array, 489-490 
Rotating boom antenna, 768 
Rotation experiments, 840 
Rudimentary lens antennas, 662 
Rumsey’s principle, 696 
Ruze relation, 588 


S-S diagram, 314, 315 
Salisbury sheets, 36, 813-816 
Satellite (or satellites): 

Astra, 763 

Clarke orbit, 27, 762 

communication, 762-766 
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down-link antenna, example, 763 
Ekran, 270 
earth-station antenna temperature, 799 (Prob. 
17-3) 
global environmental satellite (GOES), 270 
Leasat, 270 
Navstar, global position satellite, (GPS), 
270-271 
pitch, 763n 
roll, 763n 
signal-to-noise ratio example, 785 
TV downlink, 799 (Prob. 17-1) 
yaw, 763n 
Scalar feed, 657 
Scanning array, 316-317 
Scanning array, 24-dipole, 540 (Prob. 11-24) 
Scattering, 774-797 (see also Diffraction) 
aperture, 31-34 
cross section, 791-797 
forward (smali angle), 796 
by large apertures, 36-41 
from loops, 795 
return (backscattering), 791-797 
from wires, 795 
Schelkunoff’s formula, 65 
Second, definition of, 12 
Sectoral horn, 645 
Self and mutual impedances, 409-434 
Self-calibration, 614 
Self-complimentary: 
planar antennas, 697 
toothed antenna, 703 
Self-impedance, 409, 413-422 
Septum horns, 655-656 
Serrated edge dish, 618 
Shape-impedance, considerations, 61-64 
Shaped reflectors, 594-600 
Shaping technique, 596 
Sharp edge dish, 618 
Short dipole, 200, 236 (Prob. 5-8), 237 (Prob. 
5-14) 
fields of, 201-213 
maximum effective aperture, 42-44 
by moment method, 394 
Short vertical dipole above imperfect ground, 
720-722 
Shroud absorber, 619 
Sidelobe level, 591, 765 
Signal power, 785 
Signal-to-noise (S/N) ratio, 256-263, 763, 
782-787, 803 (Prob. 17-20), 847 
Signalling to submerged submarines, 773 (Prob. 
16-21) 
Simulated patterns, 497 
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Sine (doughnut) power pattern, 93-94 
Sine integral, 227 
Sine-squared power pattern, 94-95 
Single cone and ground plane, 358 (Prob. 8-2) 
Siting, 716-722 
Skin effect, 257 
Slanted plate lens, 683 
Sleeve antennas, 725—726 
Sleeve dipole, 559 
Slot and dipoles compared, 641 
Slot antennas, 624-648 
boxed, 625, 660 (Prob. 13-1, 13-6) 
impedance of, 638-642 
patterns, 628-632 
Slotted: 
antenna, 835 
coaxial line, 832 
cylinder antennas, 642-644 
waveguide antenna, 761 
Slow wave, 759 
Small loop, 238-240, 249-250, 264 (Prob. 6-8) 
Small square loop, 264 (Prob. 6-6) 
Smart antennas, 496—499 
Smith chart, 735 i! 
Solar interference to earth station, 801 (Prob. 
17-11) 
Solar power, 116 (Prob. 3-3) 
Sources of radiation, 50-52 
Space, impedance of, 207 
Space cloth, 36, 813-816 
Spacecraft link: 
over 100 Mm, 83 (Prob. 2-6) 
over 3 Mm, 83 (Prob. 2-7) 
Spaceship near moon, 84 (Prob. 2-17) 
Spatial frequency response, 520-522 
Special applications, 711-773 
Spectrum space, 763 
Sphere filling, 47 
Spherical reflectors, 594-600 
Spheroidal antenna, 380 
Spiral antenna, 699 
Spot frequencies, 744 
Sputnik, 270 
Square-corner monopulse radar antenna, 773 
(Prob. 16-20) 
Square-corner reflector, see Corner reflector 
Square-corner reflector array, 622 (Prob. 12-8) 
Square-corner reflector versus array of its image 
elements, 622 (Prob. 12-7) 
Square-corner- Yagi-Uda hybrid, 483 
Square dish, 618 
Square loops, 239, 254-256, 770 (Prob. 16-3) 
Squint from celestial sources, 822-823 
Stacked horizontal A/2 antennas above ground, 


470-472 
Stepped-amplitude septum horn, 655 
Sterba type array, 510, 763 
Squint diagram, 593 
Stokes parameters, 79 
Stray factor, 198 (Prob. 4-45) 
Stub antenna, 421 
Submerged antennas, 749-754 
Sugar scoop antenna, 599 
Superconductors, 634 
Supergain condition, 519 
Superluminal phase velocity near dipole, 85 
(Prob. 2-27) 
Superturnstile antenna, 729-731 
Surface: 
admittance, 636 
irregularities, 587-592 
wave, 757 
antennas, 754-762 
current sheet, 771 (Prob. 16-9) 
power, 771 (Prob. 16-8, 16-10, 16-11) 
powers, 770-771 (Probs. 16-6, 16-7) 
Symbols, prefixes and abbreviations, inside front 
cover 
Symbols and notation, 13-14 
System temperature, 782-877, 800 (Probs. 17-4, 
17-5), 847 


T-fed slot, 627 
T-match antenna, 514 
Table of: 
beam widths and side lobe levels for 
rectangular and circular aperture 
distributions, 856 
celestial radio sources for pattern, squint, gain 
and aperture efficiency measurements, 853 
directions of minor-lobe maxima for linear 
arrays of n isotropic point sources of 
equal amplitude and spacing, 158 
directivities and beamwidths of arrays and 
apertures, 152 
directivity for dipoles and loops, 48 
effective aperture for dipoles and loops, 48 
effective height for dipoles and loops, 48 
end-fire array beam widths and directivities, 
comparison, 145 
far fields of small electric dipoles and loops, 
244 
fields of short electric dipole, 208 
formulas for circular loops with uniform 
current, 255 
half-power beam widths and directivity of 
sources with important relations of 
Chapter 2, 81-82 
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magnetic fields from dipoles and linear 
conductors, 212 
material constants, permittivity, conductivity 
and dielectric strength, 851 
null directions and beam widths between first 
nulls for linear arrays of n isotropic point 
sources of equal amplitude and spacing, 
149 
permittivity, 665, 851 
radar quantities, 796, 797 
radiation resistance, loss resistance and 
radiation efficiency of small loop 
antennas and also formulas for Q, 
bandwidth and signal-to-noise ratio, 263 
radio-frequéncy band designations, 10 
self-impedance, mutual impedance and radar 
cross section for short dipoles, 407 
unidirectional cos” @ power patterns, 96 
Tapered distribution, 162 
Tapered helical antenna, see Helical antenna 
Tchebyscheff polynomials, 168, 192 (Prob. 4-5) 
Temperature: 
antenna, 20, 774-797, 799 (Prob. 17-2), 800 
(Prob. 17-8) 
chart, 781 
minimum detectable, 783, 848 
of objects, 778 
Terminal impedance, see Impedance 
Terminal impedance measurements, 832-834 
Terminated: 
rhombic, 504 
single wire antenna, 230 
V, 539 (Prob. 11-17) 
Thickness tolerance, 681 
Thompson scatter, 801 (Prob. 17-14) 
Thompson-scatter radar, 801 (Prob. 17-15) 
Three-antenna technique, 828 
Three-dimensional arrays, 150-155 
Three-element array, 480 
Three-helix scanning array, 540 (Prob. 11-25) 
3K cosmic background, 600, 780 
Tilt: 
angle, 72, 84 (Prob. 2-16) 
effect of, 470 
forward, 754 
Tiuri chain, 491, 495 
Tolerances, lens and reflector, 682 
Total internal reflection, 751 
Transfer impedance, 422 
Transmission coefficients, 849 
Transmission line impedances, 849-850 
Transmission mode, 274 
Transmission modes on helices see Helical 
antenna 


Traps, 734-745 
Traveling wave: 
antenna, 228-234 
antenna beam angle, 234 
tubes, 265 
Traveling waves on periodic structures, 309 
Triangle array, 539 (Prob. 11-15) 
Triangular antenna, 354 
Triangular loop, 770 (Prob. 16-4) 
Trombone tuner, 743 
Turns versus dipoles, 150-155 
Turnstile antenna, 726-729 


Unidirectional cosine power pattern, 92 
Uniform distribution, 160 

Uniform field amplitude requirement, 811-812 
Universal field-pattern chart for arrays, 140 
Universal Gravitation, Law, 3 

Universal squint diagram, 593 

Unpolarized waves, 79 

Uranus, 8 

Utilization factor, 575 


V antennas, 502-503 

Van Atta array, 496 

Variance, 578 

Vector potential, retarded, 203 

Venus radar, 801 (Prob. 17-13) 

Vertical antennas above a plane ground, 
472-476 

Very Large Array (VLA), 534 

Very Long Baseline Array (VLBA), 535 

Very Long Baseline Interferometry (VLBI), 534 

Videotapes, 865 

Virtual height, 802 (Prob. 17-18) 

Visibility, 527 

Visibility function, 527, 530, 542 (Probs. 11-38, 
11-39) 

Volcano smoke antenna, 63, 692, 694 

Voltage-Controlled Oscillator (VCO), 497 

Volume array, 153 


W8JK array, 453-459, 537 (Prob. 11-4) 
above ground, 468-470 
with 3-wire folded dipole elements, 514 
Wave equation in the vector potential, 361-363 
Wave polarization, see Polarization 
Wave polarizer, 733, 734 
Wave power, 848 
Wave-to-antenna coupling factor, 79 
Waveguide-fed slot, 627 
Waveguides, 18 
Wavelength-frequency chart, 11 
Weber bar antenna, 768 
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Wedges, absorber, 816 Yagi-Uda antenna, 481-483 

Westar satellite, 270 for circular polarization, 484 

Wheeler coil, 333, 336 Yagi-Uda-Corner-Log-Periodic (YUCOLP) 
Window, cosmic, 781 array, 708-710 

Window, earth-based, 781 Yaw, of satellite, 763n 


World Administrative Radio Congress (WAROC), 
763 Zoned lens, see Lens 
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CONSTANTS AND CONVERSIONS 


Quantity 


Astronomical unit 

Boltzmann’s constant 

Earth mass 

Earth radius (average) 

Electron charge 

Electron rest mass 

Electron charge-mass 
ratio 

Flux density (power) 

Hydrogen atom (mass) 


Hydrogen line rest frequency 


Light-second 
Light, velocity of 
Light-year 


Symbol or 
abbreviation Nominal value 
AU 15 10? kim 
k ISR oaths Ko 
6.0 x 107* kg 
6.37 Mm 
e —1.60 x 10719 C 
m 9.11 x 10-3! ke 
e/m 176, <.100'C kot 
Jy 10°2° Wm * Hz7* 
£673.10; 7 ke 
1420.405 MHz 
300 Mm 
c 300 Mm s“! 
LY 9.46 x 10!2 km 


log x = log; x (common logarithm) 


In x = log, x (natural logarithm) 


Logarithm, base 
reciprocal of base 
Logarithm conversion 


Moon distance 
(average) 

Moon mass 

Moon radius (average) 

Parsec 

Parsec 

Parsec 

Permeability of vacuumt 

Permittivity of vacuum 

Pi 

Planck’s constant 

Proton rest mass 

Radian 

Space, impedance off 

Sphere, solid angle 

Sphere, solid angle 

Square degree 


Stefan-Boltzmann constant 


Steradian (= square 
radian) 

Sun, distance 

Sun mass 

Sun radius (average) 

Year (tropical) 


e 
1/e 


212 

0.368 

inex = 2:3 logix 
log x = 0.43 In x 


380 Mm 
6721077 ke 
1.738 Mm 

3.1 x 1033 km 
3.26 Ly 

2.06 x 10° AU 
1260 nH m7! 
8.85 pF m~! 
3.14 

6.63 x 10°34 Js 
167° 10572 ks 
Sy 

376.7 (~ 1202) Q 
12.6 sr 

41253 deg? 

3.05 x 10~* sr 
5.6] LO" foWime “Ks 


3283 deg? 

1.5 x 10° km 

2.0 7107 ke 

700 Mm 

365.24 days = 3.1556925 
x 10’ s 


More accurate 
valuet 


1.496 x 108 
1.38062 x 10-7 
5.98 x 1074 


—1.602 x 107! 
9.10956 x 10733 


1.758803 x 101 
10~ 2° (by definition) 


29971925 
9.4605 x 107? 


2.718282 

0.36788 

In x = 2.3026 log x 
log x = 0.4343 In x 


3.0856 x 1013 
3.2615 

2.06265 

400z (exact value) 
8.854185 = 1/9 c? 
3.1415927 
6:62620 x 10535 
1.67261 x 1072 
57.2958° 

376.7304 = poc 
4n = 12.5664 
41252.96 

3.04617 x 10-4 
5.6692 x 1078 


(180/x)? = 3282.806 
1.496 x 108 

1.99 x 107° 

695.3 


i 


+ Same units as nominal value. Regarding permittivity ¢, and space impedance Z, note that the values for these 
quantities are determined by the exact (definition) value of jy and the measured value of c (velocity of light). 


GRADIENT, DIVERGENCE AND CURL IN 
RECTANGULAR, CYLINDRICAL AND 
SPHERICAL COORDINATES 


Rectangular Coordinates 


SL es 
Vf= H+ p42 
f ae ak 0 
Be, OA, 0A, | 04, 
bh Oe oy Oz 
0A, OA OA OA 0A, OA 
VxA=K -=__—_ p = ra joie cesta Sanath. FS. 
i (Z a (‘4 4) (= Ae) 


1 pen es ae 
ee tay t * Z 
1@ 10A, 0A, 
ee mht > aad ae 
ede. Wd A oA eA a 1 8 0A, 
veda ee) 4 (AeA) 1/2 .- 4) 
Pod Nike 
Pad oe - 
r r 
ei) cena ne 
OF OG). \0z 
Apa A; 


Peete, wii a 
ee eo ° penlio ae 
he | aA, 


aah Ms | 
Ae Renal A 
Dee ea pee Ped 
{heed 


Ag 


SS | 0 ; 7) at 
vedanta] Fay sin At] 4 (so - 


r sin 0 


So x 


aN 


* 


AN 


< 


2) < 
2 |S D> 


cs 


é 


or 


rA , 


ISBN 0-07-0354e2-7 


90000 
9°780070°354227 | | 


